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In presenting the third edition of Matriculation Algebra to 
the literary public the authors beg leave to submit that in 
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into two parts for the convenience of the students — the ist part 
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attractive and better adapted to the capacities of Indian 
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each — cheap enough for a, volume of 490 pages of condensed 
matter considering the enormous increase in the cost of 
production — a fact which will also j^ecommend it to the school 
authorities. 
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CHAPTER L 

DEFINITIONS. 

1 . A quantity is anything that is capable of being divided 
into parts, for example, the length of a room, the height of a man, 
the area of a floor and so on. 

4 . Suppose we want to measure a quantity, say, the length 
of a bench. For this purpose we take a rod of convemeni length 
and suppose we can lay it 6 times in succession along the bench. 
Then it follows that the length of the bench is 6 times the length 
of the rod ; and if the rod is one foot, the length of the bench is 6 
feet or if the rod is one yard, the length of the bench is 6 yards. 
The statement that the length of a bench is 6 feet or 6 yards will 
satisfy any one who wants to know its length. Quantities are thus 
measured and represented by numbers which express how many 
times a standard quantity of the same J^nd is contained in them. 

A quantity which is used to* measure other quantities of the 
same kind is called a unit quantity or simply, a unit. 

The number (integral or fractional) which indicates how often 
the unit is confained in a given quantity is called the measure of 
that quantity. 

Thus, since, 3 yards =9 feet =108 inches, if there be a tree 3 
yards high, the measure of the height of the tree 

=3 when the unit is one yard, 

~9 when the unit is one foot, 

« 108 when the unit is one inch ; and so on. 

It thus follows that a quantity will have different measures when 
different units are chosen, and that for smaller units, measures will 
be greater and vice-versa. 

Note. I. If we say that the measore of a quantity is 7, it means that 
the quantity contains 7 units. If the unit be one afeer, the quantity 
contains 7 seers j if the unit be one mile, the quantity contains 7 miles ; 
and so on, » t i 
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Note* 2. The stodent should observe that a quantity and the unit 
t, employed to measure it must be of the same kind. A length, for example, 
cannot be measured by a weight but must be measured by a length. The 
unit in any case is to be chosen from practical considerations. Thus, in 
measuring rice in a gunny bag we may use one seer as unit, but in 
measuring a cartload of cibal we are likely to take one maund or even 
ten maunds as our unit. 

Ex. I. Find the measure of 2 mds., the unit of weight being 
5 seers. 

We are to answer the question— “How many times is 5 seers 
contained in 2 mds. or 80 seers.’* ? Hence the measure required = 
8o-rS = i6. 

Ex. 2. The measure of the area of a room is 50 when the unit 
is 3 sq. yds., find the area. 

Area of the room =50 units 

= 50 X 3 sq. yds. 

= 1 50 sq. yds. 

Ex. 3. If the measure of 3 ft. 4 in. be 10, what is the unit ? 

We have 3 ft. 4 in. =40 in. ; hence by t^e question lo units =40 
in. or one unit =4 in. 


EXERCISE I. 

1 . What is a quanfity ? What is a unit ? What is the relation 
bi^ween a quantity and the number representing it ? What is 
meant by saying that the measure of a quantity is lo ? 

2 . Find the measure of Rs. 100, when Rs. 10 is the unit of 
money. 

3 . Find the measure of 7 hrs. 8 min. 24 sec., when the unit of 
time is 3 min. 24 sec. 

4 . Find the measure of 3 cwt. 3 qrs. 14 lbs. when the unit of 
weight is 2 cwt. i qr. 20 fts. 

5 . How high in miles is a mountain whose height is represented 
by 96 when the unit of length is 55 yds. ? 

0 . The weight of a body is represented by i if when the unit 
is if seers, how heavjr is it ? By what number is the weight 
represented when the unit is 4 seers ? 

7. An area of one acre is represented by 44, what is the unit 
in square yards ? 

8. The sum of Rs. iii 3 as. 2 p. is represented by so, find the 
unit of money. 
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3. Algebra is the science which treats of numbers represent- 
ed by figures and letters. 

The numbers in Arithmetic are represented by fibres which 
have definite values, but the numbers in Algebra are also re- 
presented by the letters of English and Greek alphabets, viz,, 

a, b, c, d, a, /3, 7* S, ....... each of which may have any value 

we choose to assign to i*;. 

Thus the letter a stands for a units just as 2 does for 2 units 
or 5 for 5 units, but with this difference that whereas 2 or 5 has 
a definite value, the ieiter a has no fixed value assigned to it. In 
Algebra we reason about numbers represented by the letters 
without supposing any particular values assigned to the letters and 
the results arrived at in this science are therefore more general 
than those in Arithmetic. For this reason Algebra has been called 
by Newton Generalised Arithmetic. 

Note. In Algebra the word oaantity is often used in the sense of 
namt^r. The letters ns^ in Algebra are called sigm of quantity (also 
known as algebraical symbols). 

4* The four signs viz,^, x, -r, are used in the same sense 
in Algebra as in Arithmetic. They are called operators or signs 
of operation, as they are indicators of certain operations to be 
performed upon quantities (called operands or subjects of 
operations) before which they are placed. 

5* The sigfn -h. We know that 3 + 4 means that 4 is to be 
added to 3, so 34-4-1-5 means that 4 is to be added to 3 and then 
5 added to the result. Similarly (read ‘a plus b') means that 
the number represented by b is to be added to the number re- 
presented by a, also a^r b-^rc (read ‘a plus b plus d) means that the 
number represented by ^ is to be added to the number represented 
by a, and then the number represented by c added to the result. 

Thus if a = 2, ^==3, r=4, then a:4^=2 4‘3 = 5, also 
-=2 + 3+4==9- 

6* The sign-. We know that 9-4 means that 4 is to be 
subtracted from 9, so 9 - 4 - 3 means that 4 is to be subtracted from 
9 and 3 to be subtracted from the result. Similarly a^b (read 

minus means that the number b is to be subtracted from the 
number also a (read minus b minus c) means that the 
number b is to be subtracted from the number a and the number 
< to be subtracted from the result. 

Thus if 12, ^=9, c=2, then a-^=i2-9«3, also a--b-c 

= I2-9~2 = I. 

, Note* It is to be noted that when quantities arc connected by the 
signs + and — , the order of operations is from left to right Thus 
means that b is to be subtracted from c added to the result 
and d subtracted from this last result. 
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^ Th© eign x . We know 4x5 means that 4 is to be 
multiplied by 5, also 4x5x6 means that 4 is to be multiplied by 5 
and the result to be multiplied by 6. Similarly axt (read ‘a into iP) 
means that the number is to be multiplied by the number also 
ax^xr {read into b into c') means that the number is to be 
multiplied by the number b and the result to be multiplied by c. 

When the multiplications are supposed to be performed in 
axb^axb'Kc^ ‘i'Kxxyxz etc. they are respectively written as ab^ 
abc^ jiXyz etc. the signs being dropped and the letters placed con- 
secutively. The notation here is therefore different from that in 
l^ithmetic, where for example, 5x3 cannot be written 53 which 
means fifty^thre^. 

Not© 1- The sign X is sometimes replaced by a dot ^bpth in 
Algebra and Arithmetic ; thus a is written as 5X3 as 5.3. The 
student, ^nld distingai^ between 5.3 (which is the same as 5x3) 
and 5*3 (Urhich is 5 decimal 3), the dot in the latter case being a decimal 
point and placed a little higher up. 

Not© 2 . The beginner is reminded that o x any quantity is zero. 
ThasoX5«>o, and so on. Also oxo^o. 

S. The sign-r. We know 50-r 5 means 50 is to be divided 
by 5, 5o-rS-r2 means 50 is divided by 5 and the result to be 
divided by 2 ; so (read divided by b) means that the number 
a is to be divided by the number by also a-^b^c (read divided by 
b divided by d) means that the number a is to be divided by the 
number b and the result to be divided by c. 


The student should note that is also written as —or ajb. 

It is easier to print the last form ; hence it is coming more and 
more into use. 

Note 1. When quantities are connected by the signs X and 
the order of operations is from left to right. Thus a means that 

a is to divided by 3 , the result to be multiplied by c and the result so 
obtained to be divided by d. 

Note 2* The student will not fail to see that there it a distinction 
between a-i-b%c and ai-dc. In the former, as we have seen, a is to be 
divided by b and the result multiplied b/ r, and in the latter b is to be 
first multiplied by c and a divided by the result. This is because in dc 
the multiplication is supposed to be already performed by the suppression 
df;X» ^ 

Not© 8. beginner is reminded tfilt o-!-any finite quthtity-«o, 
thus o-rS«o. f!c is cautioned that as yet be does uot know the mean- 
ings of o~o and any finite quantity -f-o, which Will be given in their 
psoper places* 
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9. A collection of letters and figures connected by the signs of 
operation is called an Algebraical expreeBion, and the parts of 
an expression connected by the signs + and - are called its 
terms. 

Thus are expressions of which the first 

has two terms, 2;r, and the second has three terms, 

3^1, ^ X iT, 

An expression is called simple or compound according as it 
contain^ one or more terms. 

Simple expressions are also called monomials, and compound 
expressions are called binomials, trinomials or polynomials 
according as they respectively contain two, three or more terms. 

Thus 3<t, 4a -r^ are simple or monomial expressions ; 3^+2^, 
a-b-c-^d are biifomial expressions; 3^ +2^ 4 - 5^, 4a + a^x3£'~ 
7 ^ 4 - are trinomial expressions. 

10 . When all the signs of operation 4, -, x, 4 occur 
connecting a number of quantities, we are first to perform the 
operations indicated by x and 4 and afterwards those indicated 
by 4 and - , each term must be treated as a whole and found 
out first and afterwards additions or subtractions pcrfojrmed. Thus 
in dtx^ ^<:x</weareto determine the term axb by multiplying 
^ by b^ then the term cyt.d by multiplying cby^f, and finally 
subtract the second term from the first. 

SUBSTITUTION. 

11 . The question of evaluating or finding the numerical value 
of an expression when arithmetical numbers are substituted for the 
symbols involved in it is an important one, and the method of 
procedure in such cases is shown below. 

Note. We shall use the signs and to indicate tkerefon and 
because respectively. 

Ex. I. If <2=8, ^*=4, ^==2, ef= 3 , evaluate 3a- 5^44^-* 
Required value =3x8-5x444x2-2x3 
=24-2048-6 
=448-6=12-6=6. 

Ex. 2. If a=7, ^=5, c«2, d^ I, evaluate 

(i) 30 «i 42 </-*- 3 ^X 2 ^ <ii) 3 oa 42 < 3 ?X 3 c 43 ^ 

(iii) ioa4^x<r (Jv) ioa4^^‘ 

We have 3oa»3ox7a#2io, 2u?-2xia?3, 

3ir««3X2tt»6, 2^a»ax5 = io, ioa»iox7«7o, 

(i) 2^=21042 -6x10 
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(ii) 30«-f2l3fX 3C-^-2^-2IO-r2x6-MO 

c=io5 x6-rio=63o-Mo=63* 

(iii) ioa-r^x/:=70~5X 2= 14x2=28. 

(iv) ioa~^c=70-r(5 X 2) — 70 -MO“ 7 . 

Ex. 3. If /=i5, ^3=5, w=4,/=o, evaluate 

(i) 3/iW-4>w«+2«/+S// (ii) 

(i) Reqd. value =3 x 15 x 5-4x5x4+2x4x0+5x0x15 
= 225- 80 4*0 4-0, V o X any quantity =0 

= 145. 


(ii) Reqd. value = — 

2x5 


6x 5 4)io 
15 5x15, 


_ 3 oo 30^0 
10 ^15 75 * 

= 30-2+0, ’/ o + any quantity = 0. 

=2a 

Ex. 4- it A=f,j'=f, -S'**!, evaluate 


(i) (ii) xy-¥^s-\. 

\ ^ 

fi) 3x-sj>-s=3 xf-sxi-i 

_ 12 IS 2 756-675-70 ^11 
5“ 7 9“ 3*5 “ 3 «S' 

(ii) ^J'+3y«^-|*|xf+3x|xJ-|x| 

=lf+f-A 

ai6+i8o-i7S_ «* 

630 “630" 


EXERCISE n. 

If a»7, 5, fs»4, rf=2, evaluate 


1. 3 «+ 5 #. 2.g+|. 

6. i 2 ii-s 3 + 7 t- 9 <<’. 

7 . 

Q. 3pe+4ad^»cd. 

W. 7 aA+ 3 *f-ao!f 4 - 4 «if. 


8. 4<’-'3rf. 4 . lorf-a. 

6. 7 a+ 8 i- 3 ^- 5<#. 

8 . 

lO. 2M+sM-‘36e. 

ISL s«r- 3 atf< 4 ^^^ 3 ^. 
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If rt=i8, ^=6, <f=2, find the value of 

16. 3^X2^. 16. 3i?-r2^. 17. labx^cd, 18. lab-^^cd* 

iza-^zbxc'^d. 20. 

t2a‘~2b'^cy<d, 

3^^ 24, 

3c--2d 


19. 

21 . 

2a 


I2aX2<^“f^*X£/; I2ax2b-^cd, 
22. I2a~2^-rir-ri/. 

$^~2f 2 _ 6a-3^~2^ 

2a- * 9b-2C'¥d 


26. 


3 ac-^ tjob - ad- 2 bc 
-I- 5<i^ + a</+ 2^c * 


27. 


abc-hbcd + acd- abd 


abc’^-bcd'^etcd'^^bd * 

If <*«6, ^=3, r«2, </=i, jr«4,^~5, js-aso, find the value of 
28. 29. oAar+^O^-f ar^-. 

30. - 2bcdy + yicdz — ^abdx + Zdxyz, 

If a=8, ^-5, ^’**4, <f»= 2 , find the value of 

ac cd 


31. 

3a 


cdT ad' 

Sa- 2b . ^ 7d-2b 

a 


c 


35. ?+^+^+£±^. 
d-i-c c+d rf+a 

If evaluate 


aa 

34. 

36. 


5^3<r 20 + 3^3 

a-¥3d tb-¥c 
Sa'^4d- Be 
2b^c-¥d * 


37. 


? . ^ . <r 
^ r a 
i2a*-4^+5r. 


38. 

40. 


-' + jr +~ . 

a b c 
loai>+6^^-2ca. 


3.2. Factors. When we multiply one quantity by another, 
the result by a third and so on, the final result is called the {product 
of the quantities and the quantities are called the factors of the 
product. 

Thus abc is the product of the factors a, b and r. 

Note. It will be proved afterwards that the fiictors of a product may 
be taken in any order \ thus, we can write nx^Xr as abc or hca or cedt eta 

13* Oo»effloi60t. When a quantity is regarded as the 
product of two factors, each is called the co-eflteiset (or oo»faotor) 
of the other. 

Thus we jpsay regard 2 as the product of a and akc or of 2 <i 
and or of and r, and so m* 

Hence in the quanlily aa^^i t is the co^efiicitni of ndr, a« is tie 
co-emcient of h and tab k the cq-eflScient of r. 
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A co-efficient is or as it is a figure or a letter. 

Thus in p: the co*efficicnt of x viz,y 3 is numerical and in ax the 
co-efficient of x t/iV, a is literal. 

A numerical co-efficient is always placed first, thus we write ’^a 
and not If a numerical co-efficient is a fraction greater than 
1, it is kept in the form of an improper fraction, thus 


Note* The QO-efficient i is understood ; thus a means in, ab lieans 
10 ^. 

X 4 b Powers. When a Quantity is multiplied any number of 
times by itself, the product is called a power 01 that quantity, and 
the quantity is called the base of the power. 

Thus aq is called the second power or square of a and is written 
0* (read ‘a squared*) ; aaa is called the third power or cube of 
a and is written (read cubed') ; aaaa is called fourth power 
of a or simply “ a fourth” and is written ; and generally, if a is 
multipli^ together n times, the product is called the nth power 
of a or simply a «th, and is written 

The index or exponent of any power of a quantity is the 
number which indicates how many times the quantity is to be 
multiplied tc^cthcr to produce the power. This number is placed 
ab#e and to the right of the quantity. 

Thus in a? the index is 5, in oT the index is «. 

Note 1 * The first power of a quantity is the quantity itself so that 
Thus in a the index 1 is to be understood. Therefore a is really 

, It is evident that 1 raised to any power is for i multiplied 
aaf afpber of tii^jes itself is Also zm raised to any power 
gives o. 

Note 2 * The student diould carefully distinguish between fewir and 
index. Thus is the third power of e, while 3 is the Index of the 
power A*. 

IB. Boot. 4 quantity which when squared is equal to a 
i;iven quantity is cailea the et^uare root of the given quantity^ 

The square tutttQfa is represented by V a or more often by 
so that ,Jax Thus ftw 2 *=> 4 . 

A quatdity which when oftwd is eqimlw a gfeea quantity is 
called the onoe root of dte given quantity. 

- 'Ihec^raqt<tfaist«paseste4by 
-a. Thtti V*7»3,fe»:4f«*7, ■ ^ 
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Similarly a quantity which when raised to the fourth power is 
equal to a is called the fourth root of a and is written ya ; and 
in general, a quantity which when raised to the nth power is equal 
to a is called the nth root of a and is written X/a, 

Note* The symbol ^ was originally the initial letter of the word 
radix which meads a root and is often ^Ued the radical sign. 

It is evident that any root of i is also i. 

Ex. I. Find the value of (i) (ii) X/a when «=3, a«8. 

(i) ^?«»83=8 x8>c-8=».5I2. 

(ii) 2^—8. 

Ex. 2f Ifa«i6, evaluate 

(i) dt* +2^* (ii) 

(i) Reqd. valuc=i6*-f 2X9*-3X4*+4X I* 

as 256 4-162 — 4^ +4 = 374* 

(ii) Reqd. value=» Ayi64'2,y9-3x/4 + 4 Vi 

»4+2X3-3>«2+4 
0*4+6 -^6+4“ 

EXl^RCISE IIL 

If d[aa4, ^aaj, ^»2, cvaluatc 

1 . aK 2. a 4. 

5. 3a*^+2<?3^. 6, 

7* 8. 3a«^^r-‘2a<^<r+S£f<wf. 

a®+^+c3~3a^^r 

®- ~a+6+c • ■^47+TO- 

If a* 25, ^•16, evaluate 

11. JaxJd. 12. 1% V8* 

14* Jc*, 15. 16. 

If evaluate 

17. ia»+i#* la --T' ta ao. »>+c»-aK 

la. Braokota The signs (),{}, C } called brackets 
Mw they ate rentectively distinguished ta^anOises, iraegs and 
crotcie$s. When a numbet n quuitities connected uw sig^ 
of operati<m are to be treated os a they are enetc^ed wiwi^ 
brackets. or(e+dl# meabs that «+^ ata iwhole 

•s to be mt(lti|i|kw l^r e ; and dUferent from a+4 x e. which 
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means that d is to be multiplied bv c and the product added to a. 
Similarly means that the result of adding ^ to a 

is to be divided by the result of adding d to ^r, and this is difierent 
from a+d-^c-\-d. 

Instead of the brackets enclosing a number of quantities a 
straight line (called the vinculum) drawn o ver them is sometimes 
used to serve th e sam e purpose. Thus a - ^4-^* means the same as 
a-{^+c ) ; so N/a-rd is the same as 

Note 1 . Observe that-^^ means which may also be 

Written (a +^)/r. We may state that a+^/r and mean the 

same thing. 

Note 2 * The student should distinguish between ^a'¥b and 
V(a+^) ; in the former, square root of a is added to d, while in the latter ^ 
IS added to a and the square root of the result taken. Similarly (in 
which the square root of a is to be multiplied by d} is different from V(o^) 
(m which the square root of ad is meant). We may note that it is snfil« 
cient to denote V{Si) by V8i, as the latter cannot mean anything else* 

17 * We have already defined an glgebraical expression. There 
is a distinction between an expression and a term which should be 
noted. Thus 3«^^{a+d+4 is an expression of om term, ^ of 
^ which there are four factors* viz^ 3, n, c, a-hb+c, the last factor 
itself being an expression of 3 terms. Again sa(b + c) bcd(c+ d) 

is an expression containing two terms, of which the first is 
3 a(b+c)-i-cd and the second is bedif^^d). 

We give below more examples on numerical substitution to 
make the student familiar with the subject To evaluate any 
expression as we have already seen we are to find out the values 
of each term first, befme proceeding to additions or subtractions. 

Ex. I, If a* 10, 18, cm 3, «a, evaluate 

a+d X ^4- (r X if) X 

Reqd. value« 104- 18 x 3-^-2 - 18-M3 x l8*f 3 x 2 

« lO-f 54"r2‘-‘ iS-i-fi-fbx 2 
«IQ+ 27-3 + I 2 « 4 fi. 

Ex. 2. If dw3, ir»2, evaluate 

30(^4 <r)-r^ 4 * 5 <i^x 1). 

There are 3 terms in the expmsion. 

Nqmr X 6x^4-aR(3 x s)«| x fix j -f- 6 *s 15 . 

I# j X fi»X if K 3<# I X fiNfiX 3 W* *o8a 
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(«J= + + 1 ) - (6* + 3’ + 2’)(2 + 1 ) 

=< 36 + 9 + 4)(2 + i)=' 49 x 3 = 147 . 
Reqd. valae= 15 + 1080- 147=948. 

f 

Ex, 3. Ifas=5, ^«3, ^=10, 5'=4, 

find the value of <i) 7^)+ 

^ (ii) -f 2cs) + 5^^ ~ 3jr®5rt 

(1) Reqd, value » J(3 x3+7xi) + ^(3x3) 1-7x1 
=== J16+ V9-1-7«4-1-3 + 7=J4* 


(n) Rtqd, value, 

« n/( 4 XSx i-f2x iox4)-*-(5'x33x2<)-f{3 Xi®X 4 } 

- «y( 2 o-l- 8 o)+( 5 X 27 x i 6 )-r( 3 X 1x4) 


= 10 -f 180 a* 190. 


Ex. 4. If a « I, ^=2, ^=4, //=B 5, evaluate 

7(<g'4" d) — 3<?^^ -f c) 

5 a 4* 2 ^ 4 - 4 ^^ 


Reqd. value 


2^4»-f4°«^*4-I^2 » 7(44- S)~3X ^( 34 ^ 4 ) 

(2,5)» 5x1+2x24-4x4 


4x16+16x1+1x4 7 x9^3Xix6 

* lo» 5+4 + i6 

a: ^4 + 16+4 63^18 ^ 84 . 45 
100 25 100"^ 25 

21 45 66 ^I6 

igsu < 4 » — *aa» ——sael”— , 

25 25 25 25 


3. |(Sar-a)')<3>’-2*) 
6. V(3i^y^). 

9. J{9x). 


EXERCISE IV. 

If 2r=4,_y=3, a=2, evaluate 

I. iSi(22r+3V*). X (tr)’+(33')*. 

4. i^iycyr). 0. \J{ycyis). 

'7* VW^W*. 8. ./ar+s+i.y(2r+s) 

ICX 

11. ,/{**+>’)V(jf*+a»+;rj»jH^545jtt'. 

12. 2?'+^+#* IS. (2r*+j»*+«‘')+C*+3'+*')*-(.ry+3'*#3af). 
14. 

V+I/ «+»* 

16 . " ‘ 
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If = ^=9, ^*=6, <^=2, evaluate 

16. a-d^ic-d). 17. a--0--c-d). 

18. 6a-2(5<5-2c)-4df. 19. /^a-[dc-ad). 

20. 21. ^ad - ziac - 3d) 

22 . 23 . {sa-23){s3--2c) + (y-2d)i7d-a). 

24. a^l3+3^lc+(fld. 

25. (3« - 2^) (3<^ - 2c) + (3^ -2^4- (7^/- a). 

26. a^-^bcxd^+a^‘^(3cxd^)+3'^xc^~-ad. 

27. Find the square root of sis - a)(s - 3)(s -f) where a =9, <^=40, 

^=45- • 

28. If <*==3, ^==4, c==5, ^=6, prove that 

2(j - d:) (jr - ^)(x - ^r) + t 2 (.y - ^)(j - ^r) + ^ (j - ir)(.r - a) 

+ <r(.? - d5)(j - ^) = 60. 

29. Prove that the expressionjr^ - ioj*r34* 35^® - 50A* + 24 vanishes 
when .r= 1,2,3 or 4. 

30. Show that the expressions (a + ^ + c)(a^ ^ e - be - ca- ab) 

and a^^b^-\‘C'^--'^abc are equal when a=f, 

31. If a at I, ^ « I, iTss I, evaluat* 

(1) {a^rb-c){ab-bc-^ca\ 

(ii) a\b + c) -H + a) + d*{a + ^) + zabc. 

32. Indicate the following operations in symbols ; — 

Ci) ^ added to a and c subtracted from the result. 

(2) The difference of a and b multiplied by and d added 
to the result. 

(3) a divided by b added to c multiplied by 4 result 

subtracted from x, 

(4) a divided by b and the result divided by 

is) a divided by b and the result multiplied by c. 

(6) b multiplied by c, and a divided by the result (do not 
use brackets). 

, QUESTIONS FOR EXAMINATION. 

1. De6ne quantity and explain how a quantity is ri^presented. 

2. Distittgihsh between power and index, term and expression^ 
co*e^cjent and factor. Give Ulnstrations. 

3. Distinguish between power and root of a quantity. Give 
examines. 

4. Classify expresfitms and give examples «ff eaeli ^a^ 

$. Why has Algebra been called €!mmidimd MrithmiUc ? 
Exfdaln the iignlScance o| tim tide. 



CHAPTER II. 


POSITIVE ANf) NEGATIVE QUANTITIES. 

1. Ail concrete quantities can be regarded in two opposite 
aspects. Thus, a sum of money may be either hgain or a loss^ 
either a receipt or a payment^ either a possession or a debt ; a length 
may be measured from a point either to the right or to the lefty 
either upwards or downwards ; similarly in case of other concrete 
quantities,# 

2 . If I gain Rs. 300 then my income is increasedy but if I 
lose Rs. 300, my income is decreased. Hence in calculating my 
income 2l gain of Rs. joo may be denoted by-f Rs. 300 anu a loss of 
Rs. 300 by — Rs. 300, in accordance with the additive and subtract- 
tive meanings respectively of the signs of + and — , 

Again, if I gain Rs. 300 then my debt is decreasedy but if I lose 
Rs. 300, my debt is increased. Hence in calculating my debt a 
loss of Rs. 300 may be denoted by -f Rs, 300 and a gain of Rs. 30a 
by— Rs 300 in accordance with the ordinary notions of the signs 
+ and ~. 

In this way we can represent the character of a sura of money 
{i-e, whether it is a gain or loss) by prefixing the sign 4- and - 
before it. It is immaterial whether a sum gained is prefixed by the 
sign 4* or the sign — , for we may regard it either as increasing my 
income or decreasing my debt : but what is important to observe 
is that when a gain is prefixed by the sign 4-, a loss in the same 
investigation must be prefixed by the sign—, and vice versa. 

3 * The signs 4- and— are thus used to indicate the character 
of the quantities before which they are placed. In this sense they 
are called signs of ajfectiony and must be regarded as inseparable 
from the quantities to which they are prefixed, so that if a quantity 
is moved it must carry its 4 - or - sign before it to proclaim its 
character. 

% The student will marfc the apparently doable use of the signs 
4 * and as signs of addition and subtraction respectively, 

secondly y as marks of distinction between quantiles of oppe^ite or 
contrary nature ; and he will not foil to see that the second signi* 
ncation is not inconsistent with bdt rather arises from thp additive 
and subtraedve mesmings td these signs. The operations of addi- 
tion and subtraction are two opposite processes as quantities like 
gain and loss arc of opposite nature— what Is done by one is undone • 
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^ by^the other. It is therefore proper that such quantites should be 
^dififerentiated by the signs + and — . 

S* Quantities to whicl the signs + and - are prefixed quite 
irrespective of the actual processes of addition arid subtraction are 
respectively called positive and negative quantities. 

If +5 refers to the number of rupees gained^ then — 5 must 
refer to the number of rupees lost. Here +5 is a positive quantity 
and— 5 is a negative quantity. 

Thus a negative quantity - 5 may stand by itself as a positive 
quantity + 5 does, and - 5 means 5 units of a character opposite 
to the character of the 5 units denoted by + 5. 

The sign + is generally omitted before a positive quantity, 
so that when no sign is prefixed to a quantity the sign + istobe 
understood ; but the sign— must never be omitted before a negative 
quantity. 

The signs + and ~ are respectively called positive and 
negative signs, and by the sign of a quantity is always understood 
the sign + or the sign - prefixed to it. When we are asked 
to change the sign of a quantity we are to change + into ~ and 
- into +. 

Two quantities are said to have like signs when both are positive 
or both are negative, and to have unlike signs when one is positive 
and the other negative. Thus + 3, + 5 have like signs, so also 
-3,-5 ; while +3-5 have unlike signs, so also — 3, + 5. 

7. We shall now consider other illustrations to distinguish 
between positive and negative quantities. 

Suppose X*OX is a straight road in which 0 is a fixed mark, 
and suppose a person walks along it from the left up to the mark 
0. If now he moves two miles to the right of 0, the total distance 
walked by him is increased^ but if he moves 2 miles to the left of O 
the total distance walked by him is decreased. Hence if we denote 
the distance described to the right of O by 4* 2 miles, the distance 
described to the left of O is to be denoted by ~ 2 miles. 

Again, take a centigrade thermometer. When placed in 
melting ice the level of mercury stands^at ztro of the gradua- 
tion. If now the ice is heatetj^ the level of the mercury rises, say, 
to 5 degrees adove zero, but if the ice is cooled, the level falls, say, 
to 5 dcgrws detow zero. In the former case we may say the tern- 
porature is 4* 5* and in the latter case it is —5”. 

Similarly, if+ 10 telers to the number of minutes past noon, 
then 10 will indioite 10 minutes before noon : if + 30 refers to 
30 d^^rees of north latitude, then -30 wiU refer to 30 degree of 
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south latitude ; if + 500 refers to 500 years B. C»— 500 will deno^ 
500 years A. D. \ and so on in other cases. 

8. The absolute or numerical value of a quantity is its 
value without reference to its positive or ne}?ative character. 

Thus +5 has the same absolute value as - 5, or +5 and— 5 
are numerically equal but of opposite character. 

9 * The terms positive and negative are used in connection with 
algebraical symbols as with arithmetical numbers : thus +«» 4 *^ 
are positive arc negative, will denote a units of a 

character opposite to the character of the a units denoted by + a. 

^ QUESTIONS FOR EXAMINATION. 

1 . Clearly explain the distinction between positive and negative 
quantities, and give illustrations. 

2 . If in a transaction I gain Rs. 10, then lose Rs. 14, and then 
gain Rs. 2, show how to express algebraically ray financial position 
at the end of the transaction. 

3 . A thermometer falls to - s'* and then rises to + io“, what 
is meant by this statement ? 

3 . What is meant by each of the following : — 

(i) a gain of— Rs. 50, (ii) a loss of- Rs. 50. 

6, If I travel 5 miles to the north, then 7 miles to the south and 
next 2 miles to the north, express algebraically the distance 
travelled. 



CHAPTER III. 


PLOTTING OF A POINT. 


3|. The eiact situation of a point in a plane is easily determined 
by measuring its distances from two straight lines in the plane at 
right angles to each other. 


Suppose that the adjoining figure represents a rectangij!ar garden 
whose sides are OX and OY. 


We can determine the position 
of a point and locate it exactly if 
we know its distances from OX. 
and OY. Thus if a point is 
known to be at distances of 2 
and 3 yards respectively from 
the lines OY and OX its posi- 
tion is easily determined by find- 
ing a point N in OX at a dis- 
tance of 2 yds. and then going 
3 yds. upwards parallel to OY 
(the point P, fig. i). Again sup- 
pose we arc to determine the 
position of a given point in the 
garden, say Q. For this we 
draw the perp. QN^ on OX and 
measure ON, and QN, ue. the 
distances of the point from the 
two lines OY and OX respec- 
tively, in this case 5 yds. and 6 
y^ These distances determine 
the point Q in the garden. 



Fig. I. 


Let XOX^ YOY^ be two fixed straig^ lines in the plane 
of the paper intersecting at right angles at th#i>oint O and divid- 
in| the plane into four spaces XOY, YOX', X'OY', Y'OX 
called respeedvdy the first, second, third and fourth 
Tamt» (marked I, II, Hi, IV in figure 2). We am determine 
the ptBition of a point In the plane with r^erence to the lines 
XOX* and YOY* which arc called axee. Thp former is 
catted the mh 0/ x {x-axis) and die latter, the axis aj y 
(y-axis) ; and tl^r pmnt of intersection O, is catted the 
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When there are 3 letters a c shall write their sums two 
at a time in cyclic orders as a^rb\ so their difference 

two at a time b-c^ c-ct^ a-b \ and their products two at a time 
as hc^ ca^ ab. 

Ex. I. Prove that 

(i) (b~o)+(o-a)+(a-b)==o 

(ii) a(b - o) + b(c - a) + o(a - b) = o 

(iii) (b -f o)(b - c) + (o + a)(o - a) + (a+ b)(li - b) - o 

(i) This is proved by mere addition. 

(ii) Left-hand side = ad (multiplying out) 

(iii) Left-hand side=d^~^®+i:*~a®-l-a®-d®~o. 

These indentities, though easy, are important and should be 
remembered by the student. 

Ex. 2. Find the value of 

{d-4(d+^~ ina) + (r - a){c -ha — mb) + (a - b){a + d - me) 

H ere first term = (d — i:)(d + - ma) as (d* - i^) - ma{b - c) 

Second term = (r - a){c 4-a - mb) = (^ - a^) - mb{c - a), 

Third term == (a - b)ia -f* d - me) = (a® - d*) - mc(a - d). 

.*. by adding column by column, the given expression 

— (d* - c® - a* -f- a* - d*) — w{a(d - r) +d(^‘— a) -h c{a - b)} 

—o- w xo=o. 

Ex, 3. Prove that - (b - o)(c - a)(a - b) 

*« a*b - ab* + b*c - bo* + o*a - ca*. 

We have - (d - c){c - a)(a - d) = (d - c) x { - (^r - a){a - d)} 

=(d-c)x{(a-c){a-d)}, *.* -(f-a)»a-^ 

=a (d - c){a* - a{b 4- c) 4* be) 

« a*(d - f ) — a(d* — ^) 4* d^td — 

=e (a*d — c^c ft ^ 4* ou^ 4* d V — b(f) 

» {^b - ad* -h d*r - dr® 4* - CO*) . 

We can write the result in any one of the equivalent forms 

a*(b - 0 Kb*(c - a) 4-c»(a-' b), 
be{b-o)+oa{o -a)+ab(a- b). 

- fa(b* - ii*)4‘b(o* -a*)4-o(tt* - b^}. 

See ex, s^.ei^mse KXXL 
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Ex. 4. Prove that (b + c)(o + a)(a + b) 

ab“ + b“c + be® + c^a + ca® + 2abc. 

We have (^+c){c-^a){a+d)4=(d‘^c){{a'{-c){a-{-d)} 

- + c){a^ + a{d + c) + 6c} 

<=^a*{6+c) + a{b^ + 2^^+ c^) + bc{b -^-c) 

= c^b + a'^c + + 2abc-^ac'^ ’\-l^c-\‘b(f 
= a^b + ab^ ^b*c-¥b(f^+ d^a + ca* + zabc 

The product may be written as P-^ 2 abc^ where P stands for 
any one of the equivalent forms of ex. 4, exercise XXXI. 

Ex. 5. Prove that {be + ra + ab'){a + ^ + c) 

= a^b 4- aid + b'^c + bc"^ + %abc. (. 

We have {bc-hca + ab)(a-i-b + c)^{bc+a{b + c)}{a + (b + c)} 

= abc + bc{b + ^’1 4- a^{b 4- 4- 4* 2^^ 4- c“) 

= abc 4- b^c+bif + a^b + a^c+ ab^ 4- 2 abc + ad 
=^a^b-\-ald-^-b^c^bd ^c’^a-^cad-Vz<^bc, 

The product may be written asP4-3«^^r, where P stands for any 
one of the equivalent forms of ex. 4, exercise XXXI. 

Ex. 6. Prove that (b-fc)(c + a)(a 4* b) 

= (bc4-oa4-ab)(a4-b4-c)-abc. 

This follows from examples 4 and 5, or thus independently :— 
Let a4'^4'4^=®J, then b^rc^s — a^ c-^a^s-bf a + b=^s — c, 

/. (^4-^*)(tr4-<*)(a + 4) 

^s^-{a'{‘b+ c)d 4“ ibc + 4- ab)s - abc [formula. VIII] 
oss^--s,s^‘h{bc+ca-^abi{a-^b-hc)-abc putting s for a + b-^-c 
in the 2nd term and (a 4- ^4- 4 for s in the 3rd term]. 

-• 4- ca 4- 4* ^ 4- er) — 

Ex. 7. Prove that 

{u'^ b '\‘_c}{a’\r b <f) •\r{a 4*r^4*<3f)(^4"r’4'^) *” (^r4“^4'<r4“if)® =^ab'\‘ cd. 
Let a4*^4-^4-</»J, then a^k-b^cs^s—d^ a-¥b'\-d=^s-c, 
a'\rC'^d^s-b^ ^4*^4^=®x-a. 

Hence the left-hand side = - 0 + (^ ~ - a) ~ j* 

~ 4- 4- rwf 4- r* — (« 4* 4- 

- (a4^4"^‘4-<f)x4-<»^4-<ss«f. 

» j* -» 4- 4- 4- isrf. 

Ex 8. Prove that ^)(x-r)4‘{r- a)tr-<rX^- a) 

^ 4 ~ c)^adjc--a) 4a^«- b) 
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We have {x-b){x-c)^x!^-x{b-¥c)+bc^ Formula VI. 

(b- c){x -b)(x-c)== x%b ~ ^r) - x{b^ bc{b - c) 

Si milarly {c ~ a){x - c){x - a) =4r®(^r -a)- x{c^ - a*) + €a{c - a) 

{a ~ b)(x -‘a){x- b) —x^(a - b) -x{a^ - b^) +ab{a - b) 

Adding up column by column we find that co-efficient of ;r“=o, so 
also co-efficient x—o\ and the left-hand side of the given expression 

= bc[b ~c)^ caic-a)-^ ab{a - b). 

Ex. 9. If 2J— prove that 
s{s - a){s^ b) + s{s - b){s - r) + s{s - r)(j - a) - (j - a){s - b){s - c) == abc. 
We have Formula VI. 

Similarly s(s-b)(s-~c)^s^—s%b-\-c) + s.bc 
s{s - c)(s - a)= - s^{c+ a) s.ac 
Also - - a){s ~ - cr) = - jp3 4. 4. ^ 4. t;) _ ^(^^4. ra 4 - 

by formula VIII. 

adding column by column, s{s ~ - 3 ) + 

^ 2 s^ — s*(a-{-b+c)+s,o-{-abc 
— 2s^-s^.2s-{-abCj putting 2s for a-hb-^c 
^abc\ 

Ex. 10. If 2j=a4<^ + ^, prove that 
2( J - a) ( j - bj{s - c) + «( J - (^)(j - <:) + ^( j - c){s - a) +c(s^ a)(s - ^) = abc. 

Multiplying out, (see formulae VIII and VI) 

2 (s - a)( j - b){s ~ r) = 2 j 3 - 2(a + <5 -f c)s^ + 2{bc -hca+ ab),s - zabc. 
a{s - ^)(5 - r) = a{f - j(^ ’\rc)-^bc}—a,s*-‘a{b-^c)s-¥ abc ^ 

Ks ~ — a) = - .r(^ -f a) + = b.s^ - a).5 abc. 

4'^ ~ ot)(s - ^) = ^{j* ~ sia + ^) + = <:.r* - c(a b).s + abc. 

Adding up and observing that on the right 

the co-eff. of -2(a-hb+c)+a+b^c=»^ -(a^hb^c), 

the co-effi of s=‘ 2 (bc^ca + ab)-^a(b+c)*-'blc^a)‘-c(a‘hb)^a 

we have 2(j - aX-^ *“ ^)U ~ ^ + 

= 2 s 3 ^(a+b+c)s*-ho,s + abc 

-habCj putting zs for a+b+c 

^abc. 
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EXERCISE XLl. 


Prove that 

1. {b -c){x-\-a)‘{‘{c- a){x 4- ^) +{« - b){x + c) =o. 

a( I + bc){b - <:) + ^( I + ca) (c - a) ■¥ c(i ab){a - ^) = o. 

3 . {b-€){b'^ c-¥ma'¥n)^{c-a)(f^a-{‘mb’^n) 

-{~(jU b){a-hb 

Prove that 

0 -c){i-\-ca){l‘^ab)-\‘{c-a){i^ ab)( 1 4- be) 

*4 (« - ^)( iH- 4- ■« a{b^ - - a!*) -4 c{a^ - b'^), 

{b - e){x 4- aY 4 - a){x -i- bY + (a - b){x + cY 

= c^(b — r") 4“ b^Kc — a) 4 e^(a — b), 

6. a(b-cY’\'b{c-aY-¥c(a-bY 

#- 1*(^ - c3) ^ ^(i;3 - a3) 4 c{a^ - ^3), 

V a*(i - cy +S‘(c - ay + f*(a - 6y 

= - f3) + _ aS) + cs(a3 - 

V (a^r 4 k)(fy - ^r-s-) 4 (by 4 - £i;ir) 4 4 {ax ~ o. 

fQj a^tb - o) 4 b3(c - a) 4 c3{a - b) 

= bo(b* - o“) 4 ca(o* - a*) 4 ab(a® - b“) 

=» - {a(b3 - o3) 4 b(c3 - a3) 4 c(a3 - b3)}. 

^ a3(b“-o*)4b3(c“-a*)4c3{a*-b“) 

« a=’b’(a - b) 4 b“otb - c) 4 c^a^Cc ~ a) 

*= - {a*{b3 - 03) 4 b*(c3 - a3) 4 c®(a3 - bs)}. 

"11. Ia4^)(a 4r) - a’ « (/i 4 c)(b^a) - b^ic-^^a^c^b) - cr* 

fi2. (a4^)(a4i:)4(4^4r^K^4a>4(<r4a)(i:4^)~(a4i^4^)* 

=b€-¥ea-^ab, 

i 18. (^~<r)*4ia-^)(<t-<r)«(^-d:)*4(^“4{^-a) 

= (a - 4 (f - ~ ^) = a® 4 4 <4 - At - 

If !ii»^4i^4^» prove that 

la <j--a)*4(i-*^y4(.y-r)*4.r^«a“44‘4^r». 

ax 2i® 4 4 r®) «“ 2(^ 4 ^ 4 '*• ^®) 
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17 . - df + b{$ - + els - ^•)* + 2(5 - a)(i -b;(s--c)^ ahe, 

18. Prove that 

(a+b+c)(a-b+c)(a+b-o)(-a+b+c) 

= 2 b®o'' -P 2 o“a* + 2 a'*b* - - b^ - 

19. If a -p ^ </» 2 i, prove that 

(ii) (s-c)-k‘{s-c) {s-d) + {s-d){s‘^a) 

=ab+bc^cd+da. 

Prove the following 

\j20. d,a+b + c)ia-^c-{-d) + {a-k’b+d){b+c-¥d)-(a+b+c+dy 

^^^bd [put ai-b+c+d=^s]. 
1 • (a* + b^){c^ + d^) = iac+bdy-h (ad-- bc)\ 

22. + + + +;/=») 

= {ax + byY + {cx + dyY + {ay - bxY + {cy ^dx'f, 

23. ^ 

= {ax + + czY + (aj' - ^ )* + {cx — az)^ ^{bz- cy)*, 

24. {b i‘C){c-\-a){a + = a{b + cy + b{c+ay + c{a -P by ~ 4abc» 

25. {a4-b + cy4-a^-{-b^-hc^-{b4‘CP->{c4^ay--^{a + by==^6abc, 

20. (a4-^ P^)(a* + ^*4'<r“)4-3a^^ 

= ^3 + ^ -p ^:3 + (a + ^ + a^). 

V 27 . {x^ -yzY - (y* ~ .?;r)( 2 “ - xy) ^xix'^ +j3 + £'3 - yj^ys), 

\ (^ + r)* + (t* + + (^ + - (^ + r)(r •¥a)-{c+a){a4‘ b) 

- (a:4- -bc-ca-^’Ob, 

1 29. (a* + - (a + ^ ^ ~ c){a - ^ -P r){ - a + A+ ^r) 

= 2(0^+^ + .^). 

3(k If jr-a=.y-^=5’-r, prove that 

d*4ry*-¥^-yz-zx-xy=:a^'{‘if*’\'d*-bC’-ca-‘ab, 

31. \i s—a^-b^-c^ prove that 

4-5- 2a}(s-2b)4-s{s-2b){s-~2c) 4'JiJ - 2c){s - 2a) 

= (s -^2a){s *-* 2 b){s -*■ 2r) -P 8a^r. 

We shall now consider some conditional idenUtks i.e.^ 
relations which arc true when the values of the letters involved are 
hmited by given conditions. 

Ex. I. If «+^H.£*«o, prove that 
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Here /. whence a^~{d+cY (i) 

Now 2{a^-dc)^a^-{‘a^-2lfc 

=fl®4-(^+<r)*~2^t:,from (i) 

Similarly 2{if^~ca)=a^+d^+c°, 

- ca^c^ ^ ab— \{p^ 4- + c^). 

Note* Observe that when a + 6 +^+ 0 , we obtain the following results 
by transposition : — 

a+b=-c^ a—-(b+c) 

b+c—-a, b=’-{c+a) 

c+a^.— bf c=~(a + b) 

Ex. 2. If a+b+c—Oj prove that a^+b^+i:^= -2(b{:+ca + ab). 
We have (a + b+cy'«‘a^ + b^ + r^-h2(br-i'Ca-fab) 
putting a+b+c^o, we get 
0=^ -f ^* + c'‘^- 2 (bc +fa-h ab) 

/. by transposition, a^+b^-hc^^ - 2 (bc+i'a + ab)y 
Ex. 3. If a + b + c-Of prove that a^-hb 3 + c^=3abc. 

We have (a-hbj^—a^-hb^i-^abia+b) (i) 

Now a + b+^—o, .*. a-hb^—c; hence from (i) 

( - r) 3 = a 3 4 - <^ + 3 abc( - c), 
or -r 3 =a 3 4 -^-" 3 a^^. 
by transposition, 4- ^ + ^" 3 = 3 abc. 

This important result may be verbally stated thus — 

tf the eum of three quantities be zero, then the sum of their 
cubes is equal to three times their product. 

Obs. The results of the preceding examples are trq^ if for 
b^ c we substitute any three quantities whose sum is zero ; and in 
this way we can deduce many important identities. 

Thus, let then evidently n4“^4-r=o. 

Hence from the examples i, 2, 3 we iespec|ively get the following 
results : — 

(i) (y - JT) (;r -y) = (x; - xf - {x -y)(y - s) 

« i{{ .y ~ -sr)* 4 - (-r - xf + (jr - y) 1 
(ii) {y--xY+(M-‘xf-^(x--yf 

« *- 2{( / - 4(s' -x)^{s- -y) 4- {x -y){y « sr)} 

(Hi) (/-^r)34.(ir-434‘(rr-j^)3»3(/-^)(^-2r)(x~/). 
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'^ERCISE XLII. 

If prove that 

X . a{a-\rb){a’^c)^b{b-^ a)(b + r) = c(c +a)(c+ b) 

^ 2 . b^-hb^-hi:^=^c^-i-ca-ha^=a^+ab+b^=i(a^i’b^-hc^) 

ab{a + ^) + bc{b +c) + ca(c ^a) + yxbc — o, 

5 . {be + -f aby =- //-V* + = \{a^ + <^ + (f)^. 

[See ex. 2, art. 4.] 


FORMULA. 

The following list of the formulae already established should 
be committed to mem'ory by the student#!— ^ . 

I {a-{-b-^ c+,,,)m^am’{-bm’{-cm-^'»,, 

II. {a’^by=a^-\-2ab-{-b‘ 

III. {a-bY=a‘^-2ab‘^b^ 

IV. (a b-{‘ cy —a^ + b^ e^ + 2 bc-{- 2 ea + 2 ab 
V. {a-{’b)ia-b)=::a^-b^ 

VI. (x-k’a){x + b)—x^-j-{a-\-b)x-hab 

VII, (ax +b){cx-^d)^ acx^ + (be + ad)x 4* bd. 

VIII. (;r + a)(jr 4- b){x 4- c) 

=;r3 4- (^i + ^ 4* c)x‘* 4* (be 4- ra 4- ab)x 4- abc. 

IX. (a-^b)(d*-ab+b^)=a^-\-b^ 

X {a-b){a^-{-ab'^6^)—a^ — b^ 

XI. (a+by^a^'{‘'^cfb-\^^ab^-\‘b^ 

= ^3 4 - ^ 4- 3 < 5 *^^i 4- 

XIL (^-^)3a-a3- 3<j*^4-3^^— ^ 

=a<|3 - ^ - ^ab(a - b) 

XIII. {a^b-¥cy^a^^b^^c^+^{b’^c){C’\-a)(a^b) 

XIV. 

4* 3(a*^+ 4- ^ 4 - 4- 4- 2abc) 

XV. (<i4“^4‘^')(®*4'^4“<c* bc'^ ca-*ab)=!=‘a^’^b^^c^^ yibc. 

XVI. ia'hb^e'^a-b+i^{a+b-e){^a+b+e) 

« 4- + 20®^ - a* - ^ 
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XVII. 

= a^b - ■^b^c—bc^-\'C^a — ca^ 

= a^b - i:) + b\c - a) -h (f(a - b) 

==bc(b-c) + ca(c~-a)-hab(a — b) 
as — {a(b^ — c‘)+ b{c^ — tf®) + c{a^ - b^)} 

XVIII. (b + c){c+a)[a + 

= ^ab^-t b^c+bb * + + ra® + 2abc 

= a®(d + ^r) + + a) + c®(a + + za^^: 

= bc'{b + ^) + + <*) + + <^) + 2abc 

== + c^) + b{c^+a^) + r(a® + b^) + 2 abc. 

{For formula: XVII and XVIII see examples 3 and 4, art. 15.] 


CHAPTER XIIl. 


FACTORS. 

1 . In the last chapter we obtained a series of products by 
multiplying together two or more factors ; and we here propose the 
inverse question of resolving a product into its factors. For 
this purpose we are to read the formulae already established from 
right to left 

2. Blxpreasiozis of the form am+bm+om4*... 

Factorization of expressions of the form am 4- 4* + . . . was 
considered in Chap. XII and we need only add a few examples 
•for exercise. 


EXERCISE XLIil. 

Resolve into* factors 

1 . 2 , 3 . 

4 . — yt^y*’-^^y^-^i 2 x^* 

7 » abix^^i-^edix-a). 8. 
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3 * Wc can sometimes arrange the terms of an expression Into 
groups, each group having the same compound factor common, 
and in that case the expression can be resolved into factors as in 
art. 2. This is a very powerful process but requires much practice 
for ready application. 

Ex. I. Resolve into factots.r*-f«jr-l-<&jr+«^ 

The expr. = + ax) + {bx + ab) 

—x{x’\-a)-\-b(x-¥a) 

— {x-\-a)(x^b) 

Ex. 2^ Resolve into factors ac-Vbc^rod-^bd 
The expr, = {aC'{‘ be) + {ad -^bd) 

= c(a~hb)-k-d{a+b) 

— {a b){c d). 

Ex. 3. Resolve into factors loa"* - 2ac — 1 ^ab + ^bc 
The expr. = (joa^- 2ac) - ( i s^b - ’^bc) 

= 2a(sa-e)-3b(sa-c) 

= ( 5 a-e)( 2 a--Sb) 

EXERCISE XLIV. 



into factors. 


h 

3. 

ac^ad+be-bd. 

2. 

ac-^ad-bc-b^ 

x^-ax’^bx — ab. 

4 . 

a*-^ab-\’aC’¥ 6 c, 

6 . 

c^x-^a^ + b^x^-^-b^. 

0. 

ax-bx—az-^bz. 

7. 

^^^’^ 2 xy~- 2 mx—my, 

a 

ax - 2qy -bx^r 2 by, 

0. 

3^ + 3^^--5-^-5- 

10. 

yx^ yxx^b'^bx. 

11. 

a^-a^+a- I, 

12. 

x^ -f 4* xy* 4* 

13 . 

a{x^ + {a^ + i)xy. 

14. 

ab{p*Jtq^)’k^pq{c^^bl*), 

16. 

17. 

18. 

Sab* - sabc - 2 d*c + 2 bc* 
ax^bx'\-cx-‘ay-\‘by—cy. 
a^X'irbe^abx^b*y + ac^aby. 

16. 

2 px-()qy-¥ 6 py — 3 qx, 


€ib^+abe-hb*c+b£^+a^b+a^c. 

€tx+fy-i~e^+bx‘h0'-^ajsr+ex-haj^'^bx. 
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%, Perfect squares. From formulae II, III and IV we 
have respectively. 

(i) a®4-2ab+b®=(a+bF 

(ii) a*-2ab+b^=(a-b)* 

(iii) a=* + b® + + 2bc + 2ca + 2ab <= (a + b + c)^ 

We may factorize directly thus : 

(i) 

= < 2(12 4" 4" 4* 

= (a 4- ^)(a 4- ^) = 4- 

( ii) a* - 2ab->cb^ =={a^- ab) - (ab - 1/*) 

^a(a-b)^b{a--b) 

— (a- b}(a -b)==(a- by 

(iii) ^2=4-^’4-^^4-2^r4-2rfl!4-2«^ 

= «“4-2a(/^4-^-)4-(^4“0* 

= {a4-(^4-r)}*=(a4-^4-^r)*. 

Ex. I. Find the value of 4a*4'28a/^4'49<^*, when a— 7, b^ -t. 
The expr.=*(2a)*4-2.2a.7(^4-(7<^)* 

= ( 2 a 4- 7 <^y = {27 + 7 ( - 2)}* = 0 

Ex. 2. Find the value of 642:* — 48r>'4-9j^ when .r=4,>'=io. 
The expr. == (8.r)» ~ 4- (ay)* # 

={8jr - 3v)*= (8 X 4 - 3 X io)*= 2*= 4. 

Ex. 3., Simplify {jK4'S^~jr)=4-2{v4*5^-jr)(a'4-jr— j')4*(-2'4-Jr~^)®. 
Putting 4-^-^ ~ a, Z'\~x-y~by the given expr. 

= a® 4- 2ab 4- b'^ - (a 4- by 
= {(y 4- .S' - ;r) 4- (ir 4* .r -y)}®, restoring Xy y, s. 

Ex. 4. Simplify 

(3a 4 - 2^ 4 - - 2(3a 4 * 2^ 4- f )(a 4- 2^ 4- r) 4- (a 4- 2^ 4- r)®. 
Putting 3 a 4 - 2 ^ 4 -<r~ 2 r, a 4 - 2 d 4 -r=y. 
the given expr,=»x’-2Jty4-y* = (.r-y)® 

- {(3a 4- 2^ 4* £■) ~ (a 4- 2^ 4- <r)}*, restoring a, 4 
= (2a)®s=4a*. 

Ex. 5. Evaluate a® 4- ^ 4-£* ~ 4- 2^a ~ laby 

when a=26, ^=:2i, c^S' 

The expr.=^(a--^4-^)* 

« (26 ~ 21 4 “ 5 )*= I 0 *» 100 . 
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xni.] 

Ex. 6. Prove that 0'+.j?)* + (5'+^)=*4*(jr+>'P4*2(v4'-8'){-S'+.V) 

+ 2(i? + ^) (jir +jy) ’{-2(x+y){y+2)=: 4{x + s)\ 

Putting j^+ 2^= a, x+y=c, 

the left-hand side ~a’^+d^+c^i- 2 ac+ 2 cd+ 2 alf 

= (d! + ^ + fp 

^{y+z+z+x+x-^^yY 

=-{ 2 (x+y-{-z)Y 

=^ 4 {x+y+zy. 

Ex. 7. Prove that 

(<2 -f ^)= -f- 2(<2 -f -4- C® = (^ + ^)“ + 2(^ -f -f . 

Putting a+^=Xy the left side 

= ;t ® -1- 2XC +c'‘—(x 4 - cY 
— {a^-b^rcYy substituting for x. 

Again, putting b^-c^y^ the right side 
^y'^’^ 2 ya-\-a^=^{y'\‘aY 
^(a-\-b 4 rcY^ substituting for>'. 
the two sides are equal. 

Ex. 8. Factorize - 2a -b 2^, 

The expr. ~ (a^ - 2ab + - (2a - 2b) 

^{a-bY — 2 {a- b) 

^{a-b){a-b- 2 y 

S. Supppose we want to determine the quantity which when 
added to the expression ^a^+2ab makes it a perfect square. Now 
we know that a^4-2ab plus b^ is a perfect square, viz, (a+b)^ ; 
hence the quantity required is b^ or square of half the co-ejficient 
of a. 

Ex. What must be added to a’ 4- 3a to make it a perfect 
square ? 

a®+3a=a='4-2.a.| ; hence we must add (|)* 

Ex. 2. What must be added to ^x' - ^i^xy to make it a perfect 
square ? 

Sxy—iycY-'^^yc,^^; hence we must add 

EXERCISE XLV. 

Find the factors of (mentally) : — 

1- ;r* + 24r+l. 2 jt*-4jr-f4. 3. 9;c®+6xf-l- 1. 

4. a“~ 100^4-25^®. 6. 9- r2xr+4jr®.* 6. ^'^lAtXy-^ltf,* 
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J'ind the factors of (mentally) 


7. 

10 


12 . 

14. 

10. 


i ’^2jry+xy*. 8. 

gx^ . i6y®. 
~^2;ry +— - 
i6 9 

90 ^— iBa^d^+g^. 

i6x^-*24ax'i‘ga^ 




X* - 6xy + gxy^. 9. a* — la^bc *f b'^cf. 

11 . 

13. a’.ar* — + by^, 

15. ^xy^z^ - 42:^2r + 1 . 

iSx + jif 4* 8(5;ir +JJ/) + 1 6. 17. 4(2« - 3^)* “ 4(2^ - 3^) + i . 
18. (x-k'yY + 2{x +j')(r -y) 4 * (x -y)\ 

Factorize 


19, «*4-2ai^4-^’4-2^<;4-2^^«. 20. 4;r®- I2.:^4'9y®-2r4*3;'. 

Vn. 4-4a4‘a^ -2b-hab. 22. 25;^®- iQ;r4- 1 4-5a;ir~<2. 

Find the value of 



4.;ir*4-2o.ry4-2s^*, when ;r=8,_y= -3. 

44?^/® 4- 1 2:17.2' 4* 9^^ when ;r = 2,7=->5, 0=10. 
a^4^b^4.(f‘4-2bc--2ca-2ab, when, <2=37, ^==21, ^=16 
4^®4-97®4“ i6-2r®- I2xy4‘24y2--i6zx^ when .r= 16,7=4, 2==2. 
4 x^- 4 {xy-xz) 4 ‘{y- 3 ^)% when 4:= 19,7=57, 5 '=I 2 . 

If ji'=^4-c,7 = c-a, s^a^-by prove that 
x‘‘ 4-7*4- - 2jry 4- 27.? - 22 x~ 4 b\ (C. E. 1883). 


Simplify 

(5a 4* ybf 4- 2(5« + 7^K4« - 9^) 4- (4« “• 9^)®. 

30. 9(t6jr- sy)*- I2(i6;ir- S>')(9^-27)4-4(9^- 27)®. 

31. (3a 4* 7<^ - 8^:)® 4- 2(3a 4- 7<^ ~ 8^:)(7r - 3^1 - 5^) 4- ~ 3« ~ 5^) 

32. Prove that {a^4‘bf*){if4-d’) - {ac^Vbdf is a perfect square, 

33. Prove that (x4* 37)* 4- 2(;r 4- 3y)(;r 4- S^) + (^ + 5^)® 

= (2X 4- ^)® ih 2(2^ 4- 5')(37 4- 43’) 4- 4* 4?)®. 

34. Prove that g[a 4* ^)® 4* 1 2 {a 4- ^)(a 4- 2 c) 4- 4(a 4* 2^:)® 

= i6(^ -f r)* — 8(^ 4- c)(d — 5a) 4 (^ - 5a)® 

36. Prove that (a42^;*4-(^4*2r)*4*(<:4*2a)*4*2(a4-2^)(^4-2£‘) 

4* 2CI4- 3t){r 4- 2 a) 4* 2(£r4- 2 a){a 4- 2^) = 9(a 4- ^ 4- cY 

What must be added to each of the following to make it a 
perfect square ? 

30. xf4^4X, 87. aa jr»4-/;r. 

.80, 4**47^* 40b 2|jir®4-l32r. 41. a«jr*42a^jr. 
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From any point P in the plane draw PN perpendicular to 
XOX'. Then we can reach the point P by travelling from O (the 
starting point, hence called the origin) to N along the axis of x and 
then from N to P parallel to the axis of or the two roads 
ON, NP at right angles will lead us from O to P. Thus the lengths 
ON and NP fix the posi;:ion of the point P in the plane and are 
called its co-ordinates, ON alone being called the abscissa 
and NP alone being called the ordinate, of the point. 
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. m- 1 

, 17 • 

V 
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,p 

P: 

Y' 

(+3.-4) 


Fig. 2. 


Now in reaching P we may have to describe the part ON of 
our journey along Xh^axis of x either to t)(xt right or left of O, 
and the part NP either upwards or downwards parallel to the axis 
of as shown in fig. ( 2 ) in quadrants 1, II, 1 11 and IV respectively. 

To distinguish between these cases the following convention is 
used : ON is regarded positive when it is described (along the 
o-xis of .r) to the right oiO^ as in Quadrants 1 and IV (fig. 2 ) ; and 
consequently ON is regarded negative when it is described to the 
Mi O, as in Quadrants U and III (fig. 2 ). Also NP is regarded 
positive when it is described (parallel to the axis of/) upwards, 
as in Quadrants I and 11 (fig. 2 ), and consequently NP is regarded 
negative when it is described doumoards^ as in Quadrants III and 

JV(%.2). 

/ 
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• Thus if the absolute values of ON and NP are 3 and 4 res- 
pectively, we have 

the abscissa and ordinate of P in the first quadrant (fig. 2) 
+ 3, + 4 respectively ; 

the abscissa and ordinate of P in the second quadrant (fig. 2) 

- 3, + 4 respectively ; ^ 

the abscissa and ordinate of P in the third quadrant (fig. 2) 
“ 3, -- 4 respectively ; 

the abscissa and ordinate of P in the fourth quadrant (fig. 2) 
+ 3, - 4 respectively, 

It must not be supposed that the straight lines XOX' and YOY' 
must be at right angles in order to be axes ; the axes of co-ordi- 
nates may be oblique ie.y not at right angles. Distances parallel 
to XOX' ;r-axis are called x (abscissa?) and distances parallel to 
YOY' r^.,^-axis are called (ordinates) in all cases. In this book 
we shall everywhere consider axes to be rectangular. 

3 ‘ In writing the co-ordinates of a point the abscissa is always 
written first and then the ordinate* ; and the point whose abscissa 
and ordinate, arc respectively, say 4 and 5 units, is briefly designa- 
ted as the point (4, 5). 

A point is named (a, b) when its abscissa x—a and its ordinate 
y~-b. 

It is found from the preceding figure that the abscissa of a 
point is positive when it is in the first and fourth quadrants^ and 
negative in the secoftd and third; while the ordinate is positive 
in the first and second quadrants and ?iegative in the third and 
fourth. 

Thus in the first quadrant x and^ are both -h, in the second x is 

- and y is -f . 

In the 3rd quadrant x and y are both - and in the 4th x is -l- and 
^ Is - . 

It is plain from the figure 

(1) That the point (O, O) Is the origin »>., the co-ordinates of 
the origin are (O, O). 

(2) That if a point is on the jr axis i>., on XOX', its >^=0 i.e. 
ordinate is O. 

(3) That if a point is on the ^-axis on YOY' its x*0 ie- 

abscissa is O. : 

(4) That JF co-ordinate of a point on a line parallel to the axis 
of at a distance a from it is a. 

That jy-co-ordinale of point on a line parallel to the axis 
\if at a distance h from it is K 
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^ When the co-ordinates of a point are given we can mark 
the position of the point with reference to the axes ; this process of 
m irking of the position of a point is called plotting the point. 

For the purpose of plotting we commonly use squared paper 
ruled by two sets of perpendicular lines at intervals of one tenth 
of an inch with every fifth or tenth line more thickly printed The 
paper is thus divided info small squares of which each side is one- 
tenth of an inch. Any two of the thick lines which intersect may 
be taken as axes of reference and one or more sides of the small 
squares as the unit of length. ^ 

Ex. I. Plot the following points 

• (0(2.3) (")(-3. 4), (iiO (4,— 4)- (iv) (—2,-5). 

Use inch squared paper and take the unit of length to be one 
side of the small squares (/.«?. one tenth of an inch). 

(/) Here the abscissa of the point is + 2 units and the ordinate 
is -f 3 units. Hence we measure 
2 units to the of O along 

the axis of and then 3 units 
upwards parallel to the axis of y. 
We thus reach the point P (fig. 3) 
and this is the point (2, 3). 

(«*) Here the abscissa of the 
point is — 3 units and the ordinate is 
+4 units. Hence we measure along 
the axis of .r, 3 units to the left of O 
and 4 units upwards (parallel to 
the axis of y). Then P, (fig. 3) is 
the point (—3, 4). 

(m) Here we measure 4 units 
along the axis of to the rl^/it 
of O and then measure 4 units 
downwards parallel to the axis of y. 
vVc thus reach the point P2 (fig. 3) which is (4,-4). 

{Iv) Here we measure 2 units along the axis of x to the left of 
^ and then 5 units downwards parallel to the axis of y. We thus 
*^ch the point P3 (—2,-5) in (fig. 3.) ^ 

2. Plot the points (f) (^3, o), (//; (o,>~ 3), { 111 ) (o, 0). 

U) Taking the same unit as in Ex. i, here we measure OP 
the axis of x equal to 3 units to the left of O and stop there 
'Without going up or down, as the ordinate is zero. Hence P is the * 
f^cquired point on the axis of .r (fig. 4}. 
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Thus a point whose ordinate is ^ero lies on the axis of x. 

{ii) We measure OP equal to 3 units, along the axis y down- 
wards and stop there as the abscissa is o. 

Then P is the point (o,-«3) on the axis of r. 

(fig. 4) % , 

Thus a point whose abscissa is zero lies 
on the axis of y. 

(Hi) The point whose abscissa is zero 
as well as the ordinate is zero is evidently 
the orgin O. 

S- In plotting points on squared 
papers, when the co-ordinates of a point 
are not whole numbers, the unit of length 
is to be chosen properly. In case of Fig. 4. 

fractional co-ordinates the unit of length 
may be conveniently taken equal to as many sides of the small 
squares as are equal to the L. C. M. of the denominators of the 
fractions. Similarly, when the co-ordinates are expressed to one 
place (or two places) of decimals it is convenient to take the unit 
of length to be ten sides of the small squares. 

It is to be noted that in showing the relative positions of two or 
more points with reference to the axes they must be plotted with 
the same unit of length. 

The unit of length should be always stated : thus, we write 
“scale 1" = i” or “scale 1"= 1’’ according as w^e take the unit to be 
i" or • i". 

(i" stands for i in,, i" stands for -i in.) 

Ex I. Plot the points (/) ( J, - {) (ii) ( - !)• 

Take the unit of length to be 
8 sides of the small squares, 8 
being the L. C. M. of the deno- 
minators of the fractional co-ordi- 
nates above. 


(/) Here abscissa— I unit=^S 
sides, and ordinate— -i unit — 
- 2 sides. Hence take ON to the 
ri^ht of O equal to 8 sides of 
the squares and NP dcnvnwards 
•equal to 2 sides. We thus get 
the point P = (i, - i) (fig. 5). 

Fig. 5. ' (ii) Here abscissa- - J unit 

. ^ - 4 sides of the squares, and 

ordinate -|! unit -5 sides of the squares. Hence take N, to 
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left of O equal to 4 sides and Nt P* upwards equal to 5 sides. 
We thus get the point Pi = (- 1 , 1 ) (tig. 5). 

Ex. 2 . Plot the points (0 (i-7»- i*3l* Kn) (*9, *35) 

Take the unit of length*to be ten sides, that is, let the scale be 

1 "- I. 
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Fig. 6. 


f) Measure along the axis ol x to the right of O, 17 units /.<?, 
1 7 Sides of the small squares, and then measure downwards 13 
uQits or 13 sides of the small squares. Then we reach |he required 
P^mt P (fig. 6). 

(ii) Measure on to the right of O along the axis of x equal to 
‘9 unit (or 9 sides of the small squares) and then measure upwards 
35 unit (or 3*5 sides of the small squares). Then we reach the 
required point /*, (fig. 6^ * 

Note. In measuring 3*5 sides of a square we take 3 sides and (by 
pe&s) half oi a side. 

The following are some examples on the fise of squared 

paper. 
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E}c.j. If I walks miles to the east and then 4 miles to. the 
north, find how far 1 am from the starting point. 

Let O represent the starting point and take OZ, 0 F drawn to 
the east and north respectively as the axhs of 
X and j'. Let each division of the paper 
denote one mile. Then my first position is 
iV and final position P (fig. 7). Draw an 
arc of a circle with centre O and radius OP, 
catting OX at 0 . Then OPr:=^OQ^% miles. 

Hence I am 5 miles from the starting point. 

Ex. 2. Plot the points ( 5 , J) and ( - J, J) 
and find their distance apart* 

Take the unit of length equal to 9 divisions of the paper. 
Then the abscissa and ordinate of the first point- 5 and 6 
divisions of the paper respectively ; while the abscissa and ordinate 

of the second point* -7 
divisions and I division 
respectively. Plot these 
points, A and B (fig. 8). 
With centre A and radius 
A ^ draw a circle cutting 
at C the line through A 
parallel to the axis of / 
Then AB^AC^x^ divi- 
sions of the paper. Hence 
as 9 divisiofis*! unit, the 
required distance units 
1 5 uni Is. 

Fig. 8. 

Ex, 3. Plot the points (4, 4), -*). (4. 

Prove that they are the angular points of a rectangle and find its 
area. 

Taking one side of a small square* 1, and pioiiing the* 
^poliits in ordftOwe find them to he C, A (fif^ oX mii ABCD 

is evidently a rectangle. The area the rectangle obtained by 
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counting squares is 30 units of area or *30 square inch, since*!' 
=runit length and 'oi sq. in. = unit area. 
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Fig. 9. 

Ex, 4. The angular points of a triangle are (3, 3), (—5, l ) 
~ 3) ; plot the points and find the area of the triangle by count- 
ing squares of the paper. 

Take the scale ‘r=i and plot the points in order,- the 

points At By C respect- 
lively (fig. 10). In counting 
squares we take the part of 
a square which is greater 
than one-half to be one and 
the part which is less than 
one-half to be zero. We 
thus find the area to be 
27 square units or *27 sq. in. 

EXERCISE V. 

1 . Plot the following points on a black board ruled in 
^uares 

3I » {‘* 4 » S) » C *" 2, 3) » ( “" l» " 4I J CSi “■ 3I I 
;(o, 4 ) j( 7 . -2) ;<-- 5 t 4 / 1 
I-6,8);C-7.6);(-5, -S) ; (5, o) j (--6, -6| ; 

(»» ~|)jC!n~2);(-2,-5);(“5» I)* 
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2. Name the co-ordinates of all points in the following 
diagram (fig, ii) : 
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Fig. II. 

a Plot the points (I, 2), (2, 4), ( 3 » 61 ^ (-4, - S), ( -> S, - 10) 
and show that they all lie on a straight line thiough the origin. 

4. Plot the points (4,0) (2, 3). (6, -3), (8.-6), (-2,9), 
(-4,1a) and prove that they all he on a straight line. 

$. Plot the following pairs of points and find the approximate 
distance between each pair 

( 3 , - 4 (-'3.5) ; ( 2 , 6h (I, - 5) ; ( 7 , 8 ), (-^ 4 % 

§* A ship sails 50 miles to the north, then 60 miles to the east 
and next 40 miles to the south; find approximately her final 
distance from the starling points 

Plot the poinm (41), (-41), (4,- cl, (-4,-5), Prove that 
^thejf are tonally distant fimm origin and fmrin a rectangle of 
which the atea is Bo s<|naie units. 
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8. Plot the following pairs of points and find the approximate 
distance between each pair : — 


(1-5, 2*8), (2'6,~r9); (-27, --rS), (-r8, 2*1); (7, - 1*4^ 
i-n, r4) ; C8,-*9), (ri^2*3). 

9 . Plot th^ following pairs of points and find the approximate 
distance between each pair ; — 






10 . Plot the following series of points : — 

(1) (M, <6,i), (6,2) (6,3), (6, 1), (6, - 4) ; 
W) ( 7 , - 3 ) ( 5 » - 3) (4, - 3) U > ~ 3) (o, ~ 3 )- 


Show that they lie on two straight lines respectively parallel to 
the axis of y and x at the distances of 6, - 3 respectively 

11 . Explain by means of a diagram that the points (ayd) {oyC) 
(aye) and (a,/) lie on a straight line parallel to the axis ofy at 
the distance of a from it ; and that the points (g^) and 
lie on a straight line parallel to the axis of -r at the distance of ^ 
from it. 


12 . A man walks 1*8 miles to the south and then 2’4 miles to 
the east, find his approximate distance from the starting point. 

. Plot the points (7»-3)(4»8), (~7,4) and 6nd the area 
of the triangle farmed by them by counting squares. 

^ right-angled triangle are 2*3 ft. and 2*9 ft., 
find the length of the hypotenuse by using squared paper. 



CHAPTER IV. 


GENERALISED ARITHMETIC 

1 . In this chapter when we shall have occasion to illustrate 
positive and negative quantities, we shall do so by referring to gain 
and loss— representing gain as positive and consequently loss as 
negative. * 


ADDITION. 


%, The process of finding the result when two or more quanti- 
ties are taken together is called addition, and the result is 
called the sum. The quantities which are taken together are 
called addends or summands. 


3 * How to add any quantity. (I) A ^m'n of Rs. 5 pro- 
luces an increase of Rs. 5 in my income, or (4*Rs. 5) added to my 
[icome increases it by Rs. 5. 


Hence f ( + 5) is equivalent to+ 5 ; (i) 

and similarly in other cases. 


Thus when + 5 is added to +7, we have 

(+ 7 )+( + 5)-=+7 + 5 (0 

Similarly, (~7)'h(^-5)===--7 + 5 U) 



(II) Again a loss of Rs, 5 produces a decrease of Rs. 5 in my 
income or (-* Rs, 5) added to my income decreases it by Rs. 5. 

Hcnce-f(-*5) is equivalent to -*5 ;......(ii) 

and similarly in other cases. 


Thus whcif- 5 is added to +7, we have 

(- 1 ‘ 7 ) + (-* 5 )=«+ 7 - 5 — . 43)1 

Similarly, - 7 -S* 

From the results (A) and (B) we get the following rule for 
adding any quantity ; 

To add a quantity, positive or negative, simply attach It by its 
mtn sign to the quantity (positive or negators) to whieti it is 
to he aided. 
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Def. The Algebraical sum of two (or more) quantities is 
the sum of those quantities taken with proper signs. 

Thus the algebraical sum of sand- 3 is 5 + {-3)=: 5 -3, and 
this is the arithmetical difference (i,e., the difiference when the 
smaller lb taken from thc*greater) of 5 and 3. 

SUBTRACTION. 

The process of finding the result when one quantity (called 
the subtrahend) is taken from another (called the minuend) is 
called subtraction, and the result is called difference or 
remainder. 

Subtraction is thus the inverse of addition and to subtract one 
quantity fpm another is to find a quantity which when added to 
the first gives the second. 

S. How to subtract any quantity. (1) Kgain of Rs. 5 
taken away from ray income produces a loss of Rs. 5 in it. 

Hence subtracting 4 - 5 is equivalent to adding - 5 
or -(•f 5 )-- 5 -*-(in) 

Thus when +5 is subtracted from +7 we get 

. (+ 7 )-(+s)-^ 4 - 7-5 It) I fc\ 

Similarly, (- 7 )--(d- 5 )-“ - 7-5 -(2) / 

(I I) Again, a lossoi Rs. 5 taken away from my income produces 
^ gain of Rs. 5 in it. Hence subtracting -5 is equivalent to 
adding +5 

Or, -( - 5 )= 4 -S-* (iv). 

Thus when - 5 is subtracted from +7 we get 

. (4*7)-<-5l~”h74-5 (3) 1 

Similarly, {-7)-(- 5)=^ - 74 - 5 — ( 4 ) j ' ^ 

From the results (C) and (D) we get the following rule for the 
subtraction of any quantity 

To tubtract any quantity, positive or negative, add its 
<>Pposite (f.#. attach it with its sign changed) to the quantity, 
positive or negative, from which H is to be subtracted. 

If we use symbols in the result (i|, (li), (iii) and (iv) of arts 
3 and 5, we get respectively. 

4.(4.^)=+^.. (f) 

(at 

44) 
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In the above results we have assumed b to stand for an ^positive 
number. Now it is very necessary that algebraical symbols should 
not be restricted to positive values and we shall presently prove 
that the above results are true for negative yalues also of h. 

Thus let A stand for -3, then -f +(-3)= ~ 3 aA 
~ t *“3)= +3* Hence (i) and (2) will be true for the negative value 
-3 of if +(-3)= -3 and +(-1-3)*= 4*3 are true, and the latter 
are so, for they respectively follow from (2) and (i) for the positive 
value 3 of A. Similarly the results (i) and (2) are true for all 
negative values of b ; and so also the results (3) and (4). 

' We conclude from the above that the following rule of signs 
holds good in these cases : — ^ * 

Two like signs in conjunction give piiis, two unlike signs in 
conjunction give minus. 

Note* In connection with algebraical symbols the student will observe 
that the terms positive and negative refer to their apparent and not essential 
characters. Thus if we suppmse a to stand for 5, then +0=45, +a 
is positive both in appearance and reality ; but if a stands for 5 then 
-3, and +a is positive in appearance but negative in 

reality. 

. When we say that a may be positive or negative, we mean that a may 
kand for a positive or a negative number. 

7. If we use symbols in the results {.< 4 ), (C, {D\ of articles 

3 and 5 we.rcspectively get 

^a^b (i) 

('ba)*f (■*~d)= (2) 

...(3) 

-f (4) 

In the above results we have assumed b to stand for a positive 
number and a to stand for a positive or a negative number. In the 
manner of the last article we can however prove that b may 
also stand for a negative number. Hence the results (il, ( 2 ), (3^ 
(41 ate true lor all positive and negative values ^ o as well as of k 

Mot0« The student will note that in Algebra there is no essential 
difference between addition and sobtracdoti ; for we may regard the 
suhlraetiodof a negative i|uatttity as the addition of a pmdtive t|iiattttty, 
and wki verm^ Thus may be regarded as the addifiOQ of the positive 
quantity -fa to the negative quantity - d or as the s#>tit^on of the p<»i- 
bvt quandty A from the fM^trve quimtit^o. 

» •. Th«« 3 CM«ssioiia^ii*fd,#*--doa thtt ofd), (2)43}, (4) 
In art y cannot*!^ further slinpIiiM, and die results ^re regarded 
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complete algebraically. We can however simplify them when 
numerical values arc given to the symbols, as shown below. 

Since a gain of Rs. 5 and a gain of Rs. 3 make a fo/a/ gain 
of Rs. 8, while a /ass of Rs. 5 and a /ass of Rs. 3 make a /a/a/ /(?« 
of Rs. 8, we have 

( + 5 )+(+ 3 )- +8, 

HencCy in adding two (or more) numbers having like signs 
we take the sum of tneir absolute values and prefix their com* 
mon sign to the sum. (Rule 1). 

Again,' since a gain of Rs. 5 and a /ass of Rs. 3 yield a m/ 
gain of Rs. 2, while a gain of Rs. 5 and a /oss of Rs, 9 yield a 
net /oss of Rs. 4 we have 

(+ 5 ) + (“ 3 )«+ 2 , 

( + 5 )'hl- 9 )= ^ 

Hence, in addiiig two numbers having unlike signs we take 
the arithmetical difference of their absolute values and prefix 
the sign of the numerically greater number. (Rule II). 

9. Graphical Illustration. The results of the last article 
can be graphically illustrated thus : 

Let XOX' be a straight line and O a fixed point in it. Along 
GX set off i unit, and along OX' set oft* 

O^r — .., = 1 unit. Now suppose distances measured 

X * X 

/^7 ib O ax _ ^ -.0 -7 

on the straight line from /eft to right are positive and consequently 
distances measured from right to left are negative. Let O be the 
starting point 

(‘) (+7)+(~3) means that we go from O to a-, (7 units in the 
posiftve direction) andi then from « , to (3 units in the negative 
direction) ; and this means that we are taken from O to (4 units 
in the positive dircaion). 

(+ 7 )+(- 3 )==+ 4 » 

(ii) ( -7)4.(4.3) means that we go from O to (7 units in the 
negative direction) and then from b^ to ^4 (3 unip in the positive 
direction) ; and this means that we describe the distance from O 
^4 (4 units in the negative direction) 

(* 7 )+( 4 ‘ 3 )»- 4 ^ 
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<iii) ( ~ 2) -f ( + 5) means that we go from O to ^^2 and th en from 
toa^ ; and this means that wc are carried from O to a^, 

;.(-' 2 ) + (+ 5 )-+ 3 - 

(iv) (- 4 ) 4 - (--3) means that we go from O to and then from 
to ; and this, means that we are carried from O to 

EXERCISE VK 
Add together (mentally) 


1 . .+3, + 4 . 

2. 

+ 5, “-3. 

3. 

-7,-+2. 

4, - 2 , + 7 . 

6 . 

-6, + 6 , 

6 . 

-4. -5- 

7. + 3 . + 2 . + 5 - 

8 . 

“4, ""3.-9* 

9. 

- 2 , - 7 , 

Subtract the second from the first (mentally) 


10 . + 7 , + 5 - 

11. 

- 9 , + 4 . 

12. 

+ 12 , - 7 . 

13. + 4 . +3- 

14. 

+ Sf + 7 . 

16. 

-9i -4. 

16. -2,-7- 

17. 

-9. -9. 

18. 

+ 5. -3- 

Simplify (mentally) 
19. (+6)+(-7). 

20. 

(+4)-(+7). 

21. 

-3-(+7>. 

2 a (+4)-( + 0- 

23. 

-4-(-4). 

24. 

(-5)-(+7> 

26. +(-s)-( + 5 ) 26. 

-(-S)+( + 5). 

27. 


Simplify graphically 

2a 7-5- 

29. 

-7 + 5- 

30. 

-7-5- 

81. +(+4)-(-2). 

32. 

-(-3)-<-4). 

33. 

-(-3»-(+5). 

Add together 

34. 3l. -4s. 

35. 

-2!. -3|. ‘ 

35. 

Sf. -31 

37. 5 ;. -7|. 

aa 

9l. -aj. 

39. 

-6i,2i. 


19. Siippase in a tmnsacttcm I Rs. 5, im Rs. 3, 
nextfte’itRs. aandafrerwurds hse R$.6j my frnincial worth m 
iro|>e^ will he fe|»e«eiited by How it is evkieitt 

«that in whatever onier these gams and losses take i^lace, my 
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position capnot change. Hence in the al^ebraicai sum qf a set of 
numbers their order is immaterial^ each number being preceded by 
Us own sign. 

Again, in a series of gains and losses we may combine all the 
gains into a total gain and all the losses into a total loss, and the 
iinal effect can be calculated by considering this total gain and this 
total loss. Hence we get the following convenient rule for the 
algebraical sum of a set of numbers 

Add together alt the positive numbers, also add together all the 
negative numbers, ancf lastly add the aggregate of the positive 
numbers and the aggregate of the negative numbers (Rule III). 

Thus, 4-5-3-I-2 -6-9 + 7. / 

= +5 + 2 + 7 -3 -6 -9, re-arranging 

- +14- 18, adding the positive and the negative numbers 
separately 

=^-4. 

This and similar results can be illustrated graphically in the 
manner of the last art. 

1 %. The Algebraical difterenoe of two quantities a andfi^ 
is a - (5, the result of subtracting the second from the first j and a is 
said to be greater or lees than b according as the difference 
<1 - 3 is positive or negative. Thus, 

+ 5 Is greater than +2, for -f 5 -( + 2)= 4-3, a positive quantity ; 

+ 2 is greater than o, for +2-0= +2, a positive quantity ; 

o is greater than - 4, for o - ( - 4)= -1- 4, a positive quantity ; 

-4 is greater than -9, for ~4-(“9)= +5, a positive quantity ; 

and so on. 


We have thus a series of positive quantities above 
ovis., +1, +2, +3, in ascending order of magni- 

tude, and A, series of negative quantities below o, wV., 

“I, --2, -3^ in desceiuUn^ order of magnitude; o 

^ing the boundary of positive and negative quantities. 


+3 
+2 
-f I 
o 

- 1 
~2 
-3 


It is evident that any positive quantity is greater than o and any 
negative quantity is less than a Evidently then any positive 
quantity is greater than any negative quantity. 


Note 1, Strictly speaking we cannot compare positive and negative 
quantities, for ttii^ arc not of the same character. Thn#^ + Re. a which I 
uwn cannoe he said to be greater or less than-Rs. 3 which I owe.J 
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Note 2. We have already defined the absolute or numerical value 
of a quantity (see art. 7, Chap* II). Thus +5 and —5 are numerically 
equal, but from the above +5 is algebraically greater than —5. Similarl) 
“7 is numertcally greater than 3 but algebraically less. 

Obfi. The following signs are sometj^mes used 

> for “greater than” ; < for “less than” ; 

> for “not greater than” ; < for “not less than’' ; 
for “not equal to” ; for “unknown difference”. 

By we mean a-b ox according as a is greater than 
^ or ^ is greater than a. Also a±b means plus box a minus 

EXERCISE VII. 


Simplify (mentally) 


1 . +IO + (-5) + 2-I- 

2. 

-7-( + 2)+(-5)+9- 

3. -3-( + 5)+‘ + (-3)- 

4. 

(-3> + 5+(-«)-(-2)- 

Simplify graphically 

0 . +S-3+7-S- 

0 . 

-7+3-4+6 

7. -2+I-5-3 + 4. 

8. 

+ 5-(-2) + (-8)-(+4l- 


MULTIPLICATION. 


In Arithmetic Multiplication is defined as the process 
of taking a given number a reputed number of times. 

The given number is called the muUtpUmnd^ the number 
showing how many times the multiplicand is to be taken is called 
Ihe muitipiur and the result of multiplying is called the product 

13*^ The above definition of multiplication really assumes that 
the multiplier is a positive integer, and seems to be meaningless 
when the multiplier is a pt^itive fraction or a negative quantity. 
!But in these cases we may extend our ideas a little and interpret 
accordingly* 

Thus when the mnltiplicr is a positive fraction as in | x |, we 
may take | x f to mean | taken | of 0 m Hmi once), tlrnt is, to 
divide I into 3 equal parts and repeat t of these parts. 
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Again, if the multiplier is a negative quantity, we can also inter- 
pret as in cases (iii) and (iv) of the next article. 

14 . We shall now consider the product of any two numbers. 

(i) (+ 4) X (4*5)^ +4 repeated 5 times 

= -f 4 'f 44-4 + 4 + 4 
« 4 * 20 * 5 +(4 X 5 ). 

{(i) (- 4 )x( 4 - 5)=-4 repeated 5 times 
== - 4 - 4 ~ 4 -~ 4-4 
« -20= -(4x5). 

(ui) (4-4)x (~ 5)“ 4*4 repeated - 5 times 

=s 4-4 repeated 5 times but in the opposite 

direction 

sw 4-20 with sign changed 

« -20^ -(4x5)* 

(iv) {-4) X (-5)= -4 repeated -5 times 

= - 4 repeated 5 times but in the opposite 

direction 

= - 20 with sign changed 

= + 20 =( 4 X 5 ). 

We can deduce similar results with fractional numbers, taking 
into account the extended meaning of multiplication as given in the 
preceding article. If in the above we use symbols we have the 
following results in Algebra : - 

( 4 -a)x( 4 -^)- -^{ad) (l), (-a)x(4-<^)^ (2). 

( + a) X ( - - (a^) (3), { - a) X ( - (^} 4 - (4). 

Hence we have the following law of aignsfor the multiplication 
of two quantities, positive or negative, integral or fractional 

The product of two quantities is found by multiplying their 
absolute values and prefixing the sign + if both quantities aro 
positive or both negative, and the sign—lf one quantity is 
Positive anil the other negative i.c., two like signs glve^^anil 
two unlike signs give—. 

. IS: When one quantity is multiplied by a second, the prodo^^ 
by a third and so on, the hnal result is called the cmtim^d produ^ 
of all the quantities. ^ 

Ex. I. Find the continued product of -3, -5, -4, 

Product *»{-3) X I - 5) X ( -4) 

«(4-I5)xC-4)*-6o. 

time. By the repeated apf^kation the above kw of siga 
^ the eonttnntd pe^ael of a fimnb^ qmmitm is pMitive 
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according as there is an even or an odd nomber of negative quantities 
muUipliM together- 

Ex. 2. Find by trial 2 numbers ^i) whose algebraical sum is— 4 
and whose product is - 12 • (ii) whose algebraical sum is— 7 and 
product is 12. * 

(i) The pairs 6f factors of -i2are + 3, -4 ; -3, +4 ; +2, -6 ; 
*2, +6 ; +1, -12 ; and - 1, +12. 

Of these the pair + 2 and - 6 have their sum = - 4. 

Hence the required numbers are + 2, - 6. 

(ii) The pairs of factors of 4*12 are + 3 . + 4 ; ~3j -4 ; +2, +6 ; 
- 2 . - 6 ; + 1 , +12 ; - - 12 . 

Of these the pair -3, -4 have their sum= - 7. 

Hence the required numbers are - 3 and - 4. # 



EXERCISE Vni. 



Multiply (mentally) 

1. +3t>y + 5- 

2. 

-4 by+S- 

a 

+ 5 by-7. 

+ 2 by - 2. 

5 . 

-4 by - 6 . 

6. 

+9 by - 6 . 

7. -8 by +6. 

a 

3 by -7- 

9 . 

-7 by - 9 . 

Simplify (mentally) 

JO. (+6)x{-7). 

11 , 

(-9)x(+7)- 

12 . 

(-II)X(-II). 

la (- 7 )xo. " 

14. 

(“ 7 )x(- 6 ). 

15. 

(+ 9 )x(-io). 

Find the continued product of (menfally) 


16 . + 2 , - 3 , + 4 . 

17. 

-S.7. -6. 

la 

3. -4. +5- 

18. -3.-4. -5- 

»>. 

-6, -6, -6. 

21. 

S. -5.4. 

Find by trial 2 numbers whose (algebraical) 

sum and product 

am respectively 




28. $,6. 

2a 

— 5* b. 

24. 

-3. -to- 

26. 3,-lOi, 

26. 

-7, 10 . 

27. 

7, la 


DIVISION. 

I#* Divkioti Ii defined as the process of finding how many 
tiiMi a given ouantity (called the divlror) is contained in another 
‘qniwdlf («»Ieathe 4 ^ The number cd' times the diviw 

i» cnetiuiilil in the div idend is called the quotHmi. 



SUBSTITUTION. 25 

Division is thus the inverse of multiplication, and to divid*e one 
quantity by another is to find a third quantity such that the product 
of this and the second may be equal to the first. ” 

Thus, since we have * 

(+2) x (-3)=_6, (_6)^(+2)=_3 . 

(-2)x(-3)=+6, (+6)^(-2)=-3. 


Generally, since 

(+^i^)-r(+a)=+^ ; 

(+a)x ^ab, /. ; 

(~a)x(-^)== (+a<^)~(-a)= 

Thus we have the same rule of signs as in art itfarthp 

division of one quantity by another IS tor the 

d'SR 

«isa«va, i.e., two like signs give + and two unlike signs give— . 
EXERCISE IX. 


Divide (mentally) 




+ 1 2 by 4- 3, 

2. ~ 20 by + 5. 

3 . 

-42 by -6. 

+ 72 by - 8 . 

5 . -63 by +9. 

6. 

54 by -6. 

-56 by +7. 

8. ~ 52 by- 4 . 

9 . 

-13 by +13. 

oby-s- : 

11. - 12 by +4. 

12. 

-44 by -11. 


SUBSTITUTION. 



‘ substitution in which the letters 

resIricJ^^ll tl POS'Uve values. We shall now suppose this 

'ive or P“*- 

E*. I. lfa=-2,^=3,r=.-4,rf=5,fiadthevalucof 


(i) 2«’ • (ii) 3fta (iiij aArdi 

(i) 2 <*’«*x(- 2 )'=jx(- 2 )x(- 3 )- 2 X 4 « 8 . 
(m)3<^-3x(-4)’x(-2)=.3x(-4)x(-4)x(-4)x(-2) 
= -I2Xi6x(-.2)=*192xC-2)-384, 

Cin)«Arf»-ax3x(-^xs«-6x(-2o)«i2a 
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Ei 2. With the same values of a, d as in Ex. i., evaluate 
(i) 

{\\\ 

%-a) d{a-^b) 

(») We have -2+3=1, ^+r=3 + (-«4)=- - 1. 

-4+5 = 1, rf+a=5 + (-2) = 3. 

.*. the cxpression = I’ +(-!)*- 1x3 

= > + J- 3 i V (-i)’={-i)x(-i)=: + L 


(ii) We have /;-r=3 -(-4) = ;, ^•-a= - 4-(-2)= -2, 

a-^=- 2 - 5 =- 7 , a-<^=- 2 - 3 =- 5 . 


• “ 2+7 . 

the expression =" , ~+ 

3x(-2) 


» 7 ^ aS«^ot 
” i a 5 '""7 5* 


(-4)x(~7 ) 

5 X(-* 5 )' 


EXERCISE X. 


If <1=5, -3, -2, evaluate 


1 . 2a +3^. 2 . 2^ -3c. 3 . 5r-2/f. 

4. a-2^+3f. 6. a+2^-3r. 0. ~rt + 2^+3i:, 

7. -<i+(-^)-(-r)+rtll 8 . a~(-(^)+(-f)-“(-</i. 

8 . a®(^+£:)+^*(c+a)+f®(a+^)* 10 . (a-^)® + (< 5 ~^:)* + (^^-a)^ 

11 . ^/(c*^^)+^/( 5 a^“)- V(“ 3 ^^‘ 12 . 

18. 2a*^-3^W+i*W. 14. 


16 . 


Arf m 


16 . 




17 . 


b-€ ,€^a j,m-b 

h ' 


la 


3a . 2^ € 

c-d a-cf b^d' 


If a« - 12, ^=6, - 3, <f»2, evaluate 

la 2a+lx2c+3<£ 20. 2a+^x (2^+34?). 

<f*xii*+ 4 *+ 4 r». 2 ®. 

38 . Tabulate the values of 32:* - 42:+ 5 

when -J* ^2, -- 1, Ob r, 2, !• 

34 u Tabula the values <tf-ajf+5jr-6 

wbi|i^»— I, -•2, -*3, 
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26. Verify the fallowing ; — 

+ (/) a^+Pi^(a-\rd){a^-ad+d% when «« - 2, -3. 

(it) when 

(a=-i, ^=-2, c=-3,d=i. 

26. If «« 5, -9, c=4, prove that 

(/) — 

(n) a{d^ - c^) + ■“ = o. 

27. If A — “ ij /“i, prove that 

(/) (.r +/ + 5’)® = -r® 2ys + 25'.r + 2Xf. 

(iV> (jir +3/)(.r - j) + (j + -)(jK --) + (- + .r) (5 - .r) = o. 

28. If <1=4, ^=2, c~ -6, prove that 

(I'id + ^) + + <r) + c^{a + ^) 4- = o. 


CHAPTER V. 


ADDITION. 


1 . When two or more quantities do not differ at all or if they 
differ, they differ only in their numerical co-effeients, they are said 
to be like ; otherwise they are called UDlike. 

Like terms therefore contain same letter or letters. 


Thus, 2^1, 5a, 7a are like quantities ; so also $a% 40*^, Ja"A 
«ot 3a, 4£i*, gc are unlike quantities. 

2* Addison df like qaaotitie^. We can add two or more 
like quantities^ whether they are positive or negative, by the rules 
for adding positive and negative numbers given m Chap. IV. Thus, 
lost as 5 and 3 Urns give 8 fenSf 5 things and 3 tbingsjivc S 
things { so ja and 3<* give 8<r or and 30^ giv#» Ba^ jBu^0O^ 
lise eutu ^ of # number of like quantities is a JUke 
95^^17 of wbioh the oo-effldimt is lbs ram of Ibf 
* ils of lbs qUktillliMi* To Ikid the mm of & 
^ I, II a# Wtef 

uh/i 
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Ex. 2. Add together ~:r, -Jjr, -io;r. 

Note that -jr means -i^r. The sum of 4he co-efi5ciehts - 1, 
- 5, - 10 is - 16 ; hence the sum required = - i 6 x. 

Ex, 3, Add together - bab. 

The sum of the co-efficients 7, -3, 4, 5, “9» -6 is - 2 ; hence 
the sum required is - 2ab, 

Ex. 4. Add together 2(jr+>^), -4ttr+;/), 5(^4-/). 

Here we have 3 like ezpreaeions and add them as in the 
case of like terms. The sum of the co-efficients 2, - 4, 5 is 3 ; 
hence the sum required =3(jr4->'). 

3* Addition of unlike quantities. When we are required 
to add two or more unlike quantities we are to simply write them 
down in succession with their si^s unchanged (see art. 3, Chap. IV) 
and regard the addition complete in this form. We cannot here 
combine the quantities into one quantity, as in the case of like 
quantities. Thus, just as we cannot find a single sum by adding 3 
oranges and 6 apples but can simply write 3 oranges 4*6 apples, 
so if 3a is added to 65 the result can be written as 3^4-6^. 

Ex. I, Add 3«, -*4^. 

i The sum =3«-‘4^, and it cannot be simplified further. 

Ex. 2. ' Add ~ - sea. 

Note that $bc mcans4-3^c (sec art. 6, Chap, II) ; hence the 

sum « - tab 4* sbe - 


EXERCISE XI. 


Add together 


1. -9^, 5^. 

3 . Ixyn, ~%xyg, -Ixys. 

6 . -xf, 


2 . i^y, 7xy, - lixy. 
4 . a’6c, -ja'dc, \a'bc. 
0 . |a5, -f«i, Ja3. 


*7. -2abx,7<i6x,<)adx,-la6x. 8. 7 ^^b, 

9 . 'iabal, -zabed, 7abed, tiabcd, ~iiitbed. 

10. WCa*). 11. V*. -I V«- 

18. - 15 a*<*, 3*ai*^*, - loo*^*, 

. 18. 
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r./ 


Add together 



14. 2or, 3 b. 16. 4-r‘,~£y. 

10. 

-Sz, - 2 x. 

17. - f . 

18. 

- 206 , 

19. , 

20. 

Sa 6 ,- 2 Siy, 


4- An expression like may be put as an 

algebraical sum in the form ^?+(~2^) + (4-3i:)+(-4^30» that is, 
as the of the quantities -4- 3<r, - 4^, In this sense the 

quantities are called terms of the expression a-2^+3ir-4^ ; and 
henceforth (see Art 9, Chap. I) we shall understand the terms of an 
expression to include the prefixed signs. 

We may always suppose the terms of an expression to represent 
a series of gains and losses. Thus 2^ + 3ir-“4ij^ represents a 
gain of a with a loss of 2 b followed by a gcdn of y with a loss of 
4^* and in this view an expression always represents a sum of gains 
and losses. 

S; Oommutative Law. The terms of an algebraical ex- 
pression may be arranged in any order ^ provided each term 
carries its sign with it. This follows in the manner of art. lo, 
Chap. IV. for a series of gains and losses does not affect one 
finally (from tke mathematical point of view) in whatever order 
these gains and losses take place. 

Thus, 3(2-2^-4r-f</-5^ 

= --2^4-^/- 5^+3a-4r. 

*=/f-2^+3a-4r’-- 5^=etc. 

This is called the Commutative Law for addition and sub- 
traction, in a chain cf additions and subtractions the order of 
(operations is indifferent, 

€». Aasooiative Law. The terms of an algebraical expres- 
sion may be^m//#i/in any manner Le, any number of them may 
be taken as a whole* This folipws from the fact that if we have to 
consider the final effect of a series of separate gains and losses 
we may do so by dividing these gains and losses into groupi in 
any .way* noting the effect of each group as giving one single 
gam or one single loss and lastly combining these effects*^ 

The grouping of t^ms may be effected by closing tbe» 
within brackets, for that means that those terms are to be taken 
as a whole. Thus the expression 2a - 3^ 4- 4c -5// is xht sum oi the 
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terms 3^, 4^:, - fi/ and we can /group together any number 
of these terms, i,e, regard them as a whole. Hence 

2it-3^+4c--s^ 

=(2a-3^)+5r“5rf, grouping the first 2 terms 
te2a'+(“*3^+4^- SA grouping the hst 3 terms 
=etc. 


This is called the Associative Law for addition and subtrac- 
tion, viz,,^ in a chain of additions and subtractions the terms may be 
Rouped in any mamur. 

Ex. Add together ~ 20, 3^, 4^-, - 5^, ~ 2(r, 4a, ^ 

Sum=s^ - 2 a 4 ‘$b 4 ~ 4 c-$b- 2 c- 4 ‘ 4 a 

^ - 2ti4*4«+3^~ 24 ', [commutative law] 

» { - 2a + 4a) + isb - 5^) + {4c- 24* [associative law] 

' wt 2a - 2^ + 2f, by collecting like terms. 

!y. Although the terms of an expression may be arranged 
in any order (art. 5), yet in many cases we follow some definite 
mode of arrangement. 


When an expression contains \erm$ having various powers 
of a letter, it is usual to arrange it in ascending or descending 
ipowers of that letter : thus 3.r3~zr* + 5.^+2 in descending powers 
oftir or a-h in ascending powers of x is the proper 

idlfto/ the expression ^3-20*^4-30^“^ which is in 

di^cending powers of a or ascending powers of b may be taken 
to be in proper form. 


Whmd (he teAs of an expression contain single letters it is usual 
to ploc^ flie letters in alphabetical order : thus, 2 a 4 - 7 ^r 9 C 4 -<i 
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Ex j. ^ To + add 

Toadd sa + 2<^-9r as a whole IS to add 5^, 2 ^, -9^. sepaiately 
in succession 

reqd. sum~3a - 5^ + 2<:+5^ + 2i5-9^r 

• 9> 

~3a+ 5<* — 5^+2/5 + 2r— 9<r, bringing like terms 
together by commutative law 

~Sa - collecting like terms by associative 

law 

This method may be applied in a convenient form as stated 
m the following rule 

Place the expressions to be added in lines one under another 
(after re-arrangement of the terms if necessary) so that each 
set of like terms may be m the same column and then add each 
column beginning from one end 

Ex 2. Add together 4.r3- 2 + 31'^- r, 3-21^ + 4r -21 , and 
y'" 7+^2 - r. 

Arr'^nge the expressions in descending poweis of r and place 
them as m the rule ; thus 

4-r3 + 3^"- 1-2 

- 2i^*~2r*4-4Ji +3 
1 ^ 4 - Sjf- x-7 

. Rcqd, sum=3A3-4.6^x-a4.24 by adding up each column. 

Kx- 3. Add together 2<i®^ ~ — 5^1^, 2 al^ -f ^ 

Arrange the expressions m descending powers of Oy leaving 
where {^imirs are waptitig t thus 
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EXERCISE XII- 

Add together. 

1 . - 2 a^, 4 bc. 2 . - 4 b, ~ za^ - 3 ^, 4 ^ 

a 2 a% -t:’, - 4 ^, 2 ^% 4 ^*, 

4. — 7^^, —ZabSj —4bcyy zxyz^ yabx» 

5. 5^'“7^> 2a4'3A 0. 2A'+3)/’, — 4/4- 5.r. 

7. iax---^by, -~*ax+-fby. 8. Ja*. 

9. 3a-4b+7Cf 2 a-i-§b- gc. 10 . 3 y - 4 X + 7 ^, 5 a' - 3 ^ - zy. 
11. b-~Cf a-b. * 12 . a-^-b — c^ b^-c—a^ t-{’a~b 

la 3.r-.4)/-55', -5;r + 3j'+75'. 4^-L2^-3^. 

14. a+b^-c+d.a-b^’C- ri^a + b^C'-i^, ^a4-b+c-d. 

16. a*~5a + 7, -la-fa^z*' 3^;, -.3a’4.54.8^. 

16. - 3.^r* + 7;r>' ~ 4y\ ^y^ - gAj + 2jr*, 4xy + 3/* ~ 7X\ 

17. 

18. I 2 x 3 ~i 2 ;ir* + 5 .r~ 7 , 3 ^^+ 6 --gx, 10+.1 ~ 3 .r»-f 5 ^- 3 . 

19. 3^^2b^--s^"+7^-hS, S^-7^2b^-^b\ 7<^*~i24-5^-^3_^, 

2^3 - 4 . 3 ^ _ 2^4 

20. i;r/ - 5;/^, Jjs _ jsr, £s;r - *xjf. 

21. lx' - f.t:J + ix- - 1^+ J. - J:r4 + .^^3 - 'at' + - J , 

22 . 7«'-5^' + 2 «^. 3^'-4^-+3^<'. 5 f-- 2 <»* + 4 ca, 3 a.+ 4 ^'- 5 ^’, 

3^<r - 3 ca + 4 ab. 

2 B. 2«^-3^3^4'5^i*<^’-7«^j3+5/^, 3b*i-$a*-7a^b*‘hS^^+9^b^f 

Zd^b* - 1|3^ 4- 3^4 - 7 ^. 

24. X* - 3 .r/ + - 2 r’ + - 3 ;/% 5^»4 xi’ ~ 7 ^/, 2 .r* - 3 f 4 - 9 X}% 

Txy--3x^^7y\ 

25. iJb-'-l^c^-^Joy y/c-- >Ja+ 

20. I get Rs. jr from A, Rs. y firom B and Rs. s from C» where 
v^Za- 3b4r4^-Sd, - S«4‘7^~9<^+ lo^ ^» 4 rt- 3 ^+ 6 r- 4 </, 

prove that I am in possession of Rs. 



CHAPTER Vr. 


SUBTRACTION. 


1. We know from art. 5, Chap. IV that to subtract a quantity 
is to add it with its sign changed. This result is used in the 
following examples. 

Ex. r. Subtract (i) /\a, (ii) -4a from -hja. 

(i) Here remainder =40!~(*~7a)«4o:4-7^?=ii«. 

(ii) Here reniainder= +7a-(-4o:) = + 7^^ + 4^^=^a. 

Ex. 2. Subtract (i) 2b from 3a (ii) - 5^ from 7x. 

(i) Here remainder —yi-2b. 

(ii) Here remainders 7-r-(-£K)= 74: + 5j/. 

\ 

Subtraction of compound expressions. Any express 
sion is the algebraical sum of a number of terms. Hence to 
subtract a compound expression as a whole is to subtract in succes- 
sion each term of the expression, r.^., to add each term with its 
sign changed. 

Thus to subtract as a whole, we add ; hence 

.*. a--{b^c)^a-b’\-c. 

4 

Similarly to subtract ^ + ^ as a whole, we add-^~r; hence 

0 + <r) S5s — ^ 

% 

a- {<5+<r)s=o: — 

Notei Regarding subtraction as the inverse of addition we see that 
to subtract c from a is to find the quantity which when added to r 
fives tt. H ^ the quantity which when added to 6-c gives aero is -'^+c ; 
hence the quantity which when added to ^—c gives a is added to u 
? which is therefore the result of subtracting from «. This 

®Mso gives t he same result as obtained before. 

Ex. I. Subtract 3 a- 4 ^*- 7 f+<^ from 4a4-3^--5^+2<£ 

To subtract 3fl!- 4^ ~7r+</ as a whole is to subtract 3a, -4^, 
*• 7c, d or, add - 3a, 4^, -^d tn succession. 

/, reqd. result«4a+>3^-5c4*i^--34!“f 4^4-7c-^ 

== 40 -* 3a + 3^ + 4^ - SC -h 7C -h ^ 

as04-7^+2c4' 4 collectitif like terms. 
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statldm^fCronow^rul^-^^ applied m a convenient form as 

of terms*©/ bothr^*nMessarT stftlhat re-arrangement 

like terms, change thrs4n7fe*rh^t* '^®PX"’® be under 
add to the minuend. ® subtrahend, and 

Ex 3 Subtract SA«-3t!+3i.> + 5 i+ 7 f,j,^ 

7-jr^ — 44 . ^ 4- 5-i ® ~ 9*^ — 3 

7 - 4 -iH 5 1* - 9 1 - 3 ar minuend, 
i 7 • subtrahend. 

-I r^-f 24 * — 144:— 10 =B remainder, 

subtrahend should a*^mental ^one'^h ° k 
collect 73-. -Sr^. -4^^+3t^ 

3 Subtract ^ry from 2y^ + 74j^ 

7 ^j+ 2 fs == minuend 

1 - 2ri :=r subtrahend 

4 -^y - + 2r r = remainder 


EXERCISE XIII. 


Subtract 

i- 9^t from 4.r 2 

4 * 6 . 

7* ladimm 8 . 

From 
10 * 


ix from }4r. 

from - 
- l<r from {f. 


3. ~|afroi0f<i. 

*-|-rfrOm ~r. 


tlf 

tSe If^^ptAke 
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SUBTRACTION. 




F rom 

% 

21 . — 

take - lad^ 4 - 3/1^ - - 4a^, 

22 . 3-r*/’ - 5 4- 2.r* -F 3^ - + .r> ^ 

take 4- 3^^ ~ 3-v^ 4- 2xy — 4.ry^3 4" 5.17^ 4-/*. 

3. Symbolical Representation. Statements in words can 
be translated into algebraical language by means of signs and 
symbols, and we give below instances of this symbolical representa- 
tion which the student will learn carefully. 

Ex. I. By how much is x greater than 7 ? 

Consider the question — “by how much is 9 greater than 5 
The answer is 4 which is 9- 5. Similarly in the present case the 
answer is x-y. The same question may be put thus— what is the 
excess of x over 7 ? 

Similarly, 7 -.r is answer to the question by how much is 

X less than 7 or what is the defect of x from 7. 

Ex. 2. A purse contains a pounds, d shillings and c pence, 
w'hat is the total amount of pence in it ? 

Since one pound contains 240 pence, a pounds contain 
240 X a or 240 a pence. Again, since one shilling contains 12 pence 

if shillings contain 12 x ^ or i2d pence. 

Hence the total number of pence = 24o« 4- 1 2^ 4- <r. 

Ex. 3. What is the cost of a articles at d rupees each ? 

cost of one article is if rupees, 
cost of 2 articles is 2 x ^ rupees, 
cost of 3 articles is 3 x ^ rupees, 

Similarly, cost of a articles is a x^ or rupees. 

Ex. 4. If I walk m miles in n hours, how far can I walk in 
# hours ? 

1 walk 
/. I wa^ 

I walk K/ ^ miltf in p hours. 


m miles In n hours, 

— miles in i hour, 
m 
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EXERCISE XIV. 

1 . By how much is x greater than 20 ? By how much is 20 
greater than y ? 

2 . What number is less than x by 15? What number is less 
than 15 by ? 

3 . If we divide 10 into two parts of which x is one, what is the 
other part? If we divide^ into two parts of which 10 is one 
whai is the other part ? 

4. Express a rupees d annas in pice. 

5 . By how much is 3:r-4y-)-7- greater than $x-yy+gz? 

6. What is the defect of a-b-^c-d from a-^b-c-^d’i 

7 . What is the excess of the sum of a and b over the defect of 
c from dl 

8. In a class of a boys there are x Mahomedans, y Hindus and 
i Christians ; how many are there of other faiths ? 

9 . What must be added to sx^ ~ yx* + 3^ - 9 to give 

(i) J - 24 + yx - 20.r= ? 

(ii) 5~ I34r + 27x"~9,r3? 

10 . What must be subtracted from igaH-i Sa*b - 2tab‘^ + 1 7^ to 
give 

(i) 27 «^'I* 32 ^’^- 47 ^ ? 

(ii) 65 u'^ + 7I<i3« 57^+21(2^’? 

11. ’ To what must 3a’ ~ 4a^+ 5^’ be added to give yd^ -gab’^i 2 b^} 

12 . To what must ^2 ^ be added to give r- 
4- a ? What again to give zero ? 

13 . From what must d - b^ d y,bc - zac be subtracted to 

give ^ - zb^ - zbe-^ ab ? 

14 . From what must x^^ax-a^ be substracted to give 

*r*4“a.T-a* ? 

15 . By how much is the sum of 3a - 2^, 4^ 4- 5 A 7 ^^ i ^ ^ greater 
than the sum of yOi-gb, I2r, 2a-^, 3^~9r ? 

16 . Subtract ^-yy-^gz from 1 2-r - 5^* 4 * 7^ and subtract the 
remainder from zero. 

17 . Subtract 9a® ~ i sa^ 4 * 1 9^* from 1 5a® - 300^ 4 - 1 7 ^ and add 
the remainder to the sura of 3^1^- 2 ^ 4 - 17<»® and 3^- 4 a® 4 * 7 <*^* 

18 . Add 3x* ~ 2 .r/ 4 - iy* to 3>^4-4jr®+9.ry and subtract the 
result from ihe difference of 2>^ - 7^9^ + 84 r® and xy^x^^y, 

% 
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MULTIPLICATION. 

1. , To prove that ax^s=/^Xfl, a muttiplied by b is equal to b 
multiplied by a, for all values of a and b^ 

' ii) Let a and d ht positive integers. Write down b rows of units 
there being a units in each row. Thus— 

I I I I units (first row) 

I I I I a units (second row) 

I 1 I I ^ units (third row) 


I 1 I I a units (^th row). 

Sine ^ there are a units in each row and there are b rows, the 
number of units— a repeated b times = ax^. Agaia considering 
olumns instead of rows, we find there are b units in each column 
and there are a columns. Hence the number of units also = <J 
repeated a times = ^xa. 

a xb^bxa, 

(■'i) Let a and b be positive fractions', say, a^mln, b—piq, 
where w, n,p, q are positive integers. 

Then = 

n q nq q n qn 

But by (i) mp —pm, nq^qn ; hence 
a X b^bxa, 

(iii) Let one or both of a and ^ be Suppose a— -w, 

r - - n where m and n are positive. 

Then axb— -mx(-n)— by rule of signs, 
nm, by rule of signs. 

But mn — nm by (i) and (ii) ; hence axb—bxa. 

Thus in all cases a x b^bx a or ab—ba. 

Note. The product of a by 6 or of h by a will be indiscriminately 
denoted by ak or h<t, and we shall call it product of a and h. Abo wc shall 
ase the wiM'ds— multiply together tiro qaautitifi| When it is not int^ded to 
specify the isultipljertx' the nmlliplicafid. , 
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. 2* To prove that {ab) xc—ax [be) ^bx {ac) 

Write down c rows of stars^ there being b stars in each row, 
thus 

♦ * ♦ b stars (first row), 

^ » ★ b stars (second row), 

^ ♦ ♦ b stars (third row), 


♦ ♦ ♦ b stars (rth row). 

Now suppose each star represents a units. Then there being- 
b stars in each row, we have ab units in each row ; and since there 
are c rows, the total number of units in the diagram = (^/^) x £. 
Again, since there are b stars in each row and there are c rows, we 
have altogether be stars ; and since each star represents a units, the 
total number of units in the diagram =« x [be). 

Also, there are c stars and ac units in each column ; henc e 
since there are b columns, the total number of units in the diagram 
^bx (ac). 

(ab) xe^ax (be) ^bx (ac). 

We can now prove the above relations to be true for all valuer 
of (h b^ r as in art. i. 

3 . Commutative Law. We have axbxc 

-- (ab) X {■ by definition —ax (be) by art. 2 
™ (^ct) by art. i rx .'z by definition. 

Similarly axbx c—{ab) x (T by def 
^bx (ac) by art. 2 
— (at) X ^ by art. i 
=a xcxb by def. 

axbxc—bxcxa—axcxb-.,. 

Similarly, a x b x c x b x d x a x e—d xcxbxa — ... 

This proves the commutative law for multiplication, vis.^ in a 
chain of multiplication the factors may be taken in any order. 

In practice the letters in a product are arranged in alphabetical 
order, any numerical factor being placed first. Thus, cxzxbxa 
is written as zabc. 

m 

Aaaoolative I^w. In art. 2 we have proved that axbxc 
^{ab} xc^ax{bc)^bx 
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Similarly axbxcxd 

X {be) xd^hy art. 2 
= {be) X X a, by commutative law 
~{bed)xa, bytlef. 

In the same marmtT axbxexd==^{bed)xb=={abd}x( 

/, axbxex d^{bed) x a={eda) x b=^{abd) x e.,.{'^) 

The results (i) and ( 2 ) prove the associaHve law for multi' 
plication viz,^ in a chain of multiplication^ the factors of the product 
may be grouped in any manner^ and conversely. 

The following examples illustrate the commutative and asso- 
ciative laws in multiplication. 

Ex. I. Multiply by -fjy. 

P roduct = ( - 4;r) X ( + £v) 

* -{ 44 rx 5 [y), by law of signs (art. 15 , Chap. IV) 

~ - (4 X ;ir X 5 xy\ by associative law 
== ~ (4 X 5 X ;r xy)^ by commutative law 

- - (20 X xy)^ by associative law 
*» - 20 ;^. 

Ex. 2. 2bx^x4c 

^2 X b X a X 4 X c^ by associative law 
— 2 X 3 X 4 xax^x<r, by commutative law 

— 24 X abCf by associative law 
»=‘ 24 a^. 

§. fodeac Law. To prove that oT x a'* where m and n 
iirc positive integers. 

f^t us first take a particular case, say» «* x aK We have by 
detmition of a power, x a, 

e0:=saxaxa, 

a’xa^^^iaxdlxiaxaxa) 

^axaxaxaxa, by associative law 
(Jay definition) 


4 
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<jeneiraUy, by deiitiition of a power, 

X a X •••to m factors, 
ea X a X ...to n factors. 

/. cT X a**«*(ax a x • -to m factors) x (a x a x ...to n factors) 

X a X 0 X ...to -f ») factors 

by defittitioii. 

Tbis is called tbe JMex Dm for muiHpHccUion and states that 
in mulHpMm tm powers of th$ same base we fake a power of 
^e ofnmUh the index is the sum of the tnSces of the two 
ponders. The rule is therefore to add up ike indices, 

Oor. arxcC * x x 

Similarly, ce^y,a**%<Pxcfi'K 

Thus the product of any number of powers of the same Base 
is a power of that base of which the index is the sum of the indices 
of the given powers. 

Ex. I. Mditiply by yc*, 

(Note that $x means sjt') 

*Product»5jrx3jr» 

5 X X X 3 X4r^ [assodathre lair] 
x!* 5 X 3 Xxx;r* [communattve law] 

=** (S 3) X X [associative law] 

*»i5jr5, for xxjr»=sjr*^*«4J« by Index Law. 

Ex. 2 . Multiply - W 1^- 

Product » “ iycY x of signs 

s* -( 3 xjr®x/*x|xji^x^) by assoctafive law 
» ~(3x|xjr5xjrSx>xx/9) by corntnuta^ft law 
w-"(3xi)xljr»xj««)x(yxj^)byaas0fiati|bM% 

«, by index Law. * t 

Hole, li mahiplyliig the ststet w^ betasefa) smite aid 
iadicsi ef p&wm of dSiJbtiW tetters j thob 3lf*X4y*eiW»^*, IMI tSsie » 
Of tddtlioii el tim indlm 2 and 3 here. 

Ex. Find the contina^iM prfxltH:t of-* 2**^ ijjr*, 

PtOdact» -3X*X2jr»X54^ 
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Ex. 4. Prove that (i) (H) 

(i) We have xx^xx^xx\hy definition. 

3B4r3^n+3 (Index Law, Cor.) 

Generally, we have (x*^y===x^\ where m and n are 
positive int^ers. 

( it) We have {xy^^^^xy xxyxxy by definition 

^x xyxxxyxxxy [associative law) 
=xxxxxxyxyxy [commutative law] 
^{xxxxx)x(yxyXY) [associative law] 
^x^y^ [Index law). 

['.' xxx XX ^x'^^'^^^x^^yxyxy =_y‘ * =^] 

Getterally (xyY^^x'^y^t where « is a positive integer. 

The general laws named in (/) and (it) will be considered 
afterwards. 

Ex. 5. Find the continued product of— 

Product 

«« ~ (yfbc X x x abc) by rule of signs. 

- -i$X 2 X 4 ^x(^xaxa 3 xa)x(bxd»xb^x^x(cxc*xc*xc) 
by commutative and associative laws. 

Index Law. 

«- 24 a?^r®, 

n«if ‘ I Heitiplioatlon of monamials. The lallowmg rule fer 
nmnp!yiii|r together any number of monomial factors will be now 
•vwient : — 

ii*!^**^ A product of the mitoerical OMiflleiefits and 

ft Sf 1^” alphabttical order) each of the letters involved 
wore rakii^ )l fo4 pOWerof drhich the liiitox Isecitlii 
» the Sum id^the Indlcftof its powers In the dhiSmnt fictors. 

enthte ns to soiin down a f rodt«:| iinmedkieh^^ It 
lx!?? ^ prddHiolioi^Mvo ornegnliyo aeoixrdld^ 

»iiiiitoliiwevoporwtiomiiiiadwr0fiii^ • 



i i si A il 6 « 


52 


MAXatCULaXlOH AtOKBRA. 


[CK\P 


"Ex. Write down the product of 

\i^da^ and ^ za^db^ 

By the rule, the product 

product of numerical cO‘eflficient6=»|x ( -4) ^ i/ ( ' 2) = - , 

sum of indices of powers ofa==2-4-i + 3=6; 

sum erf indices of powers of i + 2+4=7 ; 

sura of indices of powers ofr=3+3+2=8 , 

sum of indices of powers of rf^2+ 1 + 1= 4. 


EXERCISE XVI. 

Multiply together 

1. 40 ,- 3 ^. 2. 3. zabybr. 

4. 3jry. 6. 2jr®y, -|Ary“, 6. 3;r3, 5jr^ 

T ya^b^c^y \alfc, 8 - 2<flfx\ xyz. 9. gx^y^s^ - 

10* -2y*y^. 11. -2a:, 3y«,-4;sra. 

19* 4e»^. -^bc. 13. f;r*y, --^Ytixy. 

" 14. ~ Imn^ 16* ^a^b, 

10. 30/^*’*, -zl^c^y i^al. 17 v ZX^/s% ^ x*y*z“yX*y^s^. 

Find the value of 


18* (x^)\ 19* f-r»y)5* 90. 

91. {-tab^r 92. 98 (-fory^^ 

Find the contitmed product erf 
3^*y, 2fs, 2jr% » 5jr*y*s^. 

24d,^^t 5^er, -liw:**, 
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7. To prove that for all valuer 6 f a, b 

and m. 

(i) Let w be a posiHve integer. Then it is evident that any 
multiple of a whole is the sum of the same multiple of each part of 
the whole; hence whatever quantities a and may be, (a 4-10 as 
a whole multiplied by m—a multiplied hy in plus b multiplied w, 

or («-f 3) m^am-^bm. 

[To understand the above we may observe that a gain of 5, followed by 
Almost may be represented by 5-7. Tlieij (5-7) tntiltiplM by any 
positive inte^ifral number, say 10, will represent a gain of 5 tnuftlplied by ro 
with a loss of 7 multiplied by 10 or (5— 7) 10*5, 10-7. 10]. 

(iil Let m he a positive fraction. Then it is evident that any 
part (or parts) of a whole is the sum of the same part (or parts) of 
member of the whole ; hence whatever quantities a and b may 
be we have as in (i), 

(a 4- b)m = am 4* 

hii) Let m be negative, say, m~ -x, where x is positive. 

Then {ai-b^m^la^b){-x) 

= (a+b)x by law of signs 
~ -(ax'i-bx) by (i) and (ii), since x is positive 
— - ax- bx (sec art. % Chap. VI ) 

=^a(-x)-¥bi-t) 

—am + bm. 

Thus {a-^b)mB:^am^-bm (i), 

where a^b^m may be positive, negative, integral or fractional. 

Again. m{a-i^b)m(a-^b)m by art. i. 

• *=am-¥bm from (i) abrwc 
^ma’^mb by art i. 

TJ^its m{a-^b}^ma+mb...*„ (2). 

where n, 4 ^ he positive, negative^ integral or fractional. 


1*he result fil and faV are ca^ of the dinMliiitivo Imt for 
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l^Ote- I. Changing b into- A in (i) and ( 2 ) we respectively get 
(a — — and m{a — b)tatma’-vib. 

Note. a. Since {a±.b)ni9aam±.hn^ we can conversely put am±.bv: 
as the product of two factors. Thus, am±bjn=s{a±b]'m. 

0 . Product of a binomial and a monomial. From art. 7 
we deduce the following rule for multiplying together a binomial 
and a monomial ; — 

Multiply together each term of the binomial and the 
monomial, attending to the rule of signs, and add algebraically 
the partial products. 

Ex. I. Multiply 2.r'’ + by 4.^^ 

Product •- (2.r’ + sy^)4x 

— 2a:^.4.r-f 3y*.4.r 

- 8.r^4'i2.rj''. 

Ex. 2. Multiply 5^/^ - by - 2a/h\ 

Here the terms of the binomial are ~ 
product -- (sab - 3^c') x ( - 2abc) 

- ^(ib X ( - 2abc) + ( - sbe) x { - 2abf) 

- 1 V F 6ab-£ % 

0 . To prove that (a + + ...... = F<7« F 

where //, c may be any quantities. 

In (i) art. 7 put 4 Ft* for and w'e gel 

{a’k'b-\'c)m^ani'^{b-\‘c)tn. where w, t?, < 5 *, c are any cjuantitie>- 

-- am F hvi F an. 

In the last result put r Ft/ for c and we get 
pi F /> F r F d)ni - - am F b^n F (£* F d)m 
— am F bm F cm F dffi, 

Similarly, (a F ^ F t" F ^J^F )m^ am F bm F em F dm F 

where w, b^ r, tf...are any quantities. 

Thus to obtain the product of a polynomial and a monomial, 
are to multiply together each term of the polynomial and the 
monomial, attending to the rule of signs, and add the partial 
products. 
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Note. The student is reminded that a -h A -f*c-i-d+ ...represents 'any 
polynomial, the letters rr, dj c, //...standing for any positive or negative 
4|uantities. Thus 3 ^®'- 4 Jrv 4 - 7 y* — ( - 4 A'y) + 7 ^ 2 . 4 .( — ^4) and is 
equal to «+5 + c+i/, if a*Bi 3 ar®, bsa — 

Ex. I. Multiply 2 a® -3^® 4 * 4^ by abc» 

Here the terms of the polynomial are 2a\ - 4d^, 

, product ~ (2a® 3/5* 4- 4 /:®) x adc 

% 

= 2a* X adc'i- ( - 3^*) x abc 4 - 4c" x abc 

™ la^bc - ^abc^. 

The above process may be shewn thus : — 

2a* - 3 / 5 * 4- 4/:® " multi plicand 
abc _ — multiplier 

2a^bc — 3 a^V + 4 a/ 5/;3 — product 

We write the multiplier under the multiplicand, and multiply 
each tern of the multiplicand by the multiplier, beginning from 
the left. 

Ex. 2. Multiply try - lyz 4 - Izx by - ixyz. 

The process may be shown thus 

lxy^ly 2 -\-\zx 

^ 

— 4 - ~xy*z^ Ix^yz^ = product. 
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Multiply together : — 

1 . 2jr ~3, 5. 2 . 3^4-4a, 2c. 3 . 5x~2>', -75, 

4 , 20/5 “ 3^/:, abc, 6. - 2/^2^ 

6. sim - ’jmn-\- 2 nly - 4. 7 . lx- 2y ~ i, $z. 

8. 2a*-5^*~£:*, ~~2a^bcK 9 . ab^x - b{^y + ca^ 3 ^ ~ abxy, 

10 . * 4. ~ Ix^ - J.r 4 * 

1 1 . 2.l7*£r«»3 _ ^y^^m 4 - ~ 2 xy^z». 
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• 10 . Product of compound expreBeions. For all values 
of a, t, we have 

(a + A)(,r [putting m for x^-y] 

- am -^hm^ distributing the multiplicand 

[see (i) art. 7] 

^a(X‘{-y)yd{x^y)^ restoring the value of m 

- ax y ay -h dx y , ,,(l) 

In the above we might distribute the multiplier and proceed 

thus : — 

(ri f ^jy I yy) •=• n{x -\-y) [putting « for « + b] 

nx + ny^ distributing the multiplier 
[see (2) art. y] 

-{ayb)x+(a-yb)yy restoring the value ol x 
==^a.t-ybx’yay'yby 
~ ar + ay -f bx-h/y^ as in ( i ). 

« ienerally, -hb-hc-y )(.i +^+r+ ) 

+ ^ + where m—x+y-y^y . 

■■■am ybm-ycm -f ... 

-- a(.r+ v-h - + ...) y-yc+ ..) + 6'U 
- ar-yay y az -y , . , y bx y by y bz y- . . , y cx y cy y cc -y 

^ rom the above we get the following rule for tinding the product 
of any two compound expressions 

Multiply each term of one expression by each ternrr of the other, 
atiendine to the rule of signs that two like signs produce 4*and 
two unlike signs produce—, and take the algebraic sum of these 
partial products. 

This rule states in general form the distributive law for 
multiplication. 

F.x, I. Multiply .r +3 by 
IToduct ~{xy$)(xy4) 

-{xyiyi - f tr + 3)4^ distributing the multiplier 

4vr+i2 

^T*+7.r+i2. 
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The JoUowing^ process is convenient in practice 

r 4' 3 “ multiplicand 
-multiplier 

a "* -f 5.^' ~ produc t of (a + 3) by a 

+ 4^ 4- 1*2 by 4 

Hy adding, .r* + 7.r -f 1 2 by a -f- 4 

Idace the multiplier below the multiplicand, multiply the 
(Bultiplicand by each term of the multiplier beginning from tlic left 
rtod write down the successive products in rows one under another 
so that like terms may be in the same column. Then the complete 
product is obtained by adding up these partial products. 

Kx 2 Multiply 2 t- 3_y by 31 - 4/ 

XI- -3y 

O.r"* -9-tj ^product by 3.1, 

~ Sxy + 1 2y product by - 4 v. 

6.r^ - 17^7+ 1 2y" = complete product. 

Kx. Multiply 3.r- - 2a +5 by 2a +-3.1'- 4. 

3.r" - 2.t + 5 



frr* ~ 4x^ 4- loar^ 

I 5 .r 

1 2.r^ + 8.r - 20 

6 x^ f 5a'^ • - Sx^ -p 23.r - 20 required product 

Note. In the above example we have the multiplier and the 
■riultiplicand arranged in des-cending powers of r. This arrangement of 
* ie multiplicand and the multiplier in ascending or descending powers of 
^ome common letter, though not necessary, is very convenient, as it 
•iicihtates the collcicuon of like terms. 

4. Multiply by \ti- ^ 7 ^. 

- \ah 4 - 

\a - lb 

\a^ - la^i> 4 r product by ‘d. 

- ~ « product by ~ jb. 

la^~~ —complete product. 

5 Find by inspection the co-efheient of in the product 

( 3 .t'^ 4 -xr 4 - 4 )( 5 ,r 7), 

b"* finding the product Wb multiply 3a'^4-2.r-f4 by 5.1: and 
by -7, and add the results. In the first part the tetm 
^fwtaining x» is 2a x 5.tr or lai^ and in the second part the term , 
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coiftaining it* id 3^*5l(^7) Hence the term containing 

X* in the product is lor* - 21 at* or - 1 ix\ 

Thus the required co-efficient is - ii. 

X%. The following results in multiplication are very important 
and will be fully considered again* 


Ex* I. Find the values of > 

(i) 

(i) ai-d 
a-if 
a*4-a^ 

- ah 

Ex. 2* Find the values of t— (i) 

(ii) (rt* +^ 35 ^ 4 - b*){a - h) (iii) 
(i) (ii) 

a-^b 

iib'*-k-b^ 
ai 4 -^^ 


(ii) (a 4 ’^)* or (i3t4-^)(a4-<^). 

(ii) a-k-b 
a-¥b 
d^-^ab 

d^ 2 ab-^b^ 

(a + ^)*=a*4'2a^+^*. 
(<i* - -f b^){a + b). 

{d 4* 4“ b^){d -ab-\‘ b^), 

d-^ab^-b^ 

a -b 

d^db^roii^ 

~ db ~ ab^ ~ ¥ 

-^3 


; . (n* “ ab 4- b%a + ^) = • (^2 4. + h%a - b)^a>- b\ 

(iii) a* 4 -a^ 4 -/'* 
d-ab '¥b* 

— a^b - a^b^ - ab^ 

4 -a*^ 4 -ji ^3 4 .A* 
d '+«-'> " “+> 

{if •^ab'\- b‘){ff ^®) — 4 * (fb"^ 4 - 

Ex. 3. F ind the value of {ar-k-b^^tf -ab-- ac - bc){a + ^ 4 f ) 
We proceed by arranging in descending powers of a ; 

n 4 " ^ 4 *^" 

/|3 - a*b - €jV4-<iA“ 4“ ai* — abc 
+11*^ -abf 

4-i!i»<r _ -ae--a bc ^ 
iii -yibc^if 

{^-^h^-k^f-ab-ac- bf){a 4 -A 4 -f)»a^ 4 ^ 4 *c 3 - yubc. 
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EXERCISE XVIII. 

Multiply together : — 

1 . .r+ 8 . 2. .r + 7 , 3. jr-Q. 

4. Sr + Sy, 2 a;- 7/ *5. 3«~ io<^, a + 3^. 0. 5<* - 6^, - 3<^. 

7. 2a + <5, 3^: - 2d. 8. a - 4<^, 2r - 3>'. 9. 2a + 3^ 5^ - 

10 . 2 ,r-i- 3 j, 2 .ir-- 3 y. * 11 . 3ae5'+4r^/, 3 a^- 4 ir</. 

1 2. fajir - \ax - \by, 13. 2 a 3 — ^arb + *jair - 3 ^\ 3 a - 5 ^. 

14. 44 r®j — 5 jry* + 2 Jir 3 _ 4 .r ~ 3 y. 

15. P^y ~ 3iy\ 24: - yy. 

10 . 2a^ “ ^a^b^ 4 - ^ab^ — 5 <^ + 2 a‘’^, 3 a -- 6 ^. 

17. "X “* - i- IB. - ^^xy + -ly^ -^x - ty. 

19. a + z^-t:. 20. 34 : 3 - 74 : + 2 - 4 .t-, 34 : - 4 - 24 :=*. 

21 . + 

22. 24: - 3 y-I- 5 . 2 ', 34 :- 2 /- 4 .S'. 23. - ^ab-{-b\ 3 a* 4- 

24. 44 :® - 5a4: + 3 a®, 44 :"' 4* 5^?4:^-h 3 «*- 

26. 94 :® - I ixy 4 - 27 ®, ^ 4- p^y^x*, 

20. 94 :^ 4-j^® 4- 4 + 2 / - 6x 4- 3 xy, -y + 2 . 

27. 24 :® - 7 .r 4- 344 4 . 2 , 4 ~ 34 : 4- 54 *^ 

28. 5a3-~3rt*4-2a~ I, a3 4-/*~4a4-5. 

29. I 4- 24:* ~ 34-3 ~ 44 : 4 - 4 :% I - 24:4- 34 :^ 

30. 24:3-44:*4-^’-- 34:4-2.-44-4:®-3.v. 

31. 4 a® 4 - 9 ^® 4 - i:® 4 - 6ab - 2 ac 4 - sbc^ 2a -$b^ c, 

32. I~;t'4-4:®-4:34-4r*, i 4- 4: 4- 4 :® 4- 4 :^ 4- 4^. 

33 . 34:^ - 44:_y3 - ,r* 4. 24:®/® 4 *>^, x^ - $xy 4 - pry^ -y\ 

34. x ^ - 1 yx * 4 - 1054:3 4- 194:® 4- 234: - 41, 4:3 - 99^* 4-4: ~ 29. 

Find the value of :— 

36. (3-r4-4y)% 30. ( 54 : - 2 /)*. 

37. ( 2 a- 3 ^ + 54'* 38. ( 3 .^ 4 -/)® x ( 34 :*->^)®. 

39. Find by inspection the co-efficient of x in 

(i) (44r~7)(K+2)- in) (7^4-2)(S4:- 3 ). 

(in) (24:4-9)(9 ^-i 0- (iv) f4v- 5 X 9 .^- ii), 

40. Find by inspection the co-efficient of 4 :® in 

(5-v® - 74: 4 - 2X34: - 8 ) and (34:3-44:* 4 - yx - i)( 24 ' - 5), 
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Oontiaued t>I*oduot. In finding the continued p roduct 
of a number of expessions we multiply the first by the second, 
the re$ijU by th^ third, then this result by the fourth and so on. 


Ex. I. Find the continued product of * t, 3TF2, 4.x - 3. 


Xt - 1 

- \r 

2 

fxx~^ 4 -x ~z 


2 

4£:J. ™ - 

24.^3+ 41^-8 r 
- 18^": 3^ +6 

24^3 - i^r* - 1 r.t* + 6- reqd product. 


Ex. 2. Find the value of ot {a-k^b) (« + A). 


aI-F^ 

a^\ab 


(i^-k-ta^b^-ab* 


Ex 


_ + 4 b‘ + a*b F 2ab^ F b^ 

a^-¥ 2 b-\-b^ a<F3a*^F3a^’F^“reqd. vaTue. 

3. Find the continued proSuct of a - crF/^, a*F^^ o^fA*. 


a ~b 
a-\‘b 
a*-ab 

■\rab — b^ 

a* - b* 


-if 

if -if IP 
F - if 

if - if 


(f — if 
a^frtf 
cf -of bP 
■\-(fif-ff 


(f -i^ ~reqd. value 


Not© — In this example if the factors are multiplied in any other order 
the process will be tedious* A judicious arrangement of factors in a 
continued product often saves much trouble in multiplication. 


EXERCISE XIX. 

Find the continued product of ; — 

1, .vFl, JrF2, rF3. 2, .t ^*4, ,r 5, .rFfi* 

a 3 ^ - I, 4 » F 2 , 5 .tr 3 . 4. FJT-Sy, 6 .r-y, 24r-iy. 

5. ir, rF«, aF<^. 0. b-c^c-a^a-b. 

7. 2Jr^~34:Fl, 2.r- I, 31 -2. 8. a*'~^l^F^*, 3a-~ 2^, 2<iF3^. 
9, X ~ ti, jr* F F a\x^ + aK 10. .r - i, x 1 1, .v=F I, x*4i, 

11. .ir^FxFl, x»-.rF l,X<-x»FI. 

12. if^ab4‘iPia^-ab’hb\(f- F if. 
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DIVISION. 


X. Division has been defined as the inverse of multiplication. 

Thus a^b is that which when multiplied by b gives a or 
<b~a. Hence if a^bc^ then a~b~c or a-^c~b. 

The result is often written or 

In a-r^, a is called the dividend, b the divisor, the result is called 
ihe quotient. 

It follows that quotient = dividend divisor ; dividend — divisoi 
X quotient ; divisor— dividend -rq^uotient. 

Z. To prove that (i) a'A{b^c)~ay. b~c. 

(ii) a^{b'<c)~a-.-b-rC, 

(ij We have (^~<;) X by definition. 

(^-rC) XCXa = ^Xrt, 

<Qx a'K{Jb~c)y.c-a'Ab^ commutative law foi multiplica- 
tion. 


a X X dividing both sides by 

(u) Let bXsC—k^ then (a*rX:)x (/5xr)--=«. 

{a-~k)xc'}<.b~a^iot xby.c^xc'Kb. 

. . (a-7-Xr)xc-a^^, dividing both sides by/;. 

/ a^k^a-^b-^Cy dividing both sides by c, 

. , rt “-(^X£:):= a restoring the value of /C'. 

The above results state the associative law for muUiplica- 

tion and divisjpn. 


3* To prove Hmt a-^-b-~c^a^c-\~b. 

We have 
and 

But ; hence 


This Slates the commutative law for division viz., in a chain 
of mtnsiom the order of operations is indifferent. 
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The same law may be proved when multiplications and divisions 
are combined. Thus )fic~axc in a chain of mulHpli- 

cations and dipsions combined^ operations may be conducted in 
any order ^ taking into account the sign of operation (X or before 
each symbol, ? 

Index law for division. To prove that 
where m and n are positive integers and m>n. 

As a particular case, suppose we want a^-ra\ Now we know 
that (a3) x (a x a) ~a^xa^ ; 

by definition a^~ra^=a^ or 

Generally, a'” = axaxax to w factors. 

=^(axax ,,Ao m-n factors) x (a x a x ...to n factors). 

X a\ 

by definition, where m>n. 


Otherudse thus : — 

wi . /f „ ™ 

a^'^axax to factors 

_ ia X a X to m - n factors) x {a xajc to n factors) 

{ax ax ...to n factors] 

,*. a^'^-ra'^ — cixax ...to m-n factors, by striking out common factors 
* by dcf. of a power. 

Ihe above result is called the index law for division and states 
that in dividing one power of a base by another power of the same 
base we take a power of the base of which the index is the difference 
of the indices of the given powers. The rule is therefore to subtract 
the index of ike divisor from that of the dividend. 

Cot. If ih the above law we put «=w. we get 

= But I ; hence a” — I, a curious result which 

we shall exam me afterwards. 

§. Divisio?! of monomial by a monomial. To divide 
one monomial by another we proceed as shown below 

E\. I. Divide 2 abc by be, 

hp ce zabi ' Mtxbc\ we have labc^bc^ta. 
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Ex. 2 . Divide by 
We have { - 

~(”24xa5x<Mx ^■3)-r(6 y,a^xb^y.c) 

= ~24xa^'xb^xc^ by associative law 

[see (ii) art. 2\ 

— -24“r6x£z5-fii=x^-=-^xr34-<:, by commutative law 

[see art 3, latter part.] 

— ( - 24-^6) x {a^~~a^)x{d*4rb^) x by associative law 

[see (i) art 2] 

— - 4a^bc^f by index Law (art. 4). 

The above examples lead to the following rule for dividing one 
monomial by another : — * ’ 

Write down the quotient of the numerical coefficient of the 
dividend by that of the divisor, attending to the rule of signs 
(see art 16, Chap. IV) and place after it each letter involved in 
the dividend, raising it to a power of which the index is equal to 
the index of its power in the dividend minus the index of its 
power in the divisor. 

Ex, 3. Divide 2ary’5^'' by ^4xy^z*, 

By the rule, quotient = - 5jr?-y5;»io-4= - 

EXERCISE XX. 

Divide 

1. 4a by ~a, 2, ~ 2xy by — 3. abc by ~ ad, 

4. |vt'3 by - Jx. 5. by 6, - by ^alf, 

7. - 27as^ by 3<i^. 8. 2ixy^ hy -yxy*, 

9. iZx^y^z^hy 10. - 360^^1:^ by 

11. ~ I2a^b^€^x^y '‘ by - ~ 2d^x^y^3^^ ta'^b^c^x^y^z*, 

12. by nic^bPify na^^b^H^% pb^c*‘\ 

13. {bcY, (ira)^. by i(i^b^c\ - %{abc)'^, 

14. Provethat(i) a^rbxc-^d^axc^b-rd. 

(ii) a-^{bxcxd)—a-Tb4rC-^d, 
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*§. of & fiolyaomlal by a monomM, To prove 

ih&t where Oy 4 r... 

are any quantitsei. 

For all values of w, v1, By (r,...we have (art. 9 Chap. VII) 
(A 4-i?4*C+...) 

{Am^Bm + On'i- .,.)^m=A'\-B+C+ 

^Am-i-m + Bm^m-^Cm~ w + . . 


Hence putting Am^a^ Bm^by C?«=^,...we have 



Hence to divide a polynomial by a monomial, divide each term 
of the polynomial and add the partial quotients. 

This is the dietributive law for division and the dividend is 
said to be distributed. It will be noted that the divisor cannot be 
distributed here ; thus w-~ (a is not equal to m-^a-ym-^by as 
can* be easily seen. Hence the distributive law has limited appli- 
cation in the case of division. 

Ex. r. Divide by 2 .t. 

(Quotient.. 

' 2X 

6 ,r* icuy 2 .^^' 

2 r 2 x ^ lx 

E X. 2 . 1 ) 1 vide 3 ^-^’ 4- -- 1 la^b'' by ~ . 

•Quotient ^ 

3 ei*^' Oa^b* - 1 2a>lr 
- -A'* — 3 ^ 1 ^' 4* 4 ^ 2 ^^. 

EXERCISE XXI. 

Divide 

1 . iar- 5 >'by 5 . 2 . 2 < 2 jr - 3 £i> by «. 

3. bx* - 4 x» by - 2 X“. 4 . ~ 1211 ^ 4 ^ by 40 ^, 

5. 9*2/^ 4- 1 - 1 $210 by - 3^/^. 

6 . 30 ^x 5 td*x* 4* 40 X by 

7. 4 a^b^d - 4- by - tbre^y ~ ac'l 
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Divide 

8. + 4 ad*(fd‘ by - 2 adcd 

9 . pa^l^ - by ~ 2^3/3^ ^ari, 

10. 3 5 jr - 1 54r5y'£'7 + 4 by - 

11. a^b{a-d) by a ; (a + bXc’hd)^ by c-^d. 


7. Division of one compound expression by another. 
To find the quotient of one compound expression by another, we are 
to break up the dividend into several parts each of which contains 
the divisor, divide each of these parts by the divisor and take the 
algebraical sum of these results for the required quotient. This 
leads to the following practical rule : — 

1 . Arrange the divisor and the dividend in ascending or 
descending powers of some letter common to both. 

2 . Divide the first term of the dividend by the first term 
of the divisor put the result down as the first term of the 
quotient. 

3 . Multiply the whole divisor by this first term of the 
quotient and subtract the product from the dividend. 

4 . Consider the remainder (on bringing down after it terms 
from the dividend, if necessary) as a new dividend and repeat 
the above operations as often as may be necessary till all the 
terms from the dividend are brought down. 

Ex. I. Divide io.f“-f23Jir4' 12 by 5Jir + 4. 

The process stands thus ; the divisor, the dividend and the 
quotient being arranged as in Arithmatic : — 

5jr -f 4\ lojr* + 23;i: + 1 2 /2.r -f 3 = quotient 

Jiox^+8x y 

-hi5jr-H2 
-f I 5 .y« 4 »l 2 

Explanation .-—The first term of the dividend is losr’ and that of 
the divisor is 5x ; hence the first term of the quotient is iox*-r 
~2;r. Wc multiply 5jr+4 by %x and subtract the product io.r®-h8.r 
from the dividend. The remainder 15x4*12 is treated as a new 
dividend and we get 15X-7-5X or 3 as the second term of the quo- 
tient By multipiyinf^ by 3 wc get 15x4-12 and by subtract 
ing it from the new dividend 15x4-12, no remainder is l^t. 

5 
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» lieasm for the process : — It will be seen from the above that ’we 
have in efifect subtracted 2x{$x-{’4) and 3(5;r + 4) in seccession from 
io,r’ + 23.r + i2 and the remainder is found to be zero. Hence 
I o.r'" + 23jr + 1 2 2jr(5 jr 4 4) 4- 3(5.r + 4) = 2jr. A 4- 3. A. where A — 5^^ 4 4 • 

(io.r*4234r4 i2)4-A = (2;rA4-3A)frA==2.r43, by art 6. 

H ence ( lox^ 4 23;^ 4* 1 2) 4- (sar 4- 4) = 2;ir 4 3. 

Ex. 2. Divide 2-r54Jr343^''-3;»r42 by 2;r=*-2jr4i. 

2;r'*-24r4l\2;r5 4;r34 3;ir''- 3jr42/jr3 + ;r'*4.r42 

J 2 x^- 2 x*- hx^ ^ = Quotient. 

42;i 4 43.r^ 

* "1 4.y^ 

2X^+2X^ - ^X 
2 X^— 2 X^-hX 

4ji:«„4j^42 


Ex. 3. Divide ~ {*f by fa - J A 

4 iab 4 \b~ =- Quotient. 

)hL^~3.9^^ V. 



■^ab^ - 

Here first term of the quotient = -5a34|a=fa^ the second term 
— |aV>4§a= Jad, the third term 

Ex. 4. Divide 4 b'^ 4 <^3 - ^abc by a 4 ^ 4 

Arrange the dividend in descending powers of a : thus, 

rt4/^4Aa^4 ~ ^abc+ b^ + c^/a^ - ab - ac^- b^ - bc4- 

} V 

— - aV — yibc 

- a^b — ab^ — abc 

^ -"aV4a<^*“2a^ 

-aV --abc-ad^ 

•¥abP — abc Vac^ b^ 

4a<^ 

-abc 4 - 0 ^ -iPc 
— <i^r_ 

ac* 4?'f*4<:5 

ar* 4^^4^ 
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Ex. 5. Divide by x+y. 

Here the terms containing .r-, x are wanting. 

.r x^ - /x^- xy + .r/’ -jy\ 

V 

— xy 

- xy-xy^ 

X^J^ 

x^y^-^xy^ 


— xy^—y^ 

— xy^ ~y^ 


67 


3 - Inexact division. Sometimes, after the operation ot 
division some remainder is left. Generally the quotient in such 
cases is required to a certain number of terms. 

Ex. I. Divide .r’— 5.r-f 9 by .r ~ 3. 

X - ;^\x^ - 5 ^ 4 - g/x - 2 

/£lz3£„V 

-2.r4-9 
-2ar + 6 

Hence the quotient —.r- 2, and the remainder -=3. 

Ex. 2. Divide r+<'rby i to four terms. 
i-a + a’\i+a /i+2a-¥a'^ - 

2a— 

2a — 2a^y-2a^ 
a* - 2 c^ 

— 2a'* + aS 

Thus the quotient = i +2a+a'*~a^ and the remainder = - 2a* + a‘, 
EXERCISE XXII. 


Divide 

1. ;r=*-9x + 20 by X- 5. 

2. 6x® + 5x - 4 by $x + 4. 

3 . 1 5x® - 2xy - 24 /* by 3.r - 4v. 
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Divide. 

4 . • ' 1 1 ~ 4 o.'>® by 3a 4 4?^. 

5. by 6^4-7^. 

0, 6 - 7.t: - 98;r* by 3 - 1 4.r. 

7 » 162^^ ~ 20 4 27^:5 by gd {-4, 

3. ~ 7/w - 245 w® by /- 7;;^. 

9. Ja® 4 ^\ab 4 by \a 4 \b, 

1 0. ix’ - ^ixj> + U_y= by - iy. 

11 . 6.r3“- I7ji:®422.jr- 15 by 2;r - 3. 

12 . l 5 ;»r^ 4 xiAr®-- 23 r 46 by 3Ar-2. 

13. I4;r*~33;r3 443^-'M by 2.t'®-5.r43. 

14. 6x^ - ,r^ - 8jtr3 _ 7;^^ 4 . jq by 3.^- 44r - 5. 

16 3a* - 2 $a^b 4 54a®^® - 46<*^3 4. 1 5^ by ^ yah 4 8^”. 

16. 5a5425a-33 by a3--a*-2a43. 

17. loc^- liiTS - 2 < 4 - 26 i :3 45 <r® 4 <r 4 35 by 2^3 -3 ^:® 4 2^- 5. 

18. 25<i®- i9d:* — a3 4.i5£|^4.4^-,5 by 5a343a*~2. 

19. I - 2 x^-hx^ by I - 2 :v 4 .r®. 

20. 3/5- 5/^42 by I -2/4/*. 

21T 28;tr< 4 1 3xy^ - xy^ 4 1 53^ by 4jr* 4 4-r>' 4 33'“. 

22 . 6 .r 5 4 1 3xy - ^xy^ ~ 6 ,r® 3'3 4 ^xy^ -y^ by 3;r® 4 2x3' -7®. 

23. 6a^ - 4a^h *- zoa^h"" ~ ya^h^ - 2oah* 4 1 by 2^3 ~ 4a®^ ~ 

24. rt3 4.^bya4^. 25. a3.-^3bya~^. 

26, 0^44^ by <1*420^4 2^ 27. a^4-h^by a-^h. 

28. a*4a®^4^ by a®’*aiJ4^®. 29. o^-^by a-^. 

30. 1 46 x 54 5jr^ by I 4 xr 4 x® 31. aF-l^hya-k 

32. 0®“^ by a*~a^ 4 ^. 33. a 7 4 ^^bya 4 ^. 

34. 8a^ - 27^3 4 1 25<r3 4 ^)oahc by 2<a 3^ 4 S<r, 

35, 1 48x3 - 273 ^ 34 - jgj^ by 1 42X- ay. 

30, x34>^43ry~ I by x43'~i. 
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Divide. 

37 . a'i'b-c, 

38. — 2 c^a^ - ^a^l^ by - ^ab + ^* - 1 ®, 

39. - f-J;r3 + by |jr= - Jjr -f I. 

40. by 

41. |;i:^ - ix^y + IxY - 1/ by ^x^ - |jr/ -f | 

42. -^x^ - by ^vT - 1/, 

43 . I o.t'^ + x^y + 1 Sxy^ - ’J 2 xy^ - 27/* by 2x^ + ^xy + 9^*. 

44. sa^ - 5 ^ 3 ^ + 6a^b'' + 3^ by a~ - 2 ab + 

45. 6 ,v^ — 1 9 .rs + 6x^ - 3 ;r 4- 2 by 3 ;r'' — 2 x 4 1 . 

40. What must multiply i 4 x^+x^ to give i ~ 4 2.r3 4 .r* ? 

47 . By what must — a,r 4 a"* be multiplied to give x^-i-alv^ 
-halr^-ha^ ? 

48. If the dividend be 6x^'' igx^-h6x^ - 3 .r 42 and the quotient 
™ 2.r4 1, find the divisor. 

49. Divide x^ - a.r® -hbx-cby x-a and find the remainder. 

60. Divide to four terms : — 

(i) I ~2;r by 145 .V ( 2 ) i -i' by i -2.r4 2.r=. 


CHAPTER IX. 

BRACKETS. 

1. We have already stated that an expression is enclosed 
within bracl«,ets when it is intended to take it as a whoU. When we 
use brackets within brackets in an expression, to avoid confusion 
we use different forms of them, as [ ], { }, ( ), — . 

Thus means that^r-^asa whole is to be sub- 

tracted from b and this result subtracted from a. 

2 . Bemoval of brockets. We know 4 (2a - 3^4 4f:) indi- 
cates the operation of adding the expression 2 a - 3 ^ 4 4 c as a 
7vh0le and from art. 8 , Chap. V it follows that 4 ( 2 a - 3 ^ 4 4 r) 

-2a-3^44tf. 

Hence, when the sign4precedes a pair of brackets, the 
brackets may be removed without interfering with the sign of , 
any term within them. (Rule I). 
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*Again, we know that- (2^- 3^4‘4^:) indicates the operation of 
subtracting the expression 2a -3^ 4- 4^ as a whole^ and from art. 
2, Chap. VI., it follows that -(2a- 3^ •f4<:)= -2a + 3^ --4c. 

Hence, when the sign— -precedes ca pair of brackets, the 
brackets may be removed by changing the sign of every term 
within them. (Rule II). 


Ex, 1. Simplify X-J/+S- (y- 2 
The expr.— x-j + .s'-^+s' — ;r+5' + .r-^. 

—a' -3^+35?, collecting like terms. 

Ex. 2. Find the value of 2(34' - 4V + 55') ~ 3 (a^' - f 2>' - 2). 
We have 2{$x - 4y -f 5^?) = 6x -Zy+io::^ 

3(jr + 2>' - s) = 3jr+ 6/ - 3ir 
/. the expr. — 6.r-8/4- i05'-(3;r+6/-3r) 

= 6 .r- 87 + I05'-3;ir-6j' + 3.c 
==^3.r-i4j-hi3c 

In practice the last iwo steps only are written down. 


Ex. 3. Sinlplify ^ 
4 


6.r4-2^^.r-^8 

3 " 24""' 


Here the line separating each numerator from the 
serves as a vinculum. 


denominator 


The expr. = -^-2-(^- + lj+~--A 


[note the brackets inserted here]. 




Ex. 4. Simplify 3C'r4*8) (4: + 3)- 5(:r+4) tr+5)4'2(;r4-3) Cr + 4)* 
We have (x + 8) Cv+3)==.r{x+3)-f 8 (.r+3) 

— .r® -F 3Jr 4- 8jr 4- 24 + l nr + 24^ 

Similarly (x + 4) (.r + S)«r*+9’^4-20, 

(xF3) tr+4)«:r*F7-*^4-l2. 

.*. the expr.«3 (.r* + inr+24)- 5 (.r*+9:r4-2o)-f 2 (jr»4-7r + i2l 
»3x®+33r+72- 52r®-45.i'- Ioo + 2.r® + l4jr4“24 

»2jr- 4. 
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EXERCISE XXIII. 

Simplify 

1. ( 2 -f 3 - 6 )-( 3“4 + 5 i-~( 7 “S+ 4 ). 

2. 5 ,r + 7 J'- 9 --{ 2 i'+ 5 ,s'- 4 ,r) -( 5 .r + 27 ). 

3 . X ~ (3y + S^) + (22' - 3r) - (sx + 2 y), 

4 . (.r-f l) - .r + i) - (^1^ - 1 ) (-r=-f x 4 - 1). 

5. (^r+3) (;r4-2)-2 (;ir-3) (,i'-2) + (.r+i) fr+4)‘ 

6. 3a (2CZ - 3<^) - 3a (5^2 - 7<?^) - (6rt - 1 1 /^) (a - 5/0» 

7. ( 2 .r-- 3 ) ( 3 ,i + 4)“2 (3-^'-“2) (4.r-f 3) + (5^'+i) f-ir-6). 

2 9 3 ' 

Q I 2 ,r ~9 ip* + 2l io.r -22 

396 

10. 3 (a 4- 2^ + c) (a -f 2b ~c)-2 {a- 2b + c) {a - 2b - c). 

11 . ci^b { 2 a- 2>^ + ^c)-ab‘ ^c)^ab { 2 a ' -2b^xy^)* 

12. a{b- c)-¥b {c-a)-\-^{a-b). 

13 « Subtract bcd^ ~ (a’ - bd from {a^ 4- be) ~ (a* - c^) bd, 

14 . Simplify 24{jr - 1 (x- 3)} {.r-| (.r4*2)} {.r- J (x-il)}, and 
subtract the result from (.i'4-2) (.r-3) (.t' + 4) (M. M. 1886). 


3 * When there are brackets within brackets in one expression, 
in removing them we may begin from the innermost pair or the 
outermost pair or we may remove them all at once. 

Ex. I. Simplify by removing brackets 

- 3 /^ - {a - 4 (5<2 4- 7 ^)}> 

(i) Beginning from the innermost pair, 

the expr. =9^1 -3^ -{< 1 - 8 ^ 4 - 5a 4 7^} by rule I . 

~ga- s^-U’^Zb- sa-yb by rule II. 

=^3a~2^, by collecting like terms. 
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. (li) Beginning from the outermost pair, 

the expr, ($a + 7^) by rule 1 1. 

Sa-7^ by rule II. 

— 3^? - 2^ as before. * 

(iii) If we want to remove the brackets at once we are to 
consider the effects of their removal upon each term. Thus in the 
above expression we have -[~8b} = +8^, -{+(s^r)}= ~ and 
so in other terms. 

Hence the expr. 5a~7^ 

— 3^1 ~ 2b. 

Ex, 2. Simplify 

3 -^ - 2/ - [ 5 '~ + K H { - 2/ - 3- - (5^ - - - 3 ~ + S ’;)}] 

The expression 

^3jr-2/-[5r+34r-}-{-2;/-3-^-(52:-2/ + 3^-5^)}] 

~3x-2y-*[5r4-3;r + {-2j'~3<£?-5^ + 27-35'+54] 

« 3.r - 2j - [5 ~+ 3^ ^ 2/ - 3^ - 5;r + 2/~ 3^ + 5^] 

= 34: 2/ ~ jxr - 34r + 2/-f3i + s.r- 27+32- 5.r 
= -27 + 2. 

VVe might begin by removing the brackets from the outermost 
p.iir. In many cases it will be useful to go on simplifying in the 
c ourse of removing brackets, specially when there are multipliers 
before them. 

Ex. 3. What is the defect of the sum of a- 4/; + !; and 
+ 3^- yc from the difference of loa + 51^ - lor and 4a - 6^ + 3c ? 

The required answer 

-{(lo<i + 5^-" ioc)-(4a-6^ + 3r)}«~{(a-4^+^-)+(5nt+3^- 7^’)} 

- { tO£i+ 5<^ - io<; ~ 4a +6<?^ - 3c} - ~ 4^ + 5« + 3^ *“ 74 
«(6a+ 1 lb - 134 - (6a - - 64 
■^6€I+ii^- t3r-6a + ^+6«r= + i2i^-7c. 

Ex. 4. Simplify 7**"~2[>'~3{4^“(5v+2.i:) + 3y}— 4-4+9J- 
The expr. « 7.r - 2( 7 - 3{4X' - 57 - 2.r + 3 r}— 4^] + 9*^ 

^ 7^* ~ 2[7 - 3{2^- 27} - +i-]+9i^ 

« yx - 2[7 - 6x +67 - 4x] + 97 
« yx - 2[ 77 - lour] + 9r 

^ ja.7,r~ 147 + 202: + 9Va:27X- 57- _ 
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4- Insertion of brackets. From art. 2 we get the foUo^Ving 
rules for the insertion of brackets : — 

(1) Anjf number of terms of an expression may be enclosed 
within brackets preceded by the sign 4-, provided we keep the* 
signs of the terms unchanged. 

(2) Any number of terms of an expression may be enclosed 
within brackets preceded by the sign provided we change 
the signs of the terms. 

Thus, a-~b’\-c-d^e-f 

+ ~j) 






Also a — b^rc-d-^e-f 

— a-b — {-C’k'd-e-\-f) 

^a-b^rc-id-e-vf)^ etc. 

Ex. Arrange the expression bx"*^ - cx-k-ax^ —px^ 4* rx - qx'^ in des 
tending powers of .r by bracketing the powers so that the signs 
before the brackets may be alternately + and - from the left ; and 
state the co-efficients of the powers. ^ 

The expr. = 4- {cix^ —px^) - ( - At * -f qx^) 4- ( - r 4- rx) 

= 4 * (« ~ p)x^ -{q- b)x^ 4 - (r - c)x. 

Note that we write ax^--px^ as (a-p)x\ [see note 2, art. 7, 
Chap. VII), for by multiplying by we get ; similarly 

in other terms. # 

The co-efficients of x®, x are evidently a-p, -(q~b)^r~c 
respectively. 

S- The rules for the removal and insertion of brackets as stated 
in arts. 2 and 4 give us in full the associative law (see art. 6, 
Chap. V) for addition and subtraction, w.7, in a chain of additions 
and subtractions any number of terms may be associated into a 
group by enclosing them within brackets and conversely, any 
number of terms within brackets may be dissociated by removing 
the brackets ; the rules for the insertion and removal of brackets 
lieing as in arts. 4 and 2 respectively. • 
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EXERCISE XXIV 

Simplify W removing brackets 

2 . (ia A- 2 b- ia)} 

3. {c? + (<^ c A" d)) "h {b — — {iT— {d-' u — b)] 

5. (2« + 4^- ~3^+4^}l 

6. - fajr- 3 )/ 4 -{ 4 ^ - 3;r - ( - 5J/ + 3-2: -4: ~ 2j/)}] - 5;^+ 2>/ 

7. -4<^-3^)} + ^] 

8. 5 (-r - 2_y + ^) - {3(2.r +y-zs)- 2(— + 5/ - 4^')} 

9. 2{^2--^4-3(<r-^)}-{2a-“ 5/^ + 3(^:-^/)~2. a- 2 b} 

10 . 3{5a--4(^-^)} + 5(a-3^)~{2«~{/$ + c-“«+^)} 

11. [2€t -- z{b ^ {2C ->td- 4 - b )}] ~ 3(a -b^c)-~2[C'-d). 

12 . 2 [ 2 .r - 3 { 4 j - 5 ( 2 ^ - .r ~ j)}] - 3 {.r - 2 (>' - ^ 4- 2 ,t')}. 

13. -[-{--(-.r)}] -(--(-/)). 

14. 5^ -4[2/y-3{4^z-2(/;--3a'^4-5//}-7a]- 11/;. 

16. 2.r - !?- - 4'^' ~ (3^'4-/)}+ 3-^-* (2^^ ~ 5-)] 

16. ( 3 ^ -bA-c) ~ aCa + ^^+r) - 3 a} 4- 5'<^~ 0] - 9^- 

^ EvaluJite when x== 1,^=2 ; — 

17. 5[2-^'"3{4«‘“ 2Cr4-j)--j} + 5-^]-4{-^"30'"3- 

18. - 4[ - 3! ~ 2(.r -y) 4- 5-^} +/] - 2[ - 4{ - S(3y " 2.r) A^y}], 

19. Subtract /;{rt-(^4-r)} from the sum of 

a{a - (t - ^)} and c{a -{b-c)}. ( M . IVI . 1 88 5 ). 

20. Express symbolically the excess of the sum of 3^- 2(4/^ + 0 
and 3*' - 5(4^? - 3^) ^ver the difference of {za—^bjA-ioc acd 
} *“ (4a -9^) ; and simplify the result. 

21. Arrange the expression 3Ar’4-/.r- wia'^4* 

- 9 ~-7.4< 4- 5^3 in ascending powers of 4* by bracketing the powers 
so that all brackets may have (i) positive signs (ii) negative sigu^, 
before them. 

Arrange in descending powers of x : — 

22 . ax'^ - 3 ( Ar® 4 - 4 )'b 2 ( 5 *~ 7 jr 4 *c)- x^{ax 4 * /> + c) . 

23. ix* - { 2 (w * m) - .t'(/ur” 4* Jtx 4* /) - x%’b - a^f) J 

» 24. mr^ ~ [ Ar - 1 ' - { /.?* A^gx-ir- /ar*) - mx + w}]. 
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25. In each of the following expressions enclose within braclcets 
the last 6 terms, the last 5 terms, the last 4 terms as well as the 
last 3 terms, the signs before the braclcets in each being +, ", 

+ respectively 

(i) a-b+c~-d-^e’\‘f-g. 

(ii) 


Cf. VVe shall now consider some questions on the first four 
] ules, the co-efificients of the letters involved being literal. When 
the CO efficients of a letter are compound quantities, it will be useful 
to retain them within brackets throughout the work. 

Ex. I . Add togethei' {za - b^x"^ - {^b - c + {a - 2b)x 
(b + 2c)x^ + {c -¥a)x^-\- {2a’hb)x 
_ {c~ 2a)x^ - (za 4 * b)x^ 4 * ( ^ + crjx 
Reqd. sum= 3cx^-(a + 4b-2c)x^-h(sa + 6r)x. 

Here the co*eflf. of in the sum = sum of 2a - b, b + 2c, c - 2ii 
3r ; the co-eflf. of x~ i;i the sum = sum of-(3/;-r), 

■(2a + b)-~ ■-(a4-4b~ 2c) ; the co-eff. of x in the sum-* sum of 
't~-2b^ 2a + bf b-i~c-=^3a + c. Hence the above result. 

Ex. 2 . From ( 7 m- 3 ft)x^ +3;7.t'^ - 4 ;;/.r 

take ( 3 m- 2 njx^ + 2 war= ~3wr 

Reqd. remainder ~ ( 4 /// - 3«)ar^+ (3^^ ~ 2w)a-" + ( - 4W1 + 3 «J.r 

For the co-efficient of in the remainder is (7w - 5«) - (3m - 2/1) 
-4m - 3H ; so {4m - 3n)x^ is one term in the remainder. Similarly 
other terms are obtained. 

Ex. 3. Find the products ; — {x4-d){x + b) and {x 4- ci)(x -h b){x ^ <.), 
x4a 

x^4ax 

4 bx 4 rab 

' . (x + a)(.r + b) = . 1 "* 4 {a + bjx 4 ab 

x4 c 

+ {a 4 - b)x^ 4 - abx 

4 ^ cxf4(ac4bc)x4a^ 

ix4a){x4b){x4c)^x^4(a4b4c)x^+iab4ac4bc)x4abc 
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Ex, 4. Multiply by p^qx 

P^qx ___ 
ap+ipx+cpx^ * 

4- (iqxj- dqx^ 4- cqx^ 

. Reqd, product = + (1^^ -f aq)x 4* (<3^ + 

Ex. 5. Divide — yibc by « + ^ + a 

Arrange in descending powers of r, bracketing the part a + of 
the divisor : 

c+ia-^by^c^ ~^‘^abc-{-a^ + b^rc^ -cia-^b) 

Jc^+^^ia+b) L ^{a^-ab+b^y 

-c^ia-i-b)-’ $abx 

— (f*(a + ^) — («® + 2 ab 4- 

+ (tr* — + <2^ + 

.*. Quolient = c*-c(a +/^)4-rt=“a^'f 
s= a* 4- b“ -^c'^-ab-ac — be. 


Note. In the above we have made use of the results (a 4^)* Ar2ai 
4/)* and (a* — a64 6*)(a + ^)*a* 46 * (s^ examples i and 2, Art. ii, 
Chap. VII). Compare the above solution with that of the same question 
in Chap, VIII. and observe how we can shorten work by using brackets. 

Ex. 6. Divide by d^ip-- c^-k-b^^c-^a) 

^bM-b) 

Arranging in descending powers of c we proceed thus :— 
c {ft - b) - c{d - ^’)*1 e^ia -b)- c(a ^ - 4 ab(d‘ - b-) 

4 ab(a - J e^a — A) - e^(a'* - b^) 4 c,ab{a ~~ b) <r 4 (« 4 />) 

<4'(a“ - b') - £\<i ^ 4 db — ab' - b^) 4 ab\d — /r ) 
d,a? 4 db ~ - b^') 4 a^(a® - b^) 

: . the quotient » 4 (a 4 4 4 c. 


EXERCISE XXV. 

Add together 

1. px\ rxy -5, ~a.r3, Ar*, -r.r, r/. 

2, (rt 4 b\^ 4- “ b)x 4 2«, (a - - (a 4 4 A 
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Add together 

3. (3/ ~ r)x - isg ~ 3^+2^))' + (2/ - 

( 4 '' - 7 / + + (Sr - 7/ + + ( 3^ 

(37^“ (7^7 -^3^)y+(S^ - 6r>. 

4 . - 2li)xy - (3^ ~ 2c)yz + {7c- a)sx + (^? - 2b\ 

~ {7b - 2i:)>'ir + (5^ - c)zx - (9i^ - d)xy - (3<5 - 5^), 

( 5« - 2 ^)-:r;ir -{2b- gc)xy + (7^* ~ 2%:? 4- (9^‘ - S<^). 

5. {x +2y-‘ z)a Jt{x-y- ^z)b - (55- - 2x)c, 

{2X +2y- 2z)b +ix-y-2)c-{2y-{-3- x)a, 

{x - j + 23)c - (5' - 34; ’¥y)a 4- (sx - 2y 4- 5s}b, 

(x -j-y 4- 2)a - (2 -X -ty)b ■j’(x^y+2 )a 

Subtract 

0. (b-hc- 2a)xy + (^+a — 2b')y2 — (<3 + ^ _ 2c)2x from 
( 5a - 2^ 4- 1 - {7a - ^ + ^)x2 4“ (rt -* 2b)xy. 

7. (-|.r - fj 4 - - ( 3 .r - 4 V 4- 4- f 2 ^ 4 - y - 3r)r® from 

( 7X - 25r 4- 4- (l-s- - 4* ir)^* ~ ( 3 - - 2 / 4- 

8. {2p-'^q)l^‘{^q-2r)m-{7r-p)n^-{2p--zq-^r) from 

(S'* ~ 55^)^ - + ( Si?' - 2p)n - ( 3^ 4- 2/ - 5^). 

9. 4- « - r)ax 4- {2n - r+.zm) by - (;;/ - « 4- from 
{n-¥2r-m) by — (3^ ~ 2m - 2t)C2 4- (3/ - 2 w 4- 7r)ax. 

10. (2r - 2>' 4* 2')a 4- {2;r 4*/ + 2')^ - {2y -2- x)c from 
{x ^y-\rs)a-(2-x ■\'y)b + {x -y ~ 2)c, 

Multiply together 

11, x-^a^x--b. 12 . X’^a^X’-b, 13. x-a^jr^b, 

14 . ax'^ 4- 2/ixy 4- by^^ Ix 4- m, 16. Ix"^ - mx 4- », Px - q, 

16, i'^ax-hbx^^cx^t 1 'hX'^x^, 

17. (<i 4- b)x^ + (a - b)x° - (a + b)x + (a - b)^ {a-¥b)x-¥t. 
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Divide 

•18. - px^ -^-pr^ -qrhy x-r. 

19. ~ xib"* -X be £*) 4 * bc{b + c) by - x{b 4 c) 4 be. 

20 . {a - b)\if 4 (« -* b)c^ - {c^ - a^)b^ A-{e- a)b^ 

by (a — b)(f —(e~-a)b^ (C. E 1883 )^ 

21 . a? - b^ A- ^abe by a-bA-e, 

22. bc{b ~ c) 4 ea(c — 4 ab{a — b)hya-~b. 

23 . a^ib -e)A-b^(e-a)A- e^ia ~b)hy b — e. 

24. efib 4 <r) 4 b'^ie A- a) A- e^(a 4 4 2abe by a 4 b. 

25. a^b-e)A'b^(e-~d)A‘e^(a-b) by aA-bA-e and -'bcA^ae — b-. 

26. a?{b^ — c^) 4 b\c‘^ — a^) 4 c^{a^ — b'^) by a^c — ab"^ 4 a^b — b-c. 

.2f. a\b 4 4 b%c 4 4 c%a 4 4 ^abc by aA-b A c, 

' 9Ct. I - ;r) 4 (^b{a - b) {x A-y) 4 b^{ 1 4/) 

by a(i ~-jr)4^(i 4/) M. M. 1898 . 

(a 4 I 4 (<? 4 I )x^ 4 ti'ict — I )x — 

by (a+ M. M. 1899. 

"’ 30 . Simplify 

Cl - a)l{x - //) (x - e) ~ lbe{x - «) 4 { 4 4 c)x 

^aibAe)}x] A. E. 1882. 

31. Find the co-efficient of .r** in the product of 

.1'^ — a.r3 4 bx^ - ex 4 R and x'^ 4 px \ q. (C. E, 1 88 5 ). 


7 , In a chain of multiplication and division (not interrupted by 
addition or subtraction) any number of the members may be 
associated into a group by enclosing them withan brackets and 
conversely any number of members within brackets may be 
dissociated by removing the brackets. 

This is the associative law for multiplication and division 
(see art. Chap. VIII) and may be stated symbolically thus 

a'A{PAc%dA-e)^ay.bAc^d^e^... (i) 

a 4 (^ 4 cxrf 4 i*)»a 4 ^xc 4 r^xf..,.. ( 2 ) 

The student vrill observe that if in (i) and ( 2 ) we replace x by 
4 and 4 by - , we get 

n 4(^ - C4 *- <?) 4^ - c4</*“ 

a - *- c 4 rf - 4 « a - ^4 - <i? 4 e. , 


.(3) 

(4) 
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Hence the rules for removing brackets in a chain of multiplica- 
tion and division are the same as in a chain of addition and sub- 
traction, the signs x and taking the places of + and ~ 
lespectively in the latter chain. 

Ex. Simplify 15 x[3-f^{5-~(24~2^ 4)}] 

The expr. = 15 x 3-^{5-^(24-^7x 4)} 

= 15 X 3-^5 X (24-^2 X 4) 

^15x3-7-5x24-7x4 

= I5X3^5X24-^2-^4 
= (i 5X3X24)-~(5X2X4) 

= 27. 

EXERCISE XXVI. 

Simplify 

1. {l2X(2X3)}-r!l2-f(2X3)}. 

2 . 48-r[2X3-f{2-f(4X2)X3}.^2]. 

3. 96-r2X3-i-{3-;-2x(4X2)}4-2X3x(4 r3). 

5. (4.^*)=' “ (v-y X {{^yy-^(x^Y} x r^]. 


CHAPTER X. 


EASY EQUATIONS. 

I* An equation is a statement ofjequality of two expressions 

Thus 2x43=15.. ....(I), (5^4'4) + ( 2 x 4 - 3 ) = 5 x + 7 (2) 

are equations. 

The parts of an equation connected by the sign of equality are 
called its sides or members ; the left {hand and the right-hand 
parts being called the left-hand side and the tight- hand side 
respectively. 
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.The student will observe that there is a difference in the equation^ 
(i) and (2). He ran easily transform the left-hand, side of (2) 
into the right*hand side by collecting terms on the left, and hence 
the relation (^) must be true for a// values of x ; but no algebraical 
process can transform the left-hand side of (i) into the right hand 
side and the relation (i) cannot be true for all values of jr. In fact 
.r=6 is the only value of x which makes the two sides of ( i) equal. 

An equation of which one side can be transformed into the 
other by algebrical processes and which is therefore true for all 
values of the letters involved is called an identical equation or 
simply, an identity. 

An equation of which one side can be transformed into the 
other only by giving particular values to the letter or letters 
mvolved is called a oonditional equation or simply, an 
equation. 

Thus, (3;r4'4)-4-(2Ar + 3l=»5Ar + 7 and 4(.r-M)-f 3x = 7Af-h4 aie 
identities, while 2jr4-3~iS and 44:= 12 are equations. 

3. The letter or letters in an equation on whose particular value 
or values the equality depends are called unknown quantities, 
.and to solve the equation is to find the values of the unknown 
quantities, Le. values which make the two sides of the equation 
'true. These values are called roots or solutions of the equation, 
and they are said to satisfy the equation. 

The unknown quantities in equations are denoted by the last 

letters of the alphabet, viz. ; the first letters of the 

alphabet £*, c stand for known quantities. 

We shall here consider some easy equations in one unknown 
quantity when there is the first and no higher power of the quantity 
in the equations. An equation which contains the first and no higher 
power of the unknown quantity than the first is called a simple 
equation or an equation of the drat degree. 

To solve equations generally the following axioms will be found 
-very useful : — 

1. If equals are added to equals, the sums are equal 

IL If equals are subtracted from equals, the remainders are 
equal 

1 1 L If equals are multiplied by equals, the products ars equal 

IV, If equals are divided by equals, the quotients are 
«qual ' 
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Ex. I. Solve the equation 5:1: =15. 

Dividing both sides of the equation by 5, we have 
54:^5=154-5 or 

Ex. 2. Solve the equ^ion ^==6. 

Multiplying both sides of the e |uation by 4, we have 

~ X 4 = 6 X 4 or 3^=24. 

4 


Henfce dividing both sides by 3, we get ;r=8. 

lx 

Ex. 3. Solve the equation | 

Multiplying both sides by 9. we have 7:r= | x 9. 
Hence dividing both sides by 7, we have 

2x7 14 -^14* 


Ex. 4. Solve the equation 6;r+ 7 = 37. 

Subtracting 7 from both sides, we have 
7 - 7 = 37 - 7 or 6;ir=30. 

Hence dividing both sides by 6, we get x^S- 

Ex. 5. Solve the equation u,r- 15 = 29. 

Adding 1 5 to both sides, we have 

154-15 = 29+ 15, or ii;r = 44. 

Hence dividing both sides by ii, we have x-4. 

Ex. 6. Solve the equation 4;r - 1 5 = 2x + 1 . 

Adding 15 to both sides we have 
4;r-i5 + i5«2;r+i + i5, 
or 4jr=2.r+ 16. 

Again, subtracting 2x from both sides, 

4.a: ~ 2.r = 2x + 1 6 - 2.r, 
or2x=i6. 

Hence dividing both sides by 2, we get ;r=8. 

Note. In the first three of the above examples we have the terms 
containing x on one side and namerical quantities on the other side and we 
apply axioms 111 or IV to get their solutions. In the last three examples 
we apply axioms I and II to bring the terms containing x on one side and 
the known quantities on the other, and then solve the equations hy 
ai^lying axioms III and IV. 

6 
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EXERCISE XXVI 1. 
Solve the equations 


1. 

44 r=l 6 


2. 

(yx^ 

= 42 

3 . 

91^=72 

4 . 

iojr= 

- 10 

5 . 


4 S 

0. 

22 X 

= - 

33 7 . 

Sx^- 

12 8. 

— 264: 

= - 

9 . 

II 


10. 


= “3 

11. 

X 

-7 

12. 

35 = - 

-7 


3 



7 



2 ' 


10 


13 . 

7 x 

sc ~ 

14 

14 . 

IJX 

= 5 

16 . 

95^7 

10 . 

7 ^- . 

-9 


3 


12 



7 

's 


17 . 

5 = 2.3 


18 . 

1 = 


19 . 

5 ^ = 1 . 

20 . 


9 


4 8 



2Jir 

16 


27 9;r 

2 X 

8 

21. 

- 

8 

22. 

6.r_ 

-4 

23 . 

8^ 15.^ 

24 . 

t2-V_ 

12 


5 

10 


U 

3 

s'" 8 

13 ~ 

13 

26 . 

12X-SX^ 

- 35 * 



26 . 

qx — AX^ 

20. 



27 . 

itx-sx — 

38 -f 4. 



28 . 

I9.r+ 5;ir = 

= 5o-f 22. 


29 . 

4 -r+i 9 

= 3, 




30 . 

I 

II 

' 3 . 



31 . 

Sx + 21 

= 3 ^+ 3 - 



32 . 

7a ~9=rr-h 16. 



33 . 

3^-5 = 


“ 41 . 



34 . 

2 ;t:+l 3 = 

7 ^t'“ 53 ' 



36 . 

7X-32 

~2X-f 8. 



30 . 

l 5 -»;+i 5 = 

=70+44-, 



S> Transposition. The axioms I and II of art. 4 give us an 
important principle called Tranapoeitioa which we already 
employed without naming it. The principle may be stated thus : 

Any term may be transposed or brought over from one side 
of an equation to another by simply changing its sign. 


Consider the equation 9,v~5,r-t-65 

Subtracting sx from both sides we get 

9Jr-sx=6s (2) 

Thus-f 54* which was on the right-hand side of (i) appears as 
- 5x on the left-hand side in (2). 

Agam» take the equation 6$- (3) 

Adding 2x to both sides, we get 

63~5.tr -H2.r (4) 


Thus-2jron the left-hand side of (3) appears as +zr in the 
right-hand side of (4)- 

The above principle is very important and shortens the process 
of solvii^f equations. It is evident that any number of terms may 
be simulfittieously transposed from left to right and right to left. 
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0. may change the si^n of every term on the two sides of 
an equation without altering the equation. 

For, consider the equation 5^-22==:2;r- 15.. (i). 

Multiplying both sides by - 1, we get 

- I x(5^-22)= - I x(2-r- 15) or -Sx + 22^- -2.r + i5. 

This result may be otherwise obtained 


In (i) transpose the left-hand side terms to the right and the 
right-hand side terms to the left ; 

then - 2.r -f 1 5 = - 5;r + 22. 

interchanging sides, -5,r-f22= -2.r + i5, as before. 

7. Rule for solving a simple equation. The following 
rule for solving a simple equation may now be given : — 

Transpose all the terms containing the unknown quantity 
on one side and the known quantities on the other. Then 
simplify both sides and divide them by the co-efficient of the 
unknown quantity. 

In many cases preliminary simplification is necessary before 
applying the rule (see examples 4 and 5 following), 

Ex. I. Solve 7.r 4-15 = 4;r-f 45. 

Transposing 4x to the left and 15 to the right, we have 

7.r-44r=45~i5, 

or 3.:r=30, x— 10 

Note. The student should verify by substitution that the solution 
obtained satisfies a given equation. Thus here left-hand side«*7X to-f J s; 
=85 and' right-hand side **4 X 10 -1-45 « 85 ; hence the solution is 
correct. 

Ex. 2. Solve ^-1=^+^ 

When fractional co-efficients occur as in this example, it is 
generally convenient to avoid fractions by multiplying both sides 
of the equation by the L. C. M. of the denominators. Hence here 
multiplying by 24. 

24^™- I ^-24^-^-f-l ^ or 15 = J4,t + 28, 

by transposition, iS.r— I4jr=28 + I5t 

' 4-r~43, whence 
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Solv-;'"— -2£±i = ,o 


4 2 

Multiply "'ng boA sides by 4, we have 
(;ir-2)-2(3;r+i)~40 or ;ir - 2 ->62: - 2 = 40. 
/. by transposition, 4: - dr =40 +2 + 2. 

/, -5;ir=44 or ;r= -8f. 


Ex. 4. Solve (2;r- i)(3;r-7)=6(;r+2)* + i8. 
Multiplying out, i7jr + 7=6(;r* + 42:4"4)4-l8. 

or i7jr+7~6;r*+24;r+24+ 18. 

Hence subtracting 6 x'‘ from both sides, 

- i 7 x 4*7 = 24jr + 244 - 18 
transposing, - i7jr-244r=:24+ 18-7 
/. - 4i;r= 35. hence ;r= 


Note. The above eqaation seems to contain bat on simplification 
terms containing jr* cancel from both sides. 

Ex. 5. Solve the equation 

30X - IS^ - 2{6^ 4 * 7(^ - 8)} = 4 ~ [3r - 2{.r - 6(jr - i )}J 

Here the left-hand side=3ar-[5;r~- 2{6;r+7^~ 56}] 

« SCUT- [s^-2{i 3^-56}] 

= 30;r - [5^: - 26;r + 1 1 2] 

« 3o;r ~ sx-t 26 x - 1 1 2 
= 5iX“ 112. 

The right-hand side = 4 - [s^r - 2{x - 6jr + 6}] 

*4-t3^+iojr-i2] 

«4“3^-iox+l2 
= i6-i3;r. 

the equatipn reduces to 5ijr~ iia* 16- i^r. 

Hence transposing, six+i3Jr»»i6+ii2 
/. 644^3=128 whence 2. 
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EXERCISE XXVIII. 


Solve the following equations 

1. 3;i:+5=23. 2.*2i-5;r=6. 3. 5=9.*-4. 

4. 9ct:+i2“i2;i:-3. 6. too- 7x=4.r- 21. 

6. (3^-7)-(5^+2) = 22r+9. 7. 5 + 3(.i^ + 3)=i7- 

8. 8(;r-7)+3(2^-l)=3ir+i. 9. 2(jr+s)=4(32r+i)-3(4r+5). 

10. (2;r+i)(2r+5)+3(jr+i)'=5(;r+i)(2r+2). 

11. (jir+ 5 )( 24 r + 3) = (4r-l)(2Jr- 1)419. 

12. 4{;v“ - 2j: + 7) = (;ir + l'^2X - 9) + 2(.r - l)(.* - 5) • 

13. (4A-+5){32r+i) + i2(.r+i)’=4(2j:+3)(3.»r+i). 

14. {.2x - 3 )(yc - 2) + (.IT - i)(4.r - 1) = (SA-+ 1 ){ 2 x - 3). 

15. (3x+i)(4j»:-3)-3(22:+i)*=I2. 

16. 3x-4(;r-2)=2(jr+4) + 3(.v-6). 

17. 5(.r+2)-(3.r+i)=4(24r-3)+3(44r-5). 


18. 

J#f 2 _ 5 :V!-I jg 

4 3' 

3 4 

20. 

21. 

2 .r+i 3 r -5 jr -5 

6 2 4 

22. 

3 (.r-i) 2 ( 2 ;r- 3 ) „„ 

4 " S 

7 3 ' 

24. 


X 12 3;r 4 4-r' 

26. 

1 2 jr - { 5 - 3 ;r + 2 (.r - 2 )} = 30 . 



27. 7x-[s-x-{-ix-i-2Ue-so) + S^}-^2]=6x + s. 



CHAPTER KI. 

EASY PROBLEMS. 


%, We have already explained (see p. 45) bow statements in 
words are translated by symbols into algebraical language, and we 
here propose to consider cases of this translation when it leads to 
the formation of Algebraical equations. 

Ex. I. The sum of the squares of 3 consecutive numbers is 
50. Express this fact by an equation. 

Consecutive numbers differ by unity. Hence if x be the middle 
one of 3 consecutive numbers, the one next greater than x is x + 1 
and the one next smaller than ;r is x-i. Thus the numbers are 
r - I, x, + 1. By the question, 

(a'~ (.r+ i)* = 50, the equation required. 

Ex. 2. Five times the sum of two numbers is equal to three 
times their product. Represent this fact by an equation. 

Let r, r stand for the numbers. Then 5 times their sum is 
5 (r +/) and 3 times their product is 3.rj/. Hence by the question, 

the equation required. 

FZx. 3. Five years ago I was twice as old as my son who is 
now X years old, and my present age is j years. Express the 
.above by an equation. 

5 years ago my son’s age was .t - 5 years and therefore ray age 
then was 2(x-5) years. Hence my present age is 2 {x-^)+s 
years ; but by the question my present age is also y years. 

/. 2(.r- 5)'F5 is the equation required. 


EXERCISE XXIX. 


1 . If a is divided into 3 parts of which the first is x and the 
second is less than the first by y, what is the third part ? 

2 . How many miles can I walk in x hours if I take a hours to 
walk ^ miles ? 

3 . X years hence A will be m times as old as B who is of^' 
years now. What is the present age of A ? 
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4 . Write down (1)3 consecutive odd numbers (ii) 3 consecutive 
even numbers. ^ 

Express the following statements in equational forms 

6. The sum of 4 cons€;i;ulive numbers of which y is the greatest, 

is X. 

6. The difference of the squares if two consecutive numbers 
is equal to their sum. 

7 . X is greater than y by z, 

8. Five times the excess of a number over 7 is equal to twice 
the number increased by 12. 

9 . The area of the four walls of a room of length a feet, 
breadth b feet and l^ight c feet, is x square feet. 

10 . X divided by y gives b as quotient, 

11 . A man now aged x years was a years old b years ago. 
He will be years old after tr years. 

12 . A man had Rs. a with him ; he purchased Rs. b worth of 
things, gave in charity Rs. r and lost Rs. ff. He is now left with 
Rs. -r. 

13 . I walked at the rate of a miles per hour and found at the 
end of the journey that 1 had walked x miles in b hours. 

14 . a men finish a piece of work in x days, while b men finish 
it 'my days. 

15 . The interest of Rs. 500 at x per cent per annum for y years 
is z rupees. 

16 . 'Two trains have the same speed : one runs at the rate of $oa 
miles pcir hour and the other at the rate of i ib feet per second. 


2 . The most important application of equations is the solution 
of problems. A problem is a statement of relation between 
quantities of which some are known and some are unknown, and 
the solution of a problem is the finding of the unknown quantities 
in terms of the known. 

We shall here consider easy problems in which there is one 
unknown quantity to be determined and we may give the following 
method for their solution, 

Let the unknown quantity be represented by x. Translate the 
verbal statement of the problem into algebraical language in the 
form of an equation ar^ by solving the equation determine the 
value of the unknown quantity. 
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Ek. 1. TEesdm of 4 consecutive numbers is 54, find the 
numbers. 

Let X be th«S smallest of the consecutive numbers. Then because 
consecutive numbers differ by unity the fgur numbers are 1, 

2 and .r-f 3. Hence, since the sum of these numbers is 54, we 
have 

X + (.tr -f I ) + (.r + 2 ) + (:r + 3) = 5 4 
.\4;r+6=54 ; hence transposing, 

4^= 54 -6 or 4:r»48. 

4:= 12. 

Hence the numbers are 12, 13, 14, 15. 

Verification. 124-13 + 14 + 15 = 54. 

Ex. 2. Divide 40 into 2 parts so that four times the greater 
may be as much more than 30 as three times the smaller is less 
than 115. 

Let X bathe greater part, then 40-^ Is the smaller. 

Now 4 times the greater part is 4Ji- and this is greater than 30 
by 4;r~ 30 { also 3 times the smaller part is 3 (40*- x) and this is 
less than 115 by 115-3 (40~jr). 

by the question, +r -30== 115-“ 3(40 -.r). 

+r~ 30= 1 15 - i20+3,r 

Transposing, 4.r~3r= 115 - 120 + 30 

jr==25 ; hence 40-.r=i5. 

Thus the parts are 25 and 15. 

Ex, 3. Find two consecutive odd numbers such that one-third 
of the greater exceeds one-fourth of the less by 2j. 

It is evident that 2x represents any even number. Hence any 
odd number may be represented by 2;r+ i and consequently the next 
greater odd number (being greater than 2;r + 1 by 2) is 2^+3. 

By the question^^^-^^^tIas:2j or 

Multiplying both sides by 12, we have 4 f2x- + 3)-3(2jr+i)=33. 

8.r+i2-6jr~3«=33, 

Transposing 64r «= 33 — 1 2 + 3. 

^ 2x«24 ; hence x=i2. 

2x+!«»25, and 2x+3«27. 

Thus the numbers are 35 and 27. 

Verification, 9-62 = 23. " 
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Ex. 4, A and B together can do a piece of work in 20 days, 
which A alone can do in 25 days. In what time can B alone 
do it? 

Suppose B alone can do the work in x days. 

Now A can do ^^th of the work in one day. 

B can do - th of the work in one day. 

X 

/. A and B together can do fen) th part of the work in 
one day. 

But by the question, A and B together can do ^V^h of the work 
in one day, 

• J_ ^ ^ L ^ * 

*‘2S^x’^20 ;r’” 20" 25“” 100* 

.r= 100 or A alone can do the work in 100 days. 

Ex. 5. The sum of the ages of ,^4 and ^ is 60 years, and 12 
years hence A will be twice as old as B, How old are they now ? 

Let .< 4 ’s age be ,r years, then B^s age is (6o~;r) years. Now 
12 years hence A^s age will be (;r-f"i2) years and B^s age, 
(60 ~ ;ir + 1 2) or {72 -x) years. Hence by the question, * 

J2 — 2(72-x) 
or ;t-*f i2==i44-2Jir. 

transposing, ;r-4-2.r= 144 - 12 or 132. 
x— 44 ; hence 6o-;ir= 16. 

Yhus A and B are now aged 44 and 16 years respectively. 

Ex. 6. Divide j^iooo among > 4 , />, C so that B may get 3 
times as much as A^ and C may get £200 more than the shares of 
A and B together. 

Let A's share = then B^s share =;^3;r, 

and Cs share ~ £(x + 3Jr 4 * 200). 

/. jr4'5;r*f(4r+5;r-|-2oo)«s 1000 
/. 8x4- 200= 1000 or &r=8oo 
x==ioo, 

A gets /* 5ets £^00^ Cgets ^600. 
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*Ex. 7, Divide 44 into 4 parts such that the first part increased 
by 2, the* ‘>"*cond diminished by 8, the third multiplied by 3 and that 
the fourth t ivided by 4, shall be all equal. 

Let first part +2-2', I f first part=2:-2 
second part - 8 =2r, I second part— 2-+ 8 

third part xj-.r, I third part=2-+3 

fourth part -r-4=2', j fourth part=42r. 

. . by the question, (,r- 2) + (jr+8)+-r/3+4^=44. 

/. 32:-6 + 3;r+24+;r+i2Jir=i32 

192=132+6-24=114 
/. 2=6. 

Thus the parts are, 4, 14, 2, 24, respectively. 

The student will note here that we do not put x for any of the 
quantities to be determined, but for something upon which all the 
quantities depend. 


EXERCISE XXX, 


1. Find two numbers whose sum is 30 and difference 24. 

2 . One number is greater than another by 3 and their sum is 
27, determine the numbers. 

3 . The difference of 2 numbers is 1 5 and their snm is twice 
their difference ; find the numbers. 

4 . The sum of 5 consecutive numbers is 125, what are the 
numbers ? 

5 . The difference of the squares of two consecutive numbers 
is 25 ; find the numbers. 

0 . Of 2 numbers which differ by 18 one is as much above 37 
as the other is below 45 ; find the numbers. 

7 . A number increased by 12 is 3 times its defect from 24, 
what is the number ? 

8. Divide 20 into 2 parts so that 5 times the greater part is 
as much greater than 40 as 3 times the smaller part is less than 44. 

9 . What number is that which exceeds its fifth part by 12 ? 

10 . Find two consecutive numbers such that one-third of the 
. the smaller exceeds one-lourth of the greater ^ 
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11. A post has a fourth of its length in the mud. and a third of Its 
length in the water and lo feet above the water. What is its length ? 

12 . Two sums of money are together equal to £s^‘ and 

there are as many pounds in the one as shillings in the other. 
What are the sums ? (C. E. 1885). 

13 . If I subtract from the double of my present age, the treble 

of my age six years ago, the result is my present age. What is 
my present age? (A. E. 1893). 

14 . A father is 30 years and his son 4 years old. After how 
many years will the father be 3 times as old as his sor ? 

15 . Find the number of which the excess over *13 is greater by 
10 than its defect from 27. 

16 Divide Rs. 100 among B, C, so that B may get Rs. > 
more than and C Rs. 1 5 more than B. 

17 . A is twice as old as 12 years ago he was thrice as old ; 
find the age of each. 

18 . A is three times as old as i?, 20 years hence he will be 
twice as old. What is the age of each ? 

19 . Ten years ago A was four times as old as B^ and ten years 
hence A will be only twice as old. What is the age of A ? 

20. can do a piece of work in 12 days, can do it in ic 
days ; in how many days can they together do it ? 

21 . Two pipes can fill a cistern in 15 hours, and one alone can 
fill it in 20 hours ; in what time can the other alone fill it ? 

22 . The sum of 3 consecutive even numbers is 48, find the 
numbers. 

23 A bag contains a certain number of rupees, twice as many 
half-rupees, three times as many four anna pieces and four timely 
as many half anna pieces. The total sum in the bag is Bs. 57 8as. 
Find the number of coins of each kind. 

24 . A is twice as old as B and 4 years older than C. The sum 
of the ages of A^ B and C is 96 years. Find age. (C. E. i860). 

26 . A sum of Bs, 63. 4as, was paid in rupees and two-anna 
pieces. The total number of coins being 100, how many of each 
kind were used ? (M. M. 1890). 

26 . A servant was asked to bring 28 one-anna and half-anna 
postage stamps of the value of one rupee, how many of each kind 
should he get ? 
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Z 7 . What are the numbers of which the difference is 6 and the 
difference of their squares 156 ? 

28 . Divide 50 into 2 parts such that three times one part with 
five titnes the other may be 190. 

29 . Divide 78 into 4 parts such that the first increased by 10^ 
the second diminished by 3, the third multiplied by 4 and the 
fourth divided by 2, shall all be equal 

30 . Divide the number 127 into four such parts that the first 
increased by 18, the second diminished by 5, the third multiplied 
by 6 and the fourth divided by 2|, shall all be equal. (B. M. 1883). 

xMISCELLANEOUS EXERCISE PAPERS (I). 


Papkr I. 

^ If 5, - 2, 7, evaluate 

2 . Plot the points (3, ~4), (5,-1), (*■‘7,2) and measure 

the distance between every two of them. 

Add 3a - (2^ + 5r) to 3 a ~ {s^ - 7c -f {a ~ ~ 54 and subtract 

the result from ~ 3a - 2{5<^ ~ 3(7^ -* 2^ ) + 4* 

4 , Multiply -J-r® ~ 3-r^ by ix - !>'• 

6. Divide -r® - 3^:+ 2 by .r- 1. 

0 . Divide by a number which is greater than x by 

7. Solve 2CV+1) (.v 4 - 3 )+n=:=( 2 ji:+i) (-r+7)- 

8. A labourer is engaged for 30 days, on condition' that he 

receives 2r. 6d. for each day he works, and loses u. for each day 
he is idle; he receives £2. 7s in all How many days does he work 
and how many days is he idle ? (C. E. 1869 & B. M. 1893). 

Paper II. 

1. If u » 7, ~ 5, evaluate. 

a * ^ 3^3^ + 4a*^* h 30^ ^ 

% Prove on squared paper : - 

(i) -5 + 2= - 3 - (ii) - 7 + 4 + 5 - 2 - 0 -. 
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3 . Simplify 25 - 3t2 - 2(3 - 2(5 - 2) ~ i} - i J - 1. 

4 . Add together + -3^>^+4«r^-2a;r, and 

and subtract the result from zero. 

5 . What must be added* to the expression 

3jr - {4/ - s{z - 2.r) -y) to make it equal to ,r 4 -/ + ? 

6. Multiply + by and 

divide the result hy a-d-^^c (M. M. 1880). 

^ _ f 2 jif 2 

7 . Solve 44 r ^-=^4- 4-24 (C. E. 1880). 

8. Divide 48 into 4 parts such that the first part increased by 
3, the second diminished by 9, the third multiplied by 4 and the 
fourth divided by 3 give the same result in each case. 


Paper III. 


1 . If ei = 6, ^=3, r/=4, prove that 

{a^y _ (/7 4‘C)3 4“(< r4-rf)3-- (d ^ay ^ ^ 

{a 4 - (b 4 - cy 4 - 4 - dy - (dVa) 

2 . Simplify 

3 . I walk 8 miles to the east ; then 12 miles to the north and 
next 13 miles to the west, find graphically how far I am from the 
starting point, 

4 . Subtract 2^{3«- (5<^4-r)} from the sum of c{$a - 2 (b ^c)} 
and 3a{2a-3(2^-r)}. 

5 . Divide * 24 4-5ri2r3 4 ’( 25 a-^- 29 ).tr*- 5(4a4-^-“4)jr4-4i?i by 

v=4‘5jr-4* (M, M. 1893). 

6. Simplify e^-{b—cy‘\-b^ — {c-ay^if-(a--by, and find 

its numerical value when ^1 = 7, ^=*5, r==2. 


7. Multiply X* - - 3y* by f;r - j/. 

8. Find two consecutive even numbers such that one-third of 
the smaller exceeds one-tenth of the larger by 4. 
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Paper IV, 

L Find the value of 

when - J, 

2 . If A'«2«-3^ + r, j/=iz + 2^“3c-, find the product of {.v+2;') 
and (2X-J') in terms of a, c. 

3 . The product of two quantities is 6ar® - 1 + 6 x^ - 3-r + 2 and 

one of them is 3;r’ - 2;r+ 1, find the other. 

4 . Find the coefficient of ar"* in the product 

iSx^ + 7a:'* - 3jr + 1 ) {2X^ ~ 5ar* + Jx + 2) 

5 . Simplify ‘(a- 5 )( 2 a+ 9 )--|( 3 a- i)(a+ 2 )'f{( 2 a*- 7 )( 2 .r+ i), 
and subtract the result from Jar* + 

0 . Remove the brackets from 

6{a' - 2[v - 4(2a +^)}] - 4{.r~ ^[y-^{ 2 a - b)]}. 

7 . Solve (C. E. 1872). 

8. A person bought ^66 mangoes for 10 rupees ; some be 

bought at the rate of 18 per rupee, and the rest at 15 per rupee. 
How many did he buy of each sort ? (M. M. 1889). 

f^APER V. 

1. If a- fjty b— ^3, c*~4 and ff=o, find the value of 

+ + (C.E, 1868). 

2. If <z=6, r=8, evaluate 

3 . Multiply 2rt - 3{^ - (2r - <a) 4 * - £• by a - - 2 ! 3<r - (<2 - 2^) -f ^ ! , 

and find the value of the product when - J, 

4. Divide zx* - 6aa'3+ ( 4 a* 2 ^®J.r^+ 3 ^r ^ ^x - a'b'‘ 

by X* (ta - b)x - ab (B. M . 1901 ). 



MISCELLANEOUS PAPERS, (I) 


95 


5. Simplify the expression 
y{a - 3/5 -t- c) - [ 4 ( 2 ^ 4- 4^)(6<r - 3 ^) - 3(^ ~ 4^)(‘2 + 3/5) + 

{(5/*^- 4/5 + 3/*) X 4+^2 -47/5 + 24+ 7] (M. M. 1891). 

6 . From what must 3.r-[5/-{6z- ( 4 ^- iij/) + 4-^] be sub- 
tracted to get 6 ,r - [i - { 3 ^ - (i \y - 54 - yy) + 2 ;rJ ? 


7. Solve 


5-3^ 3-5-y 

432 3 


(C. E. 1866). 


8 . How much milk at Rs, 2 Sas, per maund must be mixed 
with 60 maunds of milk at Rs. 3 . 8 ajr. per maund so that the 
mixture may be worth Rs. 3 . 40 ^. per maund ? 


Papkr VI. 

1. When .r = 1 1, find the value of 

V{^+ 2) - 2 { V 7 I 7 " --r + 2 (M. M. 1 880). 

A. Simplify 

’(<J- -14-36 ■[K3«-2^)-|(¥-^-<5) }- 

3. Arrange in descending powers of .r : — 

2ax^ - 3/5.r + px - qx^ - rx^, 

4. * Divide 3(a+ i),r3 4-2(3a+ i);ir''4-3(r?+ i)(a^ - i)x 

by x^ -■(a+3)x-a^-hi. (B. M. 1900). 

5. Prove that x(x - i )(,r - 2)(.r - 3) + i 

=.t4-2.r=^(3,r- i) + (3^- l)®. 

6. Simplify (a + ^*tc)(x-}-y-h 2 :) + (a-i-^-(r)(x+y-^) 

-f (/54- <r - a)(y-^s- x) + ((T-f /? - + x -y). 

7. Solve g ^ . (M. M,i88o). 


(M.M. 1880). 


8. Find two consecutive odd numbers such that one-fifth of 
the smaller with one-third of the larger is 14. 

Paper VII. 

1. If 5, /5= 12, prove that 

{2a + / 5)3 -f- 9a(2a + / 5 K« - ^) + (u: - / 5 p = 337 5 . 

2. Add together (a + /5 - 4 + (<^ + - a)y 2 + (/:+ /j - b)sx^ 

(2/5 + 3^“ 5a)/^+(2/r+3^*" S4^^ + (2« + 3^-“ Sdrr, 

{b + c) 2 x + (/: + a)xy + (/i + b)yz^ 
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3. If a 

find the v^alue of 2x-{iv-2x)^rS^> 

4* Simplify 

{m-n- fjir- 2/)> -[5^4*2^ {2y-x)}\ 

6. Arrange the expre^aton 

x{p 4* xy^p * + ^» - x{J> - x)} - 0^® + gx){2x^ - yjr + ^*) 
in powers of x ; and divide it by ^r® 4- (/ - g)x - /*. 

0, Divide (a® - ^®)® - 2/^(a* 4- ^*) 4- by a® - ^® - ^ 4- 2^<r. 

7 . Solve 4^=3.^- ‘+£^_ 3 _. (c. E. 189.). 

5 2 ^ 10 

8. A is twice as rich as B and one-fourth of A's property with 
one-tenth of Bs amount to ;£i5o. Find the worth of each. 

Paper VI II. 


1 . Simplify 

^a-[a^b-2{a-\-d‘\-c-{a--i^+c-d)}-\-a] (C. E. 1876) 

2 . From 4a -[3^4- {3- 5c~(i -30^)*- < 5 } 4 - <r] take the sum of 

a-(<^-fr)4-{2r-‘(3<^-7a)} and 2(^ - {3a - ~ r) - 54- 

3. M ultiply — |a^ 4- by ~a^ — 4* 6^^ 

4. Divide 4;^ ~ 6.r 4- 5 by {x - i )®. 

5. Evaluate x%v-{‘x)’k-y‘{2-{‘X)’^rz%X'{-y)-\‘ycyz^ when ;r— 72, 

- ICXD, -S'=28. 

0. The product of two expressions is 28:1** 4- 1 3jr®/® - xy ^ + 1 
and one of them is 4-r*4-4Jty'4- 3y®, find the other. 

7. Solve JT- ^3^- ( 2ar4“ 57)4-4. (A. E. 1890 

8. How old is a man whose age 10 years ago was one-half 
of what it will be 15 years hence ? 

Paper IX. 

*4fr If «» 15, 16, r** ~ 31, prove that 

«♦ 4- ^ + r* * 2 4 - + <^ 0 * ) . 

2. Tabulate the values of -5;r®4“7X“9, when .^=5-3, -2^ 
-- 1 ; 0 , 1 , 2 . 3 . 
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3. Add together 

4. Multiply -x-h |y by |,r - 

^ If a= 47 , ^= 48 , t- 49 , then a3+c3=2i3+6A 
Divide (^+/)3“8j3 by x-y, 

7 . Solve"^J 4 i(?+ 0 -|( 3 + 22 r) 



(C. E. 1894). 


2 . A says to B: two-fifths of my present salary is ol 
yours and the difference between our salaries is Rs. 600. What is 
salary? (P. E. 1894). 


Paper X. 


1. If fi= 10, 1^=1 1, <:= 12, prove that 

(2a- + (7^ 2^ _ ^ 

(2a - 5^)(5^ - ycXlc- 2a) 

2 . If x= 78 , evaluate jr(:r ■i-i)(4r+2)(.t:+3) + i, and find tjie 
square root of the result. 

3. Simplify ^ab - c^ia - 3(1^ - 2<r - 2{a - ib) -f* r} - zb]. 


4 . By what must.ar®+;r-l- 4 t be multiplied to give 

^ -f 3^ + 46jr^ + 89-^3 4- 1 32.:^’ 4* 1 69.ar + 205 ? 

5. Add together ( 3 jr-i)( 4 r+ 2 )( 22 r- 5 ), (i--r) (2-3.r)(2r+2), 
and (3;r4“2)(l +4r)(i - 2x), 

a. M,. »J+;-g.5£^9. (C.E..8,SJ. 


7. Solve 






(B. M. 1883). 


8 What number is that whose third part extceds its ninth 
pan by 12? 



CHAPTER XII. 


FORMULAE AND IDfeNTITIES. 

1. Any general result expressed in symbols is called a 
formula We shall in this Chapter consider important formula' 
in multiplication and division, and the student will do well to 
commit them thoroughly to memory, as this will enable him to 
solve questions readily. 

It Is proved in art. g Chap. VII that 

(a+b+o-f ..,)m===am-f bm + om-i--* Formula I. 

Hence conversely we have 

am4‘bm4-cm4'... = (a4‘b-f c + ...)m ; 
that is an expression of the form am + d/n + cm + can be resolved 
into the factors a+^ + <r + ...and w, where m may be any quantity, 
simple or compound. 

Thus if any factor is common to each term of an expression 
the quotient of the expression by that factor may be enclosed 
within brackets, the factor being placed outside as a multiplier. 

Ex. I. Resolve into factors 

Here x is common to each term, hence taking it out, we have 
3;r*-5jt =.r(3;i -~5), 

Ex. 2 . Resolve into factors + 

Here bc^ is common, to each term, hence taking it out. 

+ 2bc^ = b(f*{ b + 2c). 

Ex. 3 . Resolve into factors 

Here 2 ;i.r is common to each term, hence taking it out, we have 
4a3r - td^x^^2ax{2 ~ 3 ^^). 

Ex. 4 . Resolve into factors 2 xy - -^xy^ •¥ ^xy^. 

Here xy is common to each term, hence taking it out, 

2x^y - ycy + ~ xy(2x^ - 3 v -f 4^y% 

Ex. 5 . Resolve into factors 3 .rj{;r“j) 

Here 3 (.ir*--jy) is common to each term, hence taking it out 
we have 3 ,t 7 (x -y) - 9 ir®(.r -y) = 3 (.r -y)ixy - 3 s-^)| 

EXERCISE XXXI. 

1, Prove that + + 

/ Prove that a{b — c) ^b{c - dr) + ~ <5^) — o. 

; Provethata{a^^+r) + ^<i4-^-r) + <^~a4*^+<r) = a®+^® + c"- 
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Prove that +c)+3H^+a)-}- ^(a + d) 

= dc(d + c) + caic-^a) + a^(a + d) 

=- a{^ + ^*) + + a^) + c{a^ + d^) 

= + ca^ 

3. Prove that - ^) + d%c - a) + ^(a - ^) 

= dc(^ ~-c)+ caic -' t?) + id(a - ^) 

= - {a(i^ - 4- ~ ^2^) + c(a^ - /^)} 

= a^d - -dc^+ c^a — 

[The student is advised to remember the equivalent forms of 
examples 4 and 5]. 

Resolve the following expressions into factors :~~ 

-f ab. - 20 ^ - 5«i'- 

*9: 7;r=*+x ^ax-ioa^x^, 11. ^^-6xy. 

U^: ^rabc, 13 . a^ — a^X’^ax^, 14 . 2a^ + 4a*- 6a\ 

16. x^(y-2)+y{v--s), 10. yi{4a-x^)-~b{4a-x'). 

’hb’\-c)4" bict •\' b c) 4r c{ci-\- b 4" c)» 

3- Square of a binomial. By actual multiplication we have 

(a+b)*=a*+2ab+b'' Formula II. 

(a“b)*=a^-2ab+b* Formula III. 

It may be remarked that formula III may be deduced from 
formula II thus : {a-by~{a-y{-b)Y 

—a^ + 2 a{-b) + {~by by formula II. 

=a^ — 2ab + b'’. 

The formulae II and III may be stated in words thus ; 

(1) The square of the sum of two quantities is equal to the 
sum of their squares plus twice their product. 

(2) The square of the difference of two quantities is equal 
to the sum of their square minus twice their product. 

Obs. From formulae I and II we have by transposition, 

0 ^ 4 * + — 201 ^, 

-f = {a - by 4* 2ab 

Ex. I. Find the square of 3 ^+ 2 ^. 

We have {3a42^)**=(3a)*4‘2.3a.2^4'(2^)® 

K= 9a® 4- 120^4*4^. 
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Ex. 2. Find the square of 2x- $y. 

We have {zx - syf » - 3.2;r. Sy + (5/)* = ~ + 25 ^^ 

Ex. 3. Find the square of 999. 

We have 999’=(iooo~ 1)=* 

— 1000* — 2. 1 000. 1 + 1 
= 1000000-2000+1=998001. 

Ex. 4. Prove that (i) (a + dy + (a - df = 2(a* + d^) 

(ii) (d:+^)*~(a-^)*= 4 < 2 < 5 . 


We have («+^F=^l:*+2n^+^* (i) 

{a - by = a* - 2ad + ^* (2) 

(i) By adding (i) and (2) 


{aA'byA-ia- by = 2a^ + 2^® •« 2 (a* + b*). 

(ii) By subtracting (2) from (i), 

(a + by -(a- by = 4 ab . 

This result may be put in the form ab=^^^^ - » and 

may be stated verbally thus the pgroduct of two quan- 
tities == (semi-sum)® - (semi-dijfference)®* 

Ex. 5. Prove that -J{(^ - cy + (^r - ay + (<? - 
= a® + - be -ca-^ab. 

We have (^-r)®=^*-2^fr+(r® 

(t' — <2)® = (T® — 2Ca + il® 

{a — by=={f ~ 2 ab + 
adding, (<^~t:)® + (<r-a)* + (rt:-<^)® 

= 2a* + 2^* + 2r* - 2 be - 2 ca - 2 ab. 

Dividing both sides by 2, the required result follows. 

Ex. 6. Find the value of e^Arb* if (i) a+^= 14 ab^ - 5 

(ii) a~^=8, 0^=7. 

(i) We have a* + (^*=(a+^)»-2<*^«ii*-2 x(-5) . 

= 121 + 10=131. 

(ii) W|i have a* + ^*=(a— A)* + 2aA-8* + 2 x 7 

-64 + 14 = 78. 

%, Square of a trinomiid* Th^ square of a trinomial may 
be obtained by taking two of the rcmis of the trinomial as one and 
thus regarding the trinomial as a binomial The square of any 
polynomial #ill be considered afterwards. 

To find the square of a+^+e. 
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We have («+^+r)"«{(« + ^)4-4" 

=9(a-f b)®+2(a4-b)o4-c* by formula II 

U. (a+b+c)“-a*+b*+o^+2ab+2ac+2bo 
=a®+bi+c*+2(ab+ac+bo) 


|... Formula IV. 


Hence the square of the sum of three quantities is equal to 
the sum of their squares together with twice the product of 
every two of them. 

Obs. From formula IV we have by transposition 
a*-¥b*-\-c^=^{a-^b-{-cY — 2{ab-\'ac-^bc)y 
also 2 {e^ ‘hac-\'dc) — (a+b+ cY — 


Ex. I. Find the square of 34r+£F-h45'. 

We have (3;r+ 5> +4^)* 

- (3^)^ + + (4^y + 2.3^. 5 V + 2.3x.4:^ 4- 2. 5^.4^. 

« + 2 5 ^“ + 1 62 -'’ + Soxy 4- 2 4 ;r 2 ' 4- 4oy3. 

Ex. 2 . Find the value of (ab-i-ac+bcY 
We have (ab-hac-hbcY 

= (aby 4- {acY 4- (bcY + 2,ab.ac4‘ 2 .ab.bc 4- 2 ac be 
= a^b^ 4- a V 4 - 4* 2a*bc 4- 2 ab^c 4- 2 ab(f^ 

= a^b^ 4- 4- Ifc^ 4* 2 abc{,a + d 4 - 


Ex. 3. Find the square of 2a — '^b- c. 

We have [la -^b- cY = {2a 4- < - 3^) 4- ( - c)Y 
~ {2aY 4- ( ~ 3^)*4- ( ~ cY + 2 . 2 rt( - 3^) 4- 2 . 2 «( - ^) 4- 2 . ( - ^b){ - c) 

== 4 a* 4- 9^® 4- - 1 2a^ - 4a£' 4- 6 ^r, 

Ex. 4. If a4*^4-^'=i5, <2^4-a<:4-^r-*47, find the value of 
We have GY4rlf‘\-(f^{a-\-b4-cY-2(ab4rac-\‘bc) 

= I 5 ®- 2 X 47 

= 225 - 94 - 131 * 


EXERCISE XXXII. 


Writ© down the squares of : — 
x+u <SL 2 : 4 - 3 . 

9. ix-^my, 10. px-gy. 11. if -be. 

18. |a4-i^. 14. 16. 


IT 7 ^+ 6 . 

8. a2:4*2^>'. 
12. 2 im-$mn. 

16, 



Id^ 


liAtiiieiri.ATioir 


[cm. 


Find the value of 

17 . 75 18 . g 8 ^. 19 . io 2 \ 20 . 4 gy \ 

21 . 7995. M 1*005®. 23 . 5*997®. 24 . gg * g \ 

f\gir Find the value of if «-f i^=7» 

(2^^ i 4-^= i 2, ab — -5. 

(^K«-b= ~-4,a^= -21. 

Find the squares of 

%ijSf?. a+^-iT. 28. a-b-c. 

29. 30. 2-3;r-5^. 31. 3;r*-5;r + 2. 

\32. 33. ax^-^bx->rc, 34. 

^35. Find the value if 

ab’h’ac+bc—yz, 
a <5+{:«=40, a/^4-ac+^r=io9. 


30. Find the value of abFac^’bc if 

(1) 75> ^+^+^“20. 

O’) a® + ^+£^~2i5, a+^ + <r=25. 


If a+^+^=/, ab-\‘ac-\‘bc=^q^ prove that 


Simplify 

(a4-^ - 4* +(« - ^ +f)* -f ( - a + ^ +c)® + (« + <:)*. 
Simplify (a 4* + (<^ + 4* + (<^ + 1?)® ~ (a + <& + 4*- 


40. Prove that ~ ; hence 


express the cubes of the following as the difference of two squares :— 
15, 2i» 32. 


§. Product of mum aud differenoo of two quantities. 

By actual multiplication ive have 

(a4'b)(a~b)=a*"-*b* Formula V. 

Hence the product of the sum and difference of any two 
quantities is equal to the difference of their squares 

Ex. I. (3jr + 2^)(3.v - 2y) « (3^)* - (lyf •tq.r* - 4^*. 

Ex. a. (Se^ - + 7cd)^($ab)* « (7rd)*« 2S<i*^ - 49c*df*. 
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Ex. 3. {^/3^+I)(^/5r~I)=(^3^)*-I=3x*-I. 

Ex. 4. Multiply loi by 99. 

We have loi xgg~(ioo-i-i)(ioo- 1)~ =9999. 

Ex. 5, Find the continued product of 
Product (a - ^)(a + 3 )(a^ ^ 

= (a^ - 

EXERCISE XXXIII. 

Writedown the products : — 

1 . {;r + l)(;ir- 1). 2 . (;ir-f 4)(;r - 4). ■ 3 . (x-ha^x-^a). 

4 . (2x-h9){2x~g). 5 . (3« + 5 ^)( 3 «- 5 ^)* (.r~6j)Cr+6j'). 

7 . 4' + 2>')(.r - 2/). a (la - id){^a + 1^). 

9. 10. (fr/+ i){|2rj/-- 1). 

11. {a^ sl 2 b){a-‘ J 2 b). 12. (8 + 7rt)(7^-8). 

13 . {,- 2 a- '^b){^b- 2 a). 14 . 

15 . 16 . {pa'^qb){j>a-qb)* 

17 . V3^'+i>')(-^-|j)‘ 18 . 

19 . (2.r+3v)*(2jt*--3;/)*. 20. + 

Find the value of (by formula V) : — 

21 . 28x22. 22 . X43. 23 . 92x68. 

24 . 125x75. 25 . <54. 20 . 73x47. 

Write down the products 

27. (i~jr)(i+.r)(i+4r=). (2.r+5;/)(24r-- 57)(4.a:» + 2f[y“). 

^^(mx - n){mx + n)[m^x^ 4 * «’)• 

30 . (x ~ 2)(x + 2){x‘ 4- 4)(-^ 4* 16). 

31 . {a-b)(a-¥b){(f+b‘){a^'¥b*). 

32 . (^1 - by [a + by{a ^ + ^)*. 33 . {ia + 3^)*(2a - zbf^a^ + 9^*)". 

t Find the value of (b-^c)id-c)-¥(c+a){c‘--a}'{-ia-^b)ia-~b). 
Find the value of 

(xr+3F)(2jr- 3 y)+(a)^ 4 - ^x){ 3 ^^ss)Jt(Ss-¥tx){ss->ix). 
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C* tn the result of art 5 we can put for a and b any two 
ejmressions ; hence the produot of the eum and dijfferenoe 
of any two exproseions is equal to the difference of 
their equarw. 

Ex. I. (aA'b'fcXa-hb- c) 

={(a4*^)4*r}{(<« regarding a + b as one term 
^ (a + by - , by formula V 
=«“ 4* 2ab c^. 

Ex. 2 . {a* + ^ 2 ab + b^){a^ - tjzab 4 b^) 

~ {(< 2 ® 4* 4 si 2ab}{{a^ + — s! = (a® 4 b'^Y — ( fjzaby 

= rt'* 4 2a*^® + ^ =x 4 

Ex. 3 . 

«{(a® 4 b^) 4^4{(a® 4 b^) - ab) 

= (a®4^")"- W 
= a* 4 4 ^ 

«a*4a®/^®4^ 

This resuH is important and should be remembered as a formula. 

Ex. 4 . {aA‘b^C'\-a){a-b-¥C’-d) 

= {(a 4 4 4 4 d)}{{a 4 4 “ 4 (^^ 

^{a+cY-ib^cly 
= 4 2 ac 4 r*) — (^ 4 zbd 4 d*) 

= a® - ^ 4 4 2ar - 2^^, 

Ex. 5 . Find the product 

(a 4 b 40 )(a-b 4 ,c)(a 4 b~o)(-a 4 b 4 o) 

Product « {{a 4 4 + + 4 x {^ + (<* * - 4} 

«{(«44’-^}x{^-(a~44 

» (a* 4 2ar 4 + 2ac - 

» {ao^r 4 («• - <5® 4 <f)Yt2ac - (a* - 4 c*)} 

*(2a<r)«-K-^*4^)* 

» 4a*<:“ - (^ 4 ^ 4 ~ 2a*<5“ 4 2aV - 
» 2a»b® 4 aa*o* 4 2b*c® - a< - b* - c4 

This result is important and should be remembered as a 
formula. 
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EXERCISE XXXIV. 

Find the following products 

1 . (a-3+c)(a+^-^^. 2 . 

3. (2a-3^+5c)(2a+33-S^^- ‘i* U^+2x+s)(x^-2x+3). 

5. ( 3 a" - 4 ^* + 7^)(7^ + 4^* - 3«*) 

B. (4ad + 63c “ 9 m) (4a3 ~ + Qr^?) . 

7 . ( 3 ^ — + 2c^) ( 3ax -by — 2 cs), 

8. (ia + mb + nc)(ia — mb 4- nc), 

9. (/jr® + gy^ + ( px^ - $rj/® 4- ^-sr®). 

wlO. (^4-<^--<r-^/|(<«-<54-^‘-^ 11 . [J}-c4-d-a){c-d-~a-b'). 

12. ( 2 .r - 3 v 4* 4 -s' - 3iv)(2x 4- 3 / + 4 .^ -f 57£/) 

13. (3a“-5^' + 7^-9^)(3<«"-5<^'-7^^^-H9^). 

14. (/:»f4-^y4*r.2 4-i‘w)( -px-\-qv — rz •l-jw'). 

"^5. {ab^bc’\‘cd-\'dd){ab4’bc~cd-irdti), 

16. (i4-^4-;r®4-;r34-.r^)(i 

Find the continued product of 

17 . x^- xy +^*, x^ 4 - xy 4 ->'®, x* - xy^ +/*. 

18. x'^-x^’ii x^^-x^-ii x^-x^+ii x^-x*4-i. 

Simplify 

19. (a-^b + cXa + b-c^-hia-b-i'cXa- b-c) 

+ i-a4-b+c)(a-b4-c). 

20 . (a4‘b4-c4-£f)(a4-b-c—d)4-(a-b4'C-dj(-a4‘b + C-d). 

21. Add together jr® -{x-y^ ^)(x -{^y - z)t y^-(y-x + s)x 

{y 4 '^~^), and 3^-{s-x-^y)(z-^x-y). (C. E. 1864 .) 


7. Product (;r4-a)(^4-<^). 

By actual multiplication we have 

(x+a)(x4-b)=x*4-ta-fb)x4-ab......Formula VI. 

(X4-a){X4-b)»x®4-(sum of a and b) X4- product of a and b. 

Observe that the product involves jt®, x and a term not 
containing jr, and that b in the formula may stand for any positive 
or negative quantities. 

Obs. We can also write the formula thus : 

(a 4* jr)(^ + jr) =a 4* {a 4* 4-x® 



io6 


MATRICULATION ALGEBRA* 


[Chap. 


Ex. r. 

(sum of a and product of a and -b 

-r {a - b)x ~ ab. 

Ex. 2. {x-^a){x-b) 

~x^^ ^r(<4um q( -a and -~b)x-V product of -a and -b 
~x^ -{a-^b)x~^ab. 

Ex. 3. {x- 4 )ix+s) 

=4r’-Msum of -4 and 5)^ 4* product of -4 and 5 
=.r“+-r-* 20. 

Ex. 4‘ Cr'+2)(;r~9) 

~.r''+(sum of 2 and -9)4: 4- product of 2 and -9 
~x^-yx- 18. 

Ex. 5. Cr-3)(^-8) 

=.r^4-(sum of -3 and -8).^ 4- product of -3 and -8 

ii.r4-24. 

Ex. 6. Ct*-“7>')(4r4-Sj) 

=.r='4-(sum of - yy and sy) x 4- product of ~ yy and $y 
=^,r"'4-(~2>')x~35;/’ 

=-x^2xy--^Sy'. 

Ex. 7. Find the continued product of (jr4*a}(.r4“^)(.v-a)(Ar-<J). 
Product = (x-\-a){x -a)x{xi‘ b){x ~ b) 

=^{x^-(f)(x^--b^) 

Ex. 8. Multiply x-¥a+b by x-k-c+df arranging the product in 
descending powers of x. 

Product = {x 4- {a 4- 4- (c 4* 

-x^-^{a’^b+c^d)x + {a-\‘b){ci-d). 

EXERCISE XXXV. 

• 

Write down the products : — 

1 . (j: + i){« + 3). 2 . Ur+l)(;r + 5), a {x+7){x-4). 

4. (a+4){<i-ii). 6. {y-~g){y+7)- 6. iS-c){c-t3). 

7. (ad+i)(ai- 3 ). 8. (5x+2)(5r-ii). 9. (*’+>')(*’+ ay’)- 

10. (.¥-4>')(*r-6j.) n. {x-7y){x+Siy]. 

12. (a-hi^r)(a + «). la S^^)- 
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Write down the products 
14 . ( 3 -/ w 2!)(3 + 5 ^»^)‘ 

10 . 

18 . {6x~sy){6x^y)r 

20. {ax + dy){ax + cy). 

Find the value of 

21, (t + 2) (;r 4- 3){*^^ - 2 )(;t: - 3). 
23. {ax 4- dy){ax + cy){ax ~ dy) { 


15. (i -or). 
17. (3>'+4(3;'-*-2r). 
19. (3-r*-f7)(3't^-i)‘ 


22. {;r4a)(jr+24)Cr-a)(;r*-24). 
v-cyh 


8. Product (ar-hdXcx-k-^f), 

We have by actual multiplication, 

(ax + b)(cx 4 d) = acx^ 4 (be 4 ad )x 4 bd F ormula V H *■ 

Hence the product of the binomials 4^ and 4 consists 
of three terms of which the first contains a'*, the second contains x 
and the third does not contain {t,e. is independent of)jr. 

To get the first term of the product multiply together the first 
terms of the binomials ; to get the second term of the product multi- 
ply the second term of each binomial by the first term of the other 
and add the results ; and to get the last term of the product 
multiply together the last terms of the binomials. 

It should be noted that a^ d in formula VII maybe any 
<^uantifies, positive or negative. 

Ex. I. Multiply a.r 4^ by 
Here first term of the product—ax xcx-acx'^ ; 
second term „ „ ~dxcx-h{-d)ax 

~b€x-adx^{bc-ad)x ; 
third term „ „ ^bx{-d)^ -^bd. 

{ax‘k’b){cx-d)==^acx^’\r{bc-ad)x--bd. 

Similarly, {ax - b){cx -d}^ acx^ - (be + ad)x 4 bd. 

Ex. 2. Multiply 5^+3 by 4;r47. 

( $ 2: 4 3 ) + 7 ) = 5 ^* 4 ^ + ( 3 - 4 ^' + 7 - + 37 

= 20t3r«4474:42I. 

Ex. 3. Multiply 3Jr 42 by 5jr~ 9. 

(3^4 2)(5.r - 9) =* + (2.54r - 9.3^) 4 2( - 9) 

= r5jr*- i7x-*i8. 



I 08 MATRICULATION ALGEBRA. [CHAP. 

Ex. 4. Multiply 2 by II. 

2)(3T - 1 r)=5^.3^- (2.3;r + 1 i.5;ir) + ( - 2)( - u). 

= l5.;*r®-6l;r + 22. | 

Ex. 5. Multiply 3^+4^ by 2 x+SLy* 

(31? -P 4y){2;r + Sy) = 3''^,2x + (4j'.2;r + £y. 3 ^) + 4 >'. 5 y* 

* = 6 ar^ 4 - 23 Ar^-f 2qy^ 

EXERCISE XXXVI. 

Wtite down the product : — 

1 . { 2 x^i){p:^ 2 ) 2 . { 3 ^- 4 - 5 )( 2 ;r + 7 ) 3 . ( 4 ^ + 3)(3^~8) 

4 . (6;r-5)(4.r + 3) 5 . (4;r- 5)(2.r+7) 0 . (2;i; + 3)(3;ir~ 5) 

7 . ( 9 *^“ 5 )( 7 -^^- 2 ) 8. ( 3 :t:~ Ii)(2,r+I) 9 . (4;ir- l2)(2.^r-9) 

10. ( 4 jr+ 7 )( 6 ^~ 5 ) I!- {%x- s){ 6 x-~ ii) 12. (7^+4)(2:r-3) 

' 13 . (3^-4)<2/j-5) 14 . (na- 2 )( 3 <r- 7 ) 15 . ( 7 «f - 3 )(S« 9 ) 

10 . (S;r~9y)(2x+3y) 17 . (40:- 5<^)(6a-^). 


9 * Product {x -f- a)(x +fi)(x-h c). 

By actual multiplication we have 

(x+a)(x+b)(x + c) 

(j^4.b+o)x“ + (ab + ac+bc)x 4 - abo... Formula VIIL 
Thus (;r4-rtt)(;vf ^)(jir 4 “^:)“.^r 3 +(sum of a, d, c) x^ 

4 * (sum of products of every two of a, ^r) -r 4 - product of a, b^ c. 
Note that a, b^ c may be any quantities, positive or negative. 

Ex. I. Find the product {x+a){x-b)ix’^c). 

Product =.r^ 4 - (sum of a, - by c)x^ 

4- (sum ol products of every two of a, - by c) x 4- product of a, - c. 

^X^'k-(B^b^c)x^^(-ab + ac-bc)x-abc. 

Similarly, (;r « a){x - b)(x - c) 

« - (a 4 * ^ 4 - c)X* 4 4 - <at^ 4 - bc)x - abc. 

Ex. 2. Find the product (x- 2 )(x 4 - 3 )(-r- 4). 

Here sum of- 2, 4-3, 4* - 3 • 

sum of products of every two of- 2, 4-3, -4 
=*- 2 X 3 +(- 2 )(- 4 ) 4 - 3 (- 4 ) 

SB — d+8— I2« — 10 ; 
product of -2» 4 “ 3, -4-24. 

/. Required product =« ^ 4. 24. 
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Ex. 3. Find the product (x - 4 ^{x - ^){x - 1). 

Here sum of -^4, - 5, *- 1 = *- 10 ; 
sum of products of every two of -4, - 5, ~ i 

, =(- 4 )(rS)+(- 4 )(-i) + (- 5 )(“i) 

= 20+4 + 5 = 29. 

product of — 4, - 5, - I = - 20. 

.*. Required product ^x^- lojr’ + 29;r - 20. 

EXERCISE XXXVII. 

Obtained the following products 

1. (.r + 2)(jr + 3)(4r + 4) 2. Cir + 3)(.jr + S)(.r +6) 

3 . (jr- i)(.r+7)(^~8) ^ 4 . 3)(.r- 5 )C^'- 7 ) 

5 . (x 4 -y){x-\‘ 2 y){x 4 r'^y) 6. {x+ 2 y){x-^^){x- 4 y) 

7. (a~3<5)(a-5^)(a~7/;) 8. (f? + 3^)(a - 4^)(a - 2^) 

(2.r - i)(2.r + 5)(2,r - 4) llfi^ (3« “ 4 ^)( 3 « - 2d)(^a - 

10 . By actual multiplication we have 

(a+b){a^ -ab+b'’)=a 3 +b 3 Formula IX. 

(a~b)(a* + ab + b*) = a 3 — b 3 Formula X, 

It may be noted that formula X may be deduced from formula 
iX by changing d into -d. Also we observe that there is plus 
or minus on the right according as we have a plus b or a 
minus b on the left. 

Ex. I . {zxAr 3 /)( 4 ^'' “ 6-r/ + 9/’) =» (2,r)3 + (3^)3 = 8 .r 3 + 27/3. 

Ex. 2. {ix - 5/)(9.r* + i %xy +-25/*) - l3x)3 - (5/)3=: 27^1:3 - it^yK 
Ex. 3. {a^rb){a-b){a' b^a^ — ab-¥ b^) 

= {(<2 + b){a^ - + ^^)} X {(a — (a* + + <^^ ) } 

= (a 3 + i^){a^ - ^3) ~ 

EXERCISE XXXVIII. 

Write down the products : — 

1. (jr+i)(4r*“;r+i) 2. (x- i)(jr*+x + 1) 

3 . (2jr + 5/)(4-V' - loxy + 25^*) 4 . (j-r - 4 y)(^ + I2.r/ + 16^). 

O. i2x-y){4x^4-zxy4’y^) • 6. (S^-2y)(2§x^+ioxy4‘4f) 

7 . {a+6^)(a»-6a^+36^) 8. (<i^+2)(a»^*-2«^+4) 
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Wrife down (he products ; — 

9- (S-xy){ 2 S + sxy+xY) 10. 

11. (^-3 Xa+ 3)(^’~3^+9)(^“+3^ + 9). 

12* { 2 x 4-/)(24r 4- 2xy +/*) {4x^ - 2 xy -{-y). 


1],. Cube of a binomial. 

By actual multiplication we have 

(a + b)3 = a3 + 3a^b + 3 ab^ 4 - b^ 

or = a3 4- b3 4- 3ab(a 4* b) 

(a - b)3 == a3 - 3a^b 4 - 3ab= ~ b^ 
or = - b3 — 3ab(a - b) 


■ Formula XI, 
Formuia XU. 


Obs. It is to be noted that formula XII can be deduced from 
formula XI by changing d into -d. From these formulx we have 
by trantposition 

a3 4- ^3 /fy - ^ a 6 (a 4 - 

— 1)3 ~ ^ - d). 

Ex. I. Find the cube of '2.r4-3v. 

(2.r 4- 3r)^ = (2A43 4-3(2jr)^3jj/ + 3.2;i-.(3j/)-’ 4- (sy)^ 

= 8.r^ 4- ^(yxy 4- 54.r/^ 4- 27/5 
Ex. 2. Find the cube of 2^?- 5/c 

(2a - 5 <^)3 :r: {2ay - 3.(2rtr)^ 5/^ 4“ 3. 2rt. ( - ( 5<5) ^ 

= 8^3 — 6 oa^d 4* i -12 5^^^. 

Ex. 3. If a4-<^ = 7, rt/; = 2, find the value of 
We have 4- = (a 4- - 3a<)(a 4- /i) 

= 7^-* 3-2 7=443-42-401. 

Ex. 4. If - /;— 5, «= 6, find the value of - b^. 

We have _ 1^3 ^ab{a ~ b) 

«5^4-3* 6.5-215. 


12i. Cube of a trinomial. To find the cube of ^4-^4- r. 
(a4*/^4"f)'^={(^4*^)4-r}3, taking a4'<^» as one term 

— («4'<^p4*3(<*+^)V4-3{a4-<^k'*4-r^ by formula XI. 

— {^3 ^ 4. /;)J 4. 3(^ 4. 4- 3{^J 4“ b)c^ 4- r ) 

« 4“ 4* 4“ 3(<a 4* 4- (« 4- 4* £*"} 

«*<»^4'^-hi^4'3(a4'^)(a4-r)^^4'ir), by formula Vf, Obs. 

.\(a4-b4oy«a3 4-b3+034,3(a+b)(b4-cKc+a)...fbrmulaXUL 
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If in the above we multiply out the right-hand side at the stage 
(i) we have 

(a+di- cy = «3 -H -f- + 2a^ -f- -f ${a + 3)^^ 4- cl 

— a^+3^ + yi^b + yib* + 3aV + babe -I- ^b'^c + 

(a 4 b + 0)3 == a3 + b3 + ^ 3 (a*b -4 ab’ + b®c + bo* + c*a + ca* 

-42abc) formula XIV. 

Ex. I. Expand (a-^-4c)3. 

Changing b into- in formula XIV, we have {a-b-^cy 
^3 -« ^3 -f. ^3 -j- 3( _ a‘^1, 4. - bc'^ + c^a + ca^ - 2abc). 

Ex. 2. Expand (x 4 35)3. 

Putting a=^x, b^ 2 y^ -31? in formula XIV, 

(.r 4 2^^ - 35’)3 « 4 8>'3 - 27^3 4 s{x\ 2 y +x.(2yy 4 (2j')"’( - 3z) 4 
2 y( - 4 ( - 4 ( - 3 ^)^ + 2.4. 2y( - 2 -)\ 

— ,r3 4 8/3 - 27.?^ 4, 3{2.r*/ 4 4t/* - 1 2y^c: 4 1 8/c' ’ 

4 gs^x - 3.2'.r* - 1 2jr/.: }. 


EXERCISE XXXIX. 


Find the cubes of 


1 . 

4. 

7. 

10 . 

13. 


X 4 2y. 
a 41^. 
a-b- c. 

«* 4 — c^. 


2. 2;r4/. 

5. 3;r* - 4.^3. 

8. 2a-\‘b-3c. 

11. 2/-“ 5^4/?. 


\J4. 

'HE 

40. 

^7. 


Find the value of «3 4 <^ if (i) a-vb- 
(ii) a-^rb- 
and of if (i) 

(ii) a-^b- 

If <3 4^ = 6, prove that a^-{-b^-h'iSab= 


^3. 3.V-4, 

V 6. 

9. ab-ybc^rca. 
12. 3a~-2b-%c, 

= 9, ab »=* 1 1 . 

= 7, ab^c^. 

= 3, 

= 4, ab^Z. 

= 216. 


If a--^s=2, prove that a^~b'^ — bab-\-Z. 

If ab^q^ prove that 3pq^ 

If a-^ b—p^ ab*»q^ prove that a^-b^—p^^3pq. 

U 2x-h3y^4f xy—i, prove that Sx^+iyy^-^S-o, 
If 30- sb^tyOb-z, prove that 27^3 - 125^3=91. 
5implyfy 

20. (a4^F4(a-l)3 V 21. (a^by^(a^b)K 

22 . (x 4/)3 - (;r 4 3)3 - 27* 
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. 13 - We have iy actual multiplication 

(a+b+c)(a®+b"4-c*-bc-oa-ab) 

=a3+b3+c3~3abo formula XV. 

We observe that the left hand side one factor is the sum 
of 3 quantities and the other factor is the sum of their squares 
minus sum of products of every two of them ; while on the right 
hsnd side we have the sum of their cubes minus j times their 
product 

Ex. I. Find the product (a- + 

Changing 3 into-^ in formula XV, we have 

— ^3 - j^3 4- ^3 ^ ^a3c. 

Ex. 2. Find the product 

{2X-3jf^4s) (4;r®+9y*+i65r^-> i2j/s4'S2x+6xy). 

Put a^2 Xyb^ - 3y, -42 in formula XV, then 

(2.^ - 3/ - 4^)(4v'' + 97’' 4-162 ^- 1 2y2 + Szx + 6xy) 

= {2aV + ( - ay? + { - 42 ? - 3-2-r{ - aylC ~ 4-2') 

= Zx^ - 2yj^ - 64^3 - y2xyz. 

Ex. 3. U bc^ca-\’ab^3y find the value of 

Arh^ - Zubc. 

We have a''4-b^-\-c^^ia+b4’CY — 2ibc4‘Ca-\"Cib), art. 4, obs. 

=6"- 2x3=30. 

Now a3 -f- - zabc 

^(a + b4’C){a^A'b^A‘S^-'bc-ca--ab) 

= 6 X (30 - 3) = 6 X 27 = 162. 

EXERCISE XL. 

Find the following products 

2 , ix - y -f i)(.r= + xy -- x+y + 1). 

I)(4r*+.t7+y**h4r~/-n). 

4* (2jr-ay+4s^)(44r®+9/’‘Pl6isr’+i2/ir-&grjr4-6jry)t 

S. (i+a + 

M f, 2)(<Pr*4'r®a*-i-^« + 2ra-2<^^r+4). 

■JB. (jr»4 3Jr-2Kjr*--3^3+li^4'6tr-f4h 
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yQ, If a+^4-t:=i2, dc-^ca-\‘ad=s^^ find the value of a3+^ 

10. If a + d+c=i6, dc+ca+ad=:g, abc^i^^ find the value of 

a'i + ^ + iT^. 

11. If « + prove that 

12. li a'\-b‘\-€~ii^ abc— 2 *^^ find the value of 

*'i3 + ^ + r3. 


14. The following results in division are important. 
1. By actual division we get, 


'Kyj 


^a + bj 


fl'i hZ 

a-b 

* — = <z3 -f (t^b + a^* + b\ 

n ~ h ’ 


-^a^^a?b'k-a^b’’\’aI^-\‘¥ ; and so on 

a-b 

Thus it appears that is divisible hy a-b when is a 

positive whole number. 

II. By actual division we get, 


-b 


a’\- b 


-ab-\‘b^ — 


2b^ 

a4-^’ 


— r =* 

a-^-b 

:js= — ^3^ 4 . 4*2^ 4 . ^ 

a + ^ 

/j* A® 

»s as - + a3^ ~ a*^ 4 . ; and so on. 

a-^b 

Thus it appears that is divisible by a+<& only when n is 

an even whole number but not when n is odd. 

8 
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Thus it appears that is divisible hy only when «is- 

an odd v^hole number but not when n is an even integer. 

I V. By actual division similarly it will be found that is 

never divisible by where n is any positive integer. 

Thus when n is a positive integer : — 

(1) a” ~ is always divisible by a - b. 

( 2 ) s'* - b’* is divisible by a4- b only when n is; even but 
not when n Is odd, 

(3) a”+b'‘ is divisible by a+b only when n is odd but 
not when n is even. 

(4) a”+b” is never divisible by a— b. 

(For proof see Remainder Theorem, Chap. XXIII.) 

IS We shall here consider some identities of an easy type. 
To establish an identity we can use, any one of the following 
methods : — 

(i) to reduce one side and prove that it leads to the other side ; 

(ii) to reduce both sides and to prove that they lead to the same 
result. 

Cyclic order. In some cas^ we shall find it convenient to 
use the letters ^curing in an expression in cyclic order. If we 
an ange any nunroer of letters along the circumference of a circle 
and if starting from any one of them proceed round the circumfer- 
ence in the same direction we meet the letters in cyclic order. Thus 
a, r* d or 4 <» or r, d^ a b or a, 4 ^ will be in cyclic 

order. 
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C* Difference of two squares. We have from formula V 
a* - b® = (a + b)(a - b). 

To factorize directly, we have — ^ = 

—a(a-^d)-d{a-hd) — (a-\’d){a-^d} 

This result is very important and may be stated thus : — T/te 
difference of the squares of two quantifies is equal to the proauct 
of their sum and difference. 

Ex. I. i-92z*=i"-(3^)’=(i+3^z)(i~3rt). 

Ex. 2. 4^*-25;^®=:(2.r)''-(5;K)^=(xr+5;/)(2.ir- 5j). 

Ex. 3* = 

Ex. 4. 5.1:® — 2oa^=5(.r*--4a®) 

^ ^{x + 2a)(x - 2a). 

Ex. 5. xy^-xs^’»x{y^— ~ a). 

Ex. 6. Find the value of (7958)^ -(7953)= 

The expr.=(79S8 + 7953)(79S8-7953) 

= 15911x5 = 79555- 

Ex. 7. Factorize a^-ib-cf, 

^2 _ - c)}{a ~ {b-c)} 

~{a b — c)(a - h -k' c). 

Ex. 8. Factorize i3x-4}')''-(2x-y)^. 

The expr. = {{^x - 4/) + (2,r -j/)}{( 34 r - 4/) - { 2 x -y)} 

= (Sjv - sy)i^^ - Z}') = sU ~ y)i^ - zA 
Ex. 9. F actorize a* - ^ + 2hc - 2ca, 

The expr. = («* - { 2 ca ~ 2 bc) 

= ia4-b){a -b)- 2 c{a -b)^{a- b){a^b - 2c), 

EXERCISE XLVI. 

Find the factors of (mentally) : — 


1 . 


2 , 

-r*- 4 . 

3. 

4x* - 1. 

4. 

25a=*- l6. 

6 . 

.ryr-49. 

6 . 


7. 


8 . 


9. 

x^~ 121. 

10. 

360^- 169. 

11 . 

25-r®- 16/*. 

12 . 

49 ;r®~ 64 /". 

la 

X^ff - fOC 3 ur^/* 2 '*, 

14. 


16. 

16 ^ 5 - lOOrt. 

la 

Pnf - 90 ^. 

17. 


la 

3a* -27^*. 

10 . 


20 . 

I2a^~75az:». 

21. 

a^p^^bY 
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.Find the of 

22, 5932 ® ““ 5929 *. 28, yng^-^ynS^ 24, 98397 ^- 98297 ^ 

Factorize 

26. 20. Six-x^, 27. 

28. {a-hff-c\ 29. {a-df-c*. 30, 

31. {a-\’bY~{C’\‘d)\ 32. i-{x+y-\-zy, 

33. ($x -- 4 yy - { 2 a + by 34:. (7-^ +'9)"'-“ ( 4 ^ + 5 )®* 

35. {x+ay^-iy-hay. 30. i6{a-^by -g(a-by. 

37. - 4xy\ 38. 3(3;i^-57)*~ I2tr-77)^ 

39. 4Jir^ — 9/"* — — 3y. 40. — 4b^ -{- 2ac 4bc, 

41. ga^-b'^~-i2a-4b, 42. i6x^-2$y-h4xz-\-Sy^- 

Simplify 

43. {a by -{a -by, 44. {3x-i‘4y-ysy -{sx-4y+7^y 

45. (5<2 -9^+ii£')'"-(5a+9^- II^)^ 

40. 9(2a + sb + 2cy - 4(a + ^ + 3<r)» 

47 . (2rt-3^ + 4t'- 5d0'-'-(3^ + 4^+5^+2a)^ 

48. {ai‘b-^cy~{b-\rc-ay + {c-^a-by-{a4’b-cy. 


7. Expression reducible to the difference of two 
equares. 

Sometimes an expression may be expressed (by adding and 
subtracting the same quantities* if necessary) as the difference of 
two squares, and then we can factorize it as in art. 6 . 

Ex. I, Factorue a^- 2 ab+b^-c^. 

The expr. = (a* - 2ab + 

^(a-^by-c^ 

^{a-b4'C){a-b-c), 

Ex. 2. Factorize a^-b^ -c^4’d^‘\r2ad+2bc. 

The expr. « («“ + 2 ad -hd^) — (b^ — 2 bc+ c^) 

« {<2 + <f)* — 

^{a4‘d-hb-c){a+d-b4‘C), 

Hote Here 2ad suggests that we are to take it with a^+af!» ; so we 
take 2b€ with -A*— 
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Ex. 3. Factorize a^-f 4b^. 

We have + =(«*)"* 4* (2^*)® ; hence to get a perfect square 
we add 2 a^. 2 b^ or 4^’^% subtracting the same to keep the value of 
the expression unchanged. 

Thus 

= 4- 4^ 4- - 4^®<5* 

= (a* 4- 2b^Y - {2abY 
= (a"* 4- 2ab 4- 2b'') (a'* - 2ab 4- 2b''). 

It appears that the sum of the squares of two quantities can be 
factorized if.twice their product is a square quantity. 

Ex. 4. Factorize a^4-a=b''4-b^ 

Here we add a^b'^ to get a perfect square and subtract the same 
to keep the value of the expression unchanged. 

Thus a*'^a^b‘^-\‘b*‘ 

{a* 4 - 2a-b^ 4 * b*) — a-b"* 

— — {abY 

= (a'' 4 - ab 4- b*)(a'' - ab 4- b-). 

This example is an important one and the method of it may be 
applied to any expression which, when a square quantity is added 
to it, becomes a perfect square. 

Ex. 5. Divide (.r - i)*4- 4Cr - i)^4'’4- 16/^ by 

jr* 4- 4>'* 4- 2xy - 2x - 2/ + i . 

Putting X -r i— a, 2 y — h^ the dividend 

+ by ex. 4 

= {{;r- i)''4-Cr- i)2j 4-4T'} i)"-Cr~ 1)2/ 4- 4/1 

= {x'^ 4- 4/“ 4* 2 xy - 2 x -2y+i ){x^ + 4/* - 2xy - 2x 4- 4- 1 ) 

quotient 4*4/"-' 2.r4' 2 / 4 f. 

EXERCISE XLVTL 

Factorize 

1, X- - - 27 - 1 . 2. jr’ 4- 2xy 4*>'‘* - 


a 

X*- 

‘4.r/4-4/'---'- 

4 . 

X''-6x/4 9 /* - 2 $. 

5. 

4 tf* 

~ i2a^4-9^* — 4<r’. 

0 . 

9a'*4-30<j^4*25^* -T lOOT", 

7. 


4 * 2 /r. 

a 

a* + ~ 4- 2ab - 2^d, 

9. 

Ax’ 

-49r*4-/*-4-^'/* 

10. 

4 a*- i6<&®4-8^~ I. 


9 
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.factorize 


11 . 

14 . 

17 . 

20 . 

22 . 

24 . 


9 a’* - + 25 .;tr’ soax, 

4 a® 4 4 ^ ~ + 1 ^cd, 

2 50 * 4- 1 6 ^® - er® - 4 oa^ ~ 1 4 ^ - 49 . 

0^ + 4. 15 . 64 +;i 4 . 16 . 810^4-64^. 

4.r^4-8ij^. 18 . 9.144-36^. 19 . 10244-810*. 

a* 4 * 0 ® 4 - 1. 21 . Ar* 4 - 9 o-® 4 - 8 i. 

4- 40"*^-' 4 * 1 6^*. 23 . 1 6x* 4- $ 6 xy^ + 8 1 j*. 

x^'^x^+l. 25 . a® 4 -o*^< 4 “^. 


Divide (using factors) 

26 . {2x 4- S^yY 4- 4(^ -yY by {x +yY 4- x^. 

27 . :i4 4“ 9 .r“j/* 4- 8 1 j4 by ;r* 4- 307 4- 9 y“. 

28. (x -7)* 4- (x ~7)®xr® 4- 5* by x^ 4-7® 4- -*75' 4- r;r - 2,t'7. 


8- Sum or difference of two cubes. We have from 
formula? IX and X 

(i) a 3 4 -b 3 =(a 4 -b)(a®-ab 4 -b*). 

(ii) a 3 -b 3 ==(a-b)(a® 4 -ab 4 -b®). 

To factorize directly we proceed thus : 

(i) a* 4 -^* ■•a* — 4 -f*^* 4 -^* 

«a{a»-<5*)4-^®{a4'<J). 

■« (a 4- {tf (a — ^) 4- ^ } 

(ii) a* — d*=ea*— a^* 4 -ad®— 

■» a{ fl* — ) 4- 
«*(a-dHa(a + 3)4-^*} 

»(a — ^)(a® 4*fl^4-^?). 

The above formulse enable us |o factorize any expression which 
is the sum or difference of two cubes. 

Ex. 1. Factorize 8x3 4-2 7>^. 

The expr.*«(2x)3-f (37)3 

«= (2x 4* 3 y){(^Y • 2-^-37 + (3 ^)*} 

«= (2X 4* 3 y){^ - 6 x 7 4- 9 7 *). 
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Ex. 2. Factorize 64^12 - I25vr3. 

The expr. =(4^)3~(5jr)3 

= (4a-5;r) { (4«)"+4«.5-^ + (5-^^)' } 

= ( 4 ^z - 5 Jir)(i 6 < 2 * + 2 oa^' + 25^0* 

Ex. 3. Factorize 

== (a^ + d^){a^ - ^), formula V. 

= (a + d){a* -abAr - ^)(<z* 4- 

If ere we might begin by puttting = {a=^)3 - {b^)\ but then 

the process would have been tedious. 

Ex. 4, I'actorize 4- ^^4- 2a +2^ 

The expr. = {a^ 4-^)4- (2a 4- ib) 

= {a + b)(a^ -ab+ b^) + 2{a + b) 

= (a 4- b){a^ -ab-\'b^-^ 3). 

EXERCISE XLVIIl. 

Find the factors of (mentally) : — 

1, ;r3 4-i. 2. a'3-i. 3. 274-8^3. 4. 27-8^13. 

5. 8.T3-J/3. 6. 27;r3 4*64. 7. a^-{‘2yb\ 8, 

Factorize 

9. 27 2^10. /^-2i6m\ 11. Sx*-:^K 12. 

13. {2jr +j/)3 - 8.r3. 14. {a^ 4- b^y - 8 aV. 

15. i3a-\-sby + i4b-say. 16, 27(a + 2/^)^ + 8(3^~ 2a)3. 

Factorize 

17. a3 ~ b^ 4 . ma - mb. 18. 27x^-\-a^-{~^x4-^a. 

19. A3 4-J/3 + 2(x+J/)^ 20. jr3- 83/34- SA- JO/, 

Divide 

21. (x 4-/)^ - 8^3 by X 4-/ - 2z. 

22. (sx 4 - 7yy + (S^ + 5 yy by 2x + 3/. 

23. (sr® - 5x 4 6)3 - (2.r* 4-4: - 1)3 by x^ - 6jr 4- 7. 

24. D ivide (ax 4 fyy 4 (ax - b^y ~ (ay - bxy 4 (ay 4 bxP 

by (a4^)^T»- 3ab{x^ ~y) (C, E. 1888). 
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9. Trinomials of the form + px + q. 

First method. One method of factorizing an expession of 
the form is obtained from formula VI. Suppose by 

trial we determine two numbers a and b such that a-\‘b^p^ ab~q 
Then 

.f 2 ’irg- + (a -I- b)x + ab 

~Cr~-hax)-h(bx-h ab) 

* =^x(x-i-a) + b{x+a) 

— {x-\-a){x-\-b). 

Thus we get the following rule 

To factorize x*+px+q we find by trial (if possible) two 
numbers a and b such that a+b=p and ab»q ; the^by putting 
for p and q these values and grouping terms we get The factors 
to be x+a and x+b- 

The success of this method of inspection depends upon practice 
and the student will do well to attend to the following examples. 

Ex. I. Factorize .ir'' 4- 13^+36. 

Here we are to find two numbers whose product is 36 and sum 
is 13. We may observe that since the product is positive, the 
numbers may be both positive or both negative ; but since the sum 
is positive, the numbers can only be both positive. Now pairs of 
positive factors of 36 are the following : — 

h 36 ; 2, 18 ; 3, 12 ; 4, 9 ; 6, 6. 

Of these pairs 4 and 9 have their sum equal to 13. Hence the 
following process : — 

.r“ -f 1 3.r +• 36 - x’^ 4 4.r +9;*: -f 36 

= ^( 4 ; + 4 )+ 9 (.r + 4 ) 

= (jr + 4 )(-r + 9 ). 

Ex. 2. Factorize X* - 20X+ 64. 

Here we want two numbers whose product =64 and sum — -20. 
Now since the product is p>ositive, the numbers may be both positive 
or both negative ; but because the sum is negative, the numbers 
can only be both negative. Now pairs of negative factors of 64 are 

-1, -64 ; -2, -*32; -*4, -16; ” 8 , - 8 . 

Of these pairs the sum of -4 and 16 is -20. Hence the 
process stands thus : - 

X* - 20jr + 64 =.1* - 4jr - i6.z‘ 4 64 
==:r( 4 r- 4 )-i 6 {.r~- 4 j 
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Ex. 3. Factorize .r‘- 7.r " 30. 

Here we want two numbers whose product =^-30 and sum 
= ~7. Since the product is negativre, the factors are of opposite 
Signs, and since the sum is Negative, the numerically greater one is 
negative. 

Now the pairs of factors of -30 wjich are of opposite signs (the 
numerically greater factor being negative) are 

j, -30 ; 2, -15 ; 3, - to ; 5, -6. 

Of these 3 and ro have their sum =^-7. Thus we have 
.r’ - 7-1' ~ 30 ^ .1'= + 3.r ~ lar - 30 
- -r{.r + 3)- io(.r + 3) 

-(.r + 3)(.r- to). 


Ex. 4. Factorize -1** + 5-1' ~ 24. 

Here we want two numbers whose product-- -24 and sum - 5. 
Since the product is negative, the numbers are of opposite signs and 
since the sum is positive, the greater one is positive. Now pairs 
of factors of -24 which are of opposite signs (the greater one being 
positive) are the following ; — 

- t, 24 ; -2, 12 ; -3. 8 ; - 4 > 6 - 

Of these pairs -- 3 and 8 have their sum equal to 5 Thus we 
have + 5.1: ~ 24 = .r" - 3-r 4- S.r — 24. 

-.r{.r-3) + 8l,r-3) 

--(a-3)(.r4-8) 


Ex. 5. Factorize .r 4* 2.rv--483'^ 

Here we want two quantities who^e sun) =2y, and product 
- -48^^. By trial we find them to be Sy and - 6 y. Hence 
4 2 xy “ 48^ = a"' 4- ^ ry - 6 xy - 48/-. 

- x{x 4- 8_y ) - 6 y{x 4* Sy) 

-(a-4-8/)(.r-6v). 

Ex. 6. Factorize iiad i- 30^^ 

Here we want two quantities whose sum - ~ lit? and product 
~ 30^, and they are found to be - 5^ and - 6 d. 

Thus rt* *- n 4 “ 30^’ = a® — sad - 6 ad 4- 30^® 

= a(a - 5^) - 6 dia*- 5^) 
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Ex, 7. F actorize ox^ + 9. 

Putting x^=^a^ the given expr. 

= o(a - 1 ) - 9(<i - 1 ) - (a - 1 )(a - 9 ) 

z:^{x^- i)(jir®~9), restoring x"^ 

= (^r+l){;r- l)(-r+3)(4:-3). 

Ex. 8. F actorize (.t +jf)- - 1 1 (jr +y) - 42. 

Putting x-\-y^a^ the expr. 

iia-42 

I4a+3a~ 42 
-«(a-i4)4*3{«-i4) 

= («-l4X^i + 3) 

i4)(^+>' + 3), substituting for a. 

Ex. 9. F actorize {2a - ^dy + t8(2a - ^d)(a - 2d) - 63(a ~ 2 dy. 
Putting 2a ~ 3(^=.r, a- 2 b'~yy the expr. 

= .r® 4* 1 8 ty - 63^® 

- .r® 4- 2 - 3.17 - 637® 

-“.r(x 4 2 17) ~ 37(«r 4* 2iy) 

*(.r4 2i7)(.r-i7) 

- {( 2a - 3/-') 4- 2 1 {a - 2^)}{2a “ 3^ - 3(a - 2^)} 
==(23a-45<^)(-rt4-3^). 

Ex. I o. Factorize .r® 4- 2(3^ 4- 2)jr 4- 4- 4). 

Putting 5/-a,/4-4=^» we find a 4 5/ 4-^ 4- 4 = 2(3^ 4- 2) 
Hence the given expr. 

~ ,r* 4- (a 4- b)x 4- ab 
^{x^d){x^b) 

EXERCISE XLIX. 


Find the factors of (mentally) 


1 . 

.V® 4 - 4 -^ + 3 . 

2. j:^4“6tr4*5. 

3. 4 9.1: 4 20. 

4. 

.r* ~ Ri' 4 - 1 5 . 

6 . .r* 4 * 17 . 1 : 460 . 

0. jr®~II;r428, 

7. 


8 . jr»~9Ltr48, 

8. 2r3 4l0ur424. 


jr®~5i' + 4. 

IL X^-^X-12. 

12. .1:^417.1:” 18. 

X* - -r - 72 . 

14. ;r®420-r4 96. 

;r»+Sx -84. 
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Find the factors of 

Ayr jr®- 134; 4* 12. NIS: ,r' ~ r 380. 

JT"- rojr-75. 182. ^1. 3.1-40+ r*. 

^g2. a^~6a-4o. \23. 30+i3.r+.r*. UC .r® + 8.1-240. 

\Jg^. /*+ I9/+4S. 26. r''-c-56. 27. 23a -78. 

x‘ + - 5^"*. 29. .r- — 2.rj/ — 48/*. 30. x^ — 5JIJ — 1 50J'®. 

-^31. + 84:/ - 240)''' 32. .r^ + a.t'-3oa% 33. a‘ + na/;-6oi^^ 

+ loa^ + 16. 35. + 10/^ - 34^^'^ ^ 86. /- 4 2/w - 63^^ 

^37. - 1 2 cd- 45^2^. . 38. h^ 4 rhk - i io>l’\ 39. - 29^1^ 4 54/^^- 

"^40. Ttt^-Zmn - 84^^ 44. or - ^^ax - 72x\ 42. y- iiSJt- Sok\ 

^43. 4r‘ - 47 - 240/*. " 44. X * 4 I74r= 46<5. 46. 4 l6;;e^ 4 63., 

r* - 4 1 4 400. - 9zr3^ 4 8<^'. .r^ - 1 54'^ 4 5 4 . 

- 42 >'®- - I 7 cj !' z ^5 4. 1 ^ 

Factorize 

'’#d. (2.r 4 3)" 4 3(34:4 3) 4 2. feS. (54:-9)/)"4i6(5.r-9/) -80. 

63. (.r= 4 3jr)"- 22(^*434:) -48. 

54|.(3a 4 S^T - 1 4(3^* + 5^)(2z^ - 3^) + 48(2^ - 3^'f 
(5a47<^V~ ii(S<*47^K«4 2^)43o(a42^)". 

• (4.4: - 3^) - 4 7(4*^ 3<^)(^ - jr) 4 1 2(<5 - X)'. 

6 §. (/^ 4 4 (/" 4 m%m* 4 «*) - 9o(z;?* 4 

fp- (3/ + 7)“ -* 1 1 (3;^ 4 q){2q 4/) - 26(27 +7>)^ 

69. a'4(2/5’4l)«4^(^+ i). 

60. 4r® - x{a - 7^) ~ 6^(« - z^). 

61. .r’ 4 :r-a(a— I). 62. .i'- 42 jr( 4 <z - i) 43 ^( 5 ^ - 2 ). 

63. .r^ - (2r - ic{)x ~ (56 - 9z/)(7z' - lo^/" f. 

64. (24:’-8.r49?-2(24r’-8.r49)(24r-5)-3(2.r-5)". 

66. |5.r* 4 134; 4 1 4)" -2(54:’ 4 1 3-1^ 4 i4)(3^'44)-24(3-^'44f. 

10. Trinomials of the form x’ 4 px 4q icontimed). 

Second method. Another method of factorizing x’ 4/4; 4 7 
is by expressing it as the difference of two squares. We know 
.r^4;^4rbecome6^a perfect square by the addition of {;;>)* or the 
square of one-half of the co-efficient of x. The method of 
procedure will be understood from the following example : — 

Ex. I. Factorize 4:^464:48. 

We have 4r*464r48— 4:^464:49-948. 
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[ , Adding 9, the square of half the coeff. of x, to get a perfect square ‘ 
and sttbtracting the same to keep the value unchanged 

Ex. 2. Factoriie 5;r “ 14 

We have .r'^ - 5-r - 14 - 14 

[adding and subtracting f|)^j 

«(^ + 2)(jr-7). 

Ex. 3. F actori2e rr ~ i sad 4- 50^“ 

The expv. - a^ - 1 ^ - ^ + 50^^ 

-(<r- 5<^){a- 10/;). 

EXERCISE L. 

Factorize by the method of art. lo. 


M. 


14. 

V%, 



X® 

+.r- 12. 


.r* + 9J(r- 

3b. 

sj6. 

cl* — 8^1 — 48. 

yf 

.r* 


.^.A5r. 

.r' ~ 4.r - 

45- 


Cl*-* 1211 + 27. 


Cl* 

+ I2a + i7’.t~~ 

10. 

cl* -9^r^+20^^ 

11. 

c *+rcf-- 2c/*. 

12 . 


-1 7/ + 7*. 

la 

II* + xi<i^+ 30<^*. 

14. 

.1* + 3jr/ - 28 V*, 

. IS. 


-4^^ -45’'” 


1 1. Trill omi^ of the form ax* + bx + c. 

First method. Wc have (see formula VII.). 

+ if we 

put a for //j d for mp^iq and c for mq. 
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Now we observe that ac=^lpxm^=mpxlg^ i>., the product of 
mp SLTid ; 3 Lnd t.e.f the sum of mp and la. Hence 

to factorize ax® + bx+c we find by trial possible^ two 
quantities whose product is ac and sum is b, put b equal 
to this sum and proceed by grouping terms. 

The following examples illustrate t^e method. 

Ex. I. Factorize 6jir^-f 74^+2. 

Here we want two factors of 6x2 or 12, such that their 
sum = 7. Evidently the factors are 3 and4. Hence the following 
process : 


C.v " + yx + 2 ~ 6.1'" + 34.' 4- 44' + 2 

^ 3.i;(24' + I ) + 2( 2.V f I ) 
-(2.r-f l )(34 + 2) 


Ex. 2. Factorize 3.r-’- 54 - 8. 

Here we want to resolve 3x(-8) or -24 into two factors 
whose sum is -5. Evidently the factors are --8 and 3. Hence 
we have. 

3.r" - 54 - 8 = 3.1-^ - 8.r + 3^*- 8 

-.r(34-8) + (3-r-8) 

-=<3.v~8)Lr+i). 

Ex, 3. Factorize 5-v^ “ 29^rT--6r‘, 

Heie we want to resolve 5x(-64'-) or " 30)/* into two factors 
whose sum ~ 294/. The factors are - 30J and y. Hence we have 

54= " 294^' - 6v*' 54= - 3arj +47 - 67^ 

54(4- - 67) +7(4 - 6y) 
-^{x- 6 v)(s^^y) 

Ex. 4. Factorize 484=* + 1 504 - 63. 

Here we want to resolve 48x(-63) into two factors whose 
sum==i50. Now 48 x ( -63) = 8 x 6 x ( ~ 3 x 2i)~(8 x 21) x (- 3 x 6) 
~i68x(-«i8) ; and the sum of 168 and ~ 18 is 150, Hence 
we have 


484= -f 1 504 - 63 
= 484* Tl 684 - 1 84 - 63 
~ 244(24 + 7) *“ 9(2-r + 7) 

- (24 + 7X24.^ - 9) = + 7){84' - 3) 
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Ex, 5, Factorize A- 1)^ "ha 

Here we want to break up ax a or into two factors whose sum 
is t. The factors are evidently and i. Hence we have 

l)x + a 

ax(,r + a)‘h(X‘i-’a)—(x~P a)(ax + i ) . 

Ex. 6 . F actorize 6 (a F bf - ^{a + ~ 20 
Putting a-^b — ,r, the expr. ^Gx'* — 7x^20 

=6;r®— I5jr + 8.r- 20 

= 3.r(2A'-5) + 4(2^~5) 

-(2.r-5)(3Jir + 4) 

= {2(a -^b)- 5}{3(a 4* <^) + 4} 

= (2« ’{■2b- 5)(3a + 3^ + 4)* 

Ex. 7. F actorize 5(2;^ - 4- 4(2,r - 3>')(-r 4- 43O “ f 2(.t' 4- AVY 

Putting 2 .r~ 3 ^=rz, ^4*4y=^^. 
the expr. = F Aab - 1 2/?* 

— 4 I oab ~ 6ab - 1 2b'^ 

^a{a 4 - 2b) - 6b[a 4 - 2b) 

— {a-{-2b){$a-6b) 

= {(2-v - sy) 4- 2{x 4* 4>')}{5{2-r - * 3j) ~ 6(.r 4- A}')} 

— ( 4 ^ + 5>')(4 t'~ 39 /)* 

EXERCISE LI. 


Factorize 



1. 

yr^-xy-^. 

2. 

3x“ - I IX - 20. 

3 . 

4 . 1 -’- 37 - 1 - -30. 

4. 

1 2x'* - 5x - 3. 

6. 

1 o-r^* - zgxy - 2 6. 

yab- io^*4*6zi*. 

7 . 

6o£ 1* - 77a 4 - 24. 

a 

6x’4-i7^+ »2‘ 

9 . 

io/’4-37i^~ 21. 

10 . 

217’- lyg-hz. 

11, 

30 4 - 49<i 4 - 20a". 

12 . 

980®//^ 4 yab - 6. 

la 

14 «®"- 65 ^i 4 56. 

14. 

i6.r’4*i45-r’ + 9 * 

15 . 

I 2 x* 447 -r 445 

16. 

63X*® 4-.V — 64. 

17 . 

28.r* -*69x4*36. 

18 

I 5 x*- 57 x ~72 

la 

56x^426-4“ 55. 

20. 4 Sr’ 4 - 39 .r~ 28 . 2L 2 x* 43 ix" 475 . 

22 . 

3.r^ — 7,T^ 4 2. 

23. 20* -“70* 4- 6 . 24. 3 (rt 4 -/>)* 4 o 4 -^ 

25 . 

5 ( 3 «- 5 <^)“+i 3 ( 3 «~ 5 <^)+ 6 . 
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Factorize. 

26. 4 ( 5 ^ + 7yy - + 7/)(2^ -- 3 v) + 5(2-t- - 3/)' 

27. 6 { 2 a - 5 ^)* -7{2a~ 5 ^)(iz+ 3 ^) - 2 o(a f 

28 . 28(3^1 + 5^)= - 41 (3« + 5 <^)( 4 « + 7 ^) + 1 5 ( 4 « + 7^)' 

29. 3(3jr* + 9^ + 2)"4-io(3.r* + 9Lr+2)(.r"-4.r- 11 ) 

- 8(.r^ “ 4.1- ~ 1 1 )". 

30. 2<2jr= 4- 1 l.v + 14 )' + 7 ( 2 .r‘ 4- 1 i.r + 1 4 )(.r* - yx - 1 8 ) 

4-3Cr-'-7 -f-i 8)’. 

12' Trinomials of the form /^»r4-^ {continued). 

Second method. We can reduce rt.r’ 4* ^.r 4- r to the form 
.r*4-/^r4*$^ as in the following examples and then proceed according 
to art. 9 or 10. 

Ex. r. Factorize 2.r* 4- .r- 3. 

2.r’+jr- 3 = J(4.r‘4*2.r-*6), multiplying and dividing by 2 
== l{s^ 4- c- ~ 6), putting z for 2,r 
= K3' + 3 )(j- 2), by art 9 

= |(2.r 4- 3)(2.r - 2), restoring x (i) 

= (2.r4-3)(.t ~ i). 

Note that we multiply the expression by 2, so as to make the 
co-eff. of a perfect square. 

Otherwise thus : — 

2J:^4-r--3=^2(.e + '^- •]). 

^2{.r^4-'4-{;)"“(i)"“^K as inart 10 

= 2{(.r4-i)"--(l)"i 
-2tr + i4-{)(.r-r:-I) 

-2(-t-4-DC^“l) 

= (2.r4-3lC^~i)- 

Ex. 2. Factorize 5.r^ 4- 1 - 12. 

5jr’ + I r.r - 1 2 = + n X 5.r - 60) 

= |(r’+ Hi; -60), putting ;; for 5.1- 
= K- + i 5)(-2— 4). by art. 9. 

= ;{5 -«'+«sK 5^-4) (I) . 

= U + 3)(S'*'-4)- 
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• Obs. It is useful to observe from steps (i) of the preceding 
examples that we can at once factorize a trinomial of the form 
ax^^bx^c. 

For example^ Sx^'\- 6 x-s 

=-J{8jf+I0)(8A:-4) (i) 

==L\x-\-s)i^x^i) 

Here the numbers io,--4, in line (i) are such that their sum is 
6 and their product is 8 x ( - 5). 

EXERCISE Lll. 


Factori.7e (by the method of art. 12) 


1 . 

I5r- i 4 -r 4 - 3 . 

2 . 

44r^4- 1 IX - 3. 

3 . 

3.r^ 4 - 1 oji' + 3. 

4 . 

4- 6.r - 9 

5 . 

4.r'* + 8,r ~ 5. 

6 . 

6,r=+ 54 r~ 2 i. 

7 . 

9-r-- ‘i,xY- 2 y\^ 

8 . 

2 -t*“ 4 - 5 zz.i- 25 a'‘ 

9 . 

2;r*’ - 3^ — 9. 

10 . 

22C-r 15. 

11 . 

24^"' - 2(^a “ 4. 

12 . 

9.1'- - 3 i.r 4 * 1 2. 

13 , 45 .r'' 4 - 39 .r- 28. 14 . 

Factorize immediately 

56 .r^ 4 - 26 .i'- 55 , 

15 . 

loS.r'’- 204x4-91. 

la. 

I 5 .r 4 * I I.r 4 “ 2 . 

17 . 

14A®- 41.1*4* 1 5. 

18 . 

3x" 4 - 5x4-2. 

19 . 

2.r‘ 4 “ 3.r “ 2. 
4 z/“ 4 " 8 f/^- 

20 . 

5.r 4 - 1 Lr 4 * 2 . 

— 2 ()xy — 6/‘. 


3 .r“ 4 -i 4 X» 17. 

24 , 

i^x^yjxy'- 2 y 

. 2o. 

4 -<:z ~ 35 * 


f 


13. Perfect cubes. From formula' XI, XII and XI 11 , 

(i) a'" + 3 a*b + 3ab* + b^ + b^ 4 - 3ab(a + b) = (a + b) l 

(ii) a> ~ 3 a“b 4- 3 ab’ - b^ « ~ - 3 ab(a -- b) (a ~ b) . 

li ii) a 3 + b 4 - c 3 + 3 (b -f o)(o 4 - a)(a 4- b) (a + b 4 - c)^. 


From (i) and (iii) we get by transposition, 

(a -I- b)^ - {a^ 4 - i^) — sab{a + b) ( T ) 

(ri 4“ ^ 4* - ia^ + P 4- c^) ~ 3 (^ 4- c)(<r 4* 4" ( 2 ), 


These results are important and show that we can factorize t//e 
cnh of the sum of two (or three) quantities difnimshed by the sum 
of the cubes of those two ( or three) quantities. 
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To prove (2) directly we proceed thus : — 

-{ai-0-^c)}^ 

- 4- + c) + ^a{d + cy 4 * (^ + r)-* c\ formula X t 

:==:^a^(bA-c) + 3a(b-hcy + 2bc{b + {:), by (i) above 

= 3 {b 4 * c){a^ + a{b + ^) + be) 

~'^{b -^c){a-\‘b){a-\-c\ formula VI. 

--l{b^rC){CAra){a^rb) 

Ex. I. Sx^-\- 36 x‘-^ !^p:-{‘2y, 

^ (2xy 4- 3 *( 2^).^3 + 3-2-r 3^ 4 - 3^ = (2.r 4 - 3)^ 

Ex. 2 . 27 .r 3 - 2yxy + gxy" —^3 

= (y^Y - 3-iy)-y + s-s^jt = ( 3 ^' -/)'• 

Ex. 3. If 2i' = ^z4-/;4*r‘, prove that 
{s - ay + ( j - by 4 - (.y — cy 4 3 abc ~ s K 

We have (.y-<j)4(.y-^)4(.y-<r*)==3J~(a4<^4V)~j:, 
rt 4 ^ 4 ^:= 2 .f. 

cubing, by formula XIII, 

(s - ay 4 (^ - by 4 (i ~ O' 4 3 ( 2 *^ -b~ c}{2s -c- a)(2s ~ a~b)^ .y 
or (s - ay 4 (5 - by 4 ( 5 - cy 4 3abc=s 

for, zs-b-' c—ay 2s-c-a-by 2s ^a-b~c. 

1 EXERCISE LlII. 


Factorize : — 

4 1 2jr* 4 6ji* 4 I . ^ - 1 2 4 48^;' ~ 64. 

*pi 4r3 4 i^x*474i'4 125. 4 . 64^*3 - I44fl’^4 loS^z^* ~ 27^'. 

5. ( 2 .r 4 3 /)^ - 8;r3 - 27 / 3 . 6. ($a - 2by- i2Sa^-{-SbK 

7. (-r'*4-r-~ l)3~y‘-x34i. 8. {zx-- {■sy~-%x^-{’2yy^ ~ z '. 

9. Prove that Z(a-\-b-^cy-{b‘\-cy-(c^ay-(a’{*by 

^3(b-hc+2a)(c-^a + 2 b)(a + bi- 2 c). (M.M. 1881) 

[ Observe that 2(^1 + ^ 4 0 = (^ + 0 + 4 ^)] 

10. Prove that 27 {<j 4 ^ 4 0^ ~ (^ + 2 ^)^ - (^ 4 2 cy - 4 2 ay 

« 3 (a 4 3 ^ 4 20(^ 4 3<r 4 2 a)(c 4 3 ^ 4 2b}. 

[Observe that 3(a 4 ^ 4 0 *= (<3t 4 2b) 4 4 2c) 4 4 2a) ] 
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• Expressions of the form 

We have from formula XV 

as+b^-^es-Sabc-Ca+b+cKa^+b'+c^-bc-oa-ab). 

■rrhis shows that we can factorize the sum of the cubes of ar.y 
three quantities diminished by three times their product. We 
may prove it directly thus : — 

(a + *= ^ 4- 3a^(a + <&) 

Adding c^-'^abc to both sides, 

^3_ 

~ (a -k-hY- ^alAa + b) +c^ — yibc 
~ J(<z + + c^} - ^ab{a + b 4*rr) 

- {a’{>d-\~c){(a-\-bf~(a’\rb)c^(f}-^ab{a-^b-k‘C)^ formula IX* 

~ (a + ^ + c){{a + bf-(a-\rb)C'i-c~- ^ab] 

= (a 4- ^ + c)ia^ 4- 4- c* - - ai - ab\ on simplification. 

Again, we have (see ex. 5, art. 3 chap. XII). 

a" 4- 4* r“ -- be ~ ca~ab^l{{b- cY 4- (c - a)® 4* (<2 - by} 

• ^ C'^ - 2 abc 

- * (a 4" + c){(d - r)® 4- (r - a)® 4- (a - ^)®} (A) 

This form (A) of the formula is sometimes important. 

Obs . If we put a 4-^ 4-^-0 in either of the above results, we get 
<1 4*^4-<r^ - 3at^t:=o,for oxany quantity- o; hence a3 4-(^'^ + c3= 
a result already obtained independently. [Ex, 3, art. 16, Chap. XII.] 

Ex. I. Factorize -I- 1 

Theexpr. =Ar3+(-yF4-(iF-3^->^)-i 

[Putting .r, — 1 for a, c respectively in the formula] 

- {x - j F -x-^y-^i ) 

Ex, 2. ¥ actorize a3 _ ^ ^3 - 3^^^. 

The expr. = 4* ( - r)3 - ^a.( -b){- ei 

^{a^(-^b)^{-c)} 

« (a - ^ - 4 (a® F F ~ be 4 ca F ab). 
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Ex. 3. Factorize 8.i'3-27F3+64ir3+72;t7^. 

The expr. = (2^)^ - 4 * ( - 3 v)^ + Us)^ - 3 -( 2 ^)( ” 

-{zr+{-3>')4--f£?} 

X {(2 ^F +{ ~ 3vF+ ( 4-F - ( - ay)4-2' - 4«*'2;i' - {2x){ - 3j') \ 

~ {2X - 3 V + 4 - 2 ')( 4 ^“ F 9 F^ + 1 6s^ + 1 2y2 - Zsx + drj). 

Ex. 4. Prove that (r-hir) 3 -h (i?+.r) 3 4- ;.v+j/) 3 - 3 (y 4-2-) 

= 2 {,r 3 4 -^^ + - 3 ^ 3 ''S'). 

Putting^ 4 - 5 ==<fr, ^4-^~ ;r4-/=r, 

left-side = 4. ^3 ^ ^3 _ ^abc 

b-¥ c)y.{{b ~ cY -Jtic- ay ^ [a - b)), by (A) 

Now /^4-^4-r=^+^4*-+;r4-;r4-j~2(.r4*j4‘ "), 
also {b-c)-=^{2+x)-{x-¥y)^-(y-2y 
Similarly {<: -a) — -{s~x)y a- b - - {x ~y). 

left side== } x 2(;r 4-j^4‘^({0' - 4- - xf 4- (.r ~ jF} 

-2{x^+y^-\-2^~ Sxys) by (A) 

Ex. 5. Prove that a 3 (^-t ')3 4.<^(ir-«)3 4.cJ{a~^)3 
= 2abc{b — c'){c~ a){a — b) 

Put a {b- c) ~ i', b(c - a) =^, cia -b) = r, 
then x-^y-^2^a{b-c)-^ b(c - a) -h c[a -b)~o evidently. 
.x^-Vy^-^z'^ — yxyz^ see obs. above. 

Hence substituting for x^y^ we get the required result. 

Et. 6. Find the value of (3’75 )^+(i* 25)34“ 15 X 3*75 X 1-25 
We have 3*754-1*25 = 5, 
or 3*75 + r25 + (-5) = o 
(375)^'+(r25)34-(-5)'^3X375x *'25x(-5) 

= '-i5X37S^i‘25 

by transposition, (3*75)^4-(r25)34-i5 x 375 x r’25 
=- - (-5)3=125. 

" EXERCISE LIV. 

Resolve into factors 

J. 3 4.^3 4. ycy - 1 . 2. .r 3 -7* - ^y « I. 

x 3 ~ys^g 3 ^^xys. + pyz. 

a® 4 - ^ 8 . x^y^ -k-y^s^ 4- 
(b - t)J 4- {c - af + (iz - b)K %0. {x - 2 yy 4- ( 2 / - r)3 + {z - x)\ 
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i4|- 

Prove that 

45 »- ^ I Hxy - 1 4 2 7}'\ if 2jr - 3^ =- 1 . 

13 . (3a - 2 by ^{ 2 b- 5 ^ 3 -i- ( 5^ - 3^)3 = 3(3^? - 2 b){ 2 b ~ 5r)( 5^ - 3a). 

14. {b + r)3 - - ay - (a 4 — 3{b -^c){c- a){a 4 b). 

16. {a^rb- 2cy 4 4 — 2ay 4 (^^4 a - 2by 

”'Z(a-^b-2€){b'{-c-2a)(c' ^ a~2b). 

16. ( 3 .r 4 54 - 8 - 2 ?^^ 4 . ( 3 ^ 4 5^7 - Sjrp 4 ( 3 .^ 4 5^* ~ 84 )^ 

- 3(3*1' + 5/ - 8^)(3/ + 5- - 4 5 ^ ~ 84 )- 

17 . If 2 .?^a 4 < 54 ^^, prove that 

(5 - a)3 4 (,? - ^)3 4. 3 _ a) s - b)c—cK 

HJS. K p~a-\-b-\-c, prove that 

(i - ay 4 (i - b}^ 4 (^ -- ^)^ == 3 - a)(i - b)(s - (*). 

43^ Divide ,t '^ 4 84^ “ 277^ 4 1 8 -ry^ by ,r -t- 24 - 35’. 

20. D i vide a^ 4 8/P 4 27^3 ~ i gabc: by 

a" 4 4^* 4 9 ^ ^ - 6 bc' ~ 3 ra - 2ab. 

''TJlf. Divide (a 4 b)i + (b4-c)‘‘h(c+ ay - ^(b 4 c)(f 4 a)(a 4 b) 

by a’ 4 4 6*^ - be - ra - ab. 

P'ind the value of 

(4567)3 - (6759)34(2192)343 X 4567 X 6759 X 2193. 

23 . Find the value of ( 729 l 34 (' 27 ip 4 3 x 729X *271. 

/V.S. At the option of the teacher the learner may take up 
only selected portions of the remainder of this chapter on a first 
reading. 

IS We have from formula XVII 

«i*(b ~ o) 4 b’'(c a) 4 c^'la - b) ^ 
or bc(b"0)4ca(c-a)4ab(a- b) [= - (b“0)(c-a)(a-b) 
or - {a(b^ - c '7 ■+• b(C“ - a’) 4 o(a® - b-' I j 

We can directly factorize any one of the above expressions. 
Thus taking the first we have 

a^(b - r) 4 -» a) 4 c%a - b) 

— r)4^V“*a^®4at'*-^r*, multiplying out partly 
-i aXb - c) - a(b-' - c®) 4 bclb - r), in descending powers of a 
- - €){a^ - a{b 4 <^) 4 be} 

« « c)(a - b)(m - r) formula V I 
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Similarly the other two cases may be dealt with. 

Ex. Prove that ix -f aY{b -c)-h(x + byic - a) + (r 4 - c)*(a ~ b) 
^-{b-c)ic^a)ia-b). 

Put X-ha^A^ Xr^b^Bj X-^C^C ; 

then B — C~b — C— A —c--a^ A -- B^a — b. 
leftside =.aXB~-C)-^B^{C-A)-{^ 0{A~>B) 

— - - c)(c - a){a - b) 

16 - We have from formula XVI 11 

a’(bf c)4*b*(o+a)4-c^(a+b)+2abc 'i 
or be (b + c) + ca(c + a) + ab(a -f- b) + 2abc j- = (b + c)(c + a)(a 4- b). 
or a(b^ 4- c’) 4- b(c" + a*) 4- c(a* 4- b’) 4- 2abc J 

We can directly factorize any one of the above expressions. 
Thus taking the first we have 
aXb + 4 - b'^ic 4 - 4 - + b) + 2abc 

— a\b-\‘c)’k-b'^c-¥ab*’\-ac^-\'bc^-\‘2abc^ multiplying out partly 

— a^{b-^c)-{-a{b-\rcY-{‘bc{b-k’C\ in descending powers of a 
= (^ 4 " c){a^ 4 “ ii{,b 4 - 4 “ bc\ 

= (< 54 “<r)(a 4 *^)(« 4 -<r), formula VI. 

— (<54* c){c 4- 4- b) 

Similarly the other two cases may be dealt with. 

X7. The following are some miscellaneous examples on 
factorization. 

Ex. I. Factorize 8.r3-84:4-3. 

8jtr3 - 8-tr 4- 3 = (8jir3 - I ) - (8-r — 4) 

— {2X- i)( 4 ;ir* 4 - 2 x 4 -l)“* 4 ( 2 '*^” 0 
= (2.V - I ){^x^ 4 - 2-r 4 - 1 - 4 ) 

= (2.r~i)(4jr^4-2.r- 3) 

Ex. 2. Factorize tz*- 4 ^i<5 4 " 

The expr. = (a* - ^b 4 * 4<5*) - (9<5^ - (>bc 4- 
~ (a - zby ~ (3^ - cY 
= {{a - 2b) + isb ~ c)} {{a - 2b) - (3b - c)} 

^(a + b-'c)(a- $bi-c) 

^ Ex. 3. Prove that x* 4 * 6x^ 4 * ;r* - 24jr - 20 
'• =(jr+l)(r+2)(j:-2)(x + s). 

We observe that x* + 6x^ + gjf — (:r* 4 - 3^)* ; hence 
left-side a (x* + 3.^)* - 8(4:* 4 - K) ~ 20 


10 
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“a® - 8<i - 20, piitfing a for 
«s{a-f 2)(<2 — jo) 

(4r® + 3^ + 2 ){x^ +34: ~ jo), restoring x 
^ix+i)(s+2){x-2){x-¥S\ formula VI. 

Noto. It follows from the above that the expression .r*+ 6 jr* 

24X— 20 is equal to o if jr + i«ao, x-^2mo, x-2mo or x-h5<mo, i.e. if 
xm — 1, ;caB! -*2, xm +2 Of xag —5. Hence we infer that if an expression 
containing x vanishes when x is pat equal to, say, — I it contains jr + i as a 
factors or if it vanishes when 4-2, it contains ;r — 2 as a factor. 

For example, x—i will be a factor of 3;r* - 5jr +2, for xm t makes 3J1* 
— 5Jr + 2 equal to o. 

Thus sx^ - s^+2m^x^(x-^ i)+3jr(jc~ i)~2(2:-“ 1) 

Ex. 4. Resolve into factors (;r4- i)(jr + 2)(:r + 3)(2r4-4)~ 8. 

The cxpr. ={(x4- i)(4r +4)} ^{x + 2 ){x + 3)} ~ 8 
= (x^ + + 4)l4r*+ 5x +6) - 8 

--=(a + 4)(rt4-6)'-8, putting a for x^-i-sx 
= ij®-fioa + 24-8 
=a®4- loa-f 16 
= (a + 2 ){a + 8) 

= + 5;r 4- 2){4r® + Sx^ 8), restoring x. 

Not©. The factors of the first term of the given expression are so 
grouped into pairs that the products of the two pairs may differ only in 
their terms independent of x. The success of the method depends upon this 
fact. 

Ex. 5. Divide (2a-- d) 3 + 8 a 3 ~ 1^3 by 4a^~ai^ + ^. 

Dividend * (2a -1^)3 + (2^)3 

= { 2 a - ^)3 -f (2a — d){ 4 ar + 2 ad 4- If) 

~ { 2 a - ^)(4a® - 4ad 4- ^ 4- 4a“ 4* 2ad 4* 

:x= ( 2 a — i^)(8a® — 2ad 4- 2d^) 

= 2(2a - ^)(4a“ - 4- ^*) 

.*. quotient **2(2a-^). 

Ex. 6. Prove that {ay ~ ^xy 4* - cy)* 4- {cx ~ ajsr)® 4- (ax 4- 4- c^y 

== (n* 4- ^ 4- 4-/' 4* s®) 

Squaring and cancelling, left side 

« ay + ifx^ 4“ 4“ 4- 4- a*jr * + dy 4- <^5*“ 

« x"(a* 4^ If ^ if) +y (a* 4- ^ 4" c*) 4- 3%a^ 4- 4- f*) 
^(a-4b*4’if)(jf-4y4’Sf). 

Ex 7. Resolve into factors 2^*i:^4-2c®a*+2a*^*-a^«^-r4 ; 
and hence Hud when the expression vanishes. 
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The expr. = ~ ^ - 2 ^ 0 ® - za^b^) 

~ {zbe)* - (a® - ^ - r*)®, formula V 
= [2bc'¥a^-&'-c'^){2dc-a^-^-b^-\-(f)^ formula V 
^{c^^{d-cY}{ib-{^cY-a^} 

= {a + {^- c)} {a^{b- c)} {(b +c)+a}{ib-hc)-a} 

= (<r + <^ + ^ + c){a + — <r)( •— a + <^ + ^■)« 

Hence the expression vanishes when any one of its factors is zero 
t.e. when of the three quantities c the sum is zero, or, the sum 
of any two is equal to the third. 

Putting a 4 *^ + r=25, so that a~^ + r-a + ^ + ^~ 2 ^== 2 (j-/ 5 '), 
<i + ^-*<:= 2 (j~r),-a 4 ‘^ + r — 2 (^“-a), we can write the result in the 
form i 6 jr(j -- d){s - b)(s - c). 

Ex. 8 . YsiCtorht (a + b+c){bc‘^ca^ab)~ abr. 

The expr. = {(a + (^ + c)} {a{b + r) + bi) - abc 

— a\b + c) -f abc-^a{Jb + cY + l>c{b + c)- abc 
—a^{b‘Yc) + a{b’\-cY-Ybc^,b-¥c) 

^{b + c) {a^ 4- a{b + c) + be} 

~ (b c){a + b){a c)i formula VI. 

^ib-\-c){c + a)(a + b). 

Ex. 9 . f'actorize a%b + + /z) -t- c'^ia 4- 4* Sabc. 

The expr. « 4- c) 4 - abc} 4- {b'‘(c+a) 4- abc} 4- {(f(a + b)-h abc} 

- a{a{b 4- r) 4- be} 4- b{b{c +a) + ac} 4- c{c(a 4- 4- ab} 

~ a(bc 4- ca 4- ab) 4- b{bc 4 4 ab) 4 cibc 4 ca 4 ab) 

- {be 4 ca 4 ab){a 4 ^ 4 c). 

Ex. 10 , Resolve into factors a^b - c) 4 b^ic - a) 4 c^{a - b). 

The ^xpr.—a^(b-‘c)-^b^c-ab^~{-ac^~bc\ multiplying out partly. 

= a^{b -c)- a(b^ - c^) 4 bcib^ - c®), arranging in descend- 
ing powers of a 

— {b- c){a^ - a{b^ 4 4 c®) 4 4 c ) } 

~{b-c){a^~ab* -abc-acf^-^-b^c-k-bc^) ^ 
=={b-c){b‘^{c-a)’)rbcic-a)-a{c^-a^k}y arranging in 

. descending powers of b 

— (b- c)ic - a){b^ -h be- a(c 4 a)} 

=^(b- e)(e - a)(b^ -j^be-ae-a^) 

= (b- e)(e - a){ - e(a - b)} - (a® - arranging in 

descending powers of e 

-(b- e)(e - a)(a -b)(-e-a-b) 

~ ^ 0 ^^)(^^a)(a-b)(ai-b+e), 
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Ex, II. Resolve into factors - c*) + b^{c^ - a®) + c^{a^ - ff\ 

The expr.»a^<5®~r*)'4-^3er»-aa^3-|.aV3-^V3, multiplying out 

partly 

=» a^ifr - c^) ~ - r3) + - c), arranging 

in descending powers of a 
= - c){a^{d 4 - <:) * +dc-\- c^) + } 

= (^ « r)(a3^ +■ d>c - - a V* + ^ V"! 

~ - c){lf((f - a*) - -a)- a^c{c — a)}^ arranging 

in descending powers of b 
= {b - f)(<r ~ ci)\b\c + «) - - aV} 

^{b - c){c — a\\b‘^c 4 - ab^ — ba^ — a^c} 

=:{b- c){c - a){ - c{a^ — b^) - ab{a — b)}, arranging 

in descending powers of c 
= - c){c ~ a){a - b){ - c{a 4- ^5) ~ ab} , 

= ~ - c) (c ■~a){a- b){bc 4- 4* ab ) . 

Examples tO and 11 worked out above, illustrate how to factor- 
ise ex|>ressions of similar nature in which the letters Involved 
occur in cyclic order, by arrai^ing them in powers of the differ- 
ent letters in succession in different steps. 

1 n general - 6-"') 4- b\c - a:’') -f c**[a'*" - b^') 

= -(a-b){b-c){c-d) 

x(a fourth homogenous factor of w4*«-3 dimensions), 
where n and m are unequal positive integers. 

Thus it will be found on factorisation that 
a^{b - c) f- {b\c - a) 4- c*(a - b) 

— - - b){b “ (:)(6' - a){a^ -^-b^-hc^ + ab + bC’h ca). 

Ex. 1 2 . Resolve into factors 2 .r* 4 - ixy 4* + 3/* 

The expression arranged in descending powers of x 
2.r® 4* x(7y 4- 3^) 4* 3^^* - - 2s^ 

2.1^4- ;r(7jK4'3,t)4*i(3>'~3-^)(3>'+2ir) [see obs. Ex. 2 , art. 12 ]. 
— ix^ 4* .t(7/ 4- 34 ;) 4- (j - s){3y 4-'24r) 

Now we are to find two expressions whose product 
« 2 (/-“ 4 r)l 3 x 4 - 2 ^) and sum = 7 ^^ 4 - 34 : 

They are evidently 2 ( 3 / 4 - 22 ^) and 
Hence the expression when factorised 

a* J{ 2 .ir 4“ 2 ( 3 P 4* 2 ir)}( 2 .r 4-7 - 4?) (See obs. Ex. 2 , art. 1 2 ]. 

* (i* 4- 3 y 4* i^)( 2 jr 4*/ - s) 

(For a second method of factorising this, see chapter XXI U 
. —Factors). 
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Resolve into factors : — 


1. 

2. 

4- 2jrj/4'>'^ ~ 3 -^ - 3 J^ - i 8 . 
ga^ — 24 ab-^ i6b^— I2a4- 16(5- 

- 60 . 

•3. 

Ut+i')’+{.a+cy-{&+ii)^-(,c+'f)\ 

.4. 

8 ^ 34 - 6 ^ 4 . 5 . 

(a* — b^)(e^ - d^) 4- 4abcd. 

6. 

(a + b-sey~a-b + 3e. 7. 

(a — 2by4'a^ — Sb^. 

• 8. 

(a^ 4” 8 )® 4“ 3^* 8 * 

4a^ 4 - 9<^ - 9^:- - 1 6 ^ - 1 2(ab - 2 cd). 

.^10. 

x^ 4* 14-^^ + 53^ P 28 x - 96 . 

11. .i44-2.v3 

^ 12. 

x^ — 2x^ - 6x - 9 . 

13. 2.r3 4 - 3 .r='-- 2 jr- 8 . 

14. 

.14 4- 6ir3 4- 1 2 jr J 4- 9 jr - 4 . 

15. a* 4- a^e"^ - b'C^ - b^. 

16. 

4- 4 ab 4 - 3 /P -^ibe- e^. 

17. ga^4rSb^-\-i6a^b. 

18. 

x^~Sx^+i6x-S. 

19 . .r* 4- 7/’ “ - ^ ^y-‘ 

20. 

Divide. 



(i) + S hy X- 

(i i) {a^ - dcy + Sd^c^ by + be, 

(iii) {pc +jv)^ - 8^3 by x +y - 2 r.. 

( i v) (ax + byy + (bx + ayY by (a + b)(x + j). 

21. Divide, (ax-hby-^-es^y’^ibx-hey + aj:)^ 

by (a 4* b)x + (<^ + e)y 4- (c + a}^. 

22. Divide the product of ,rN- (a - b)x - ab and x^ ~ (a ~ b)x - ab 

by x^’^(a-{-b)x~^ab. 

23. Prove that the sum of the cubes of ii;r‘'~ 9 .r -3 and 

5;r- 5 is divisible by the product of 5-^4- 2 and sr-4« 

24. Divide (x 4 - ay 4- (;r 4 - by 4- (jt 4 - ey - 3(.r 4- b)ix 4- c)(x 4- a) by 

<f^b^-\-cf-bc-ea-ab, 

25. Prove th at (ae - bdf 4* (ad 4- be) ~ (ti* 4- 4- d^) 

28. If j^»a4*^4-c, prove that 

(as + bc)(bs 4“ ca){cs 4- ab) - (^ 4- df(c 4* of (a 4- by, 

27. If x^ — be-^ca-^ab^ prove that (jr’4'a*)(x*4-^%t*4-r®) is a 
perfect square. 

Resolve into factors 

28 . [(i) (;r+i)(.r + 2)(.r + 3)(;r+4)-3. 

(ii) {x+ 4)(2: + 2){x - i){x - 5) + 40. 

(iii) (jr+l)(jr+ 4 )( 4 r- 3 Kjr- 6 )+ 8 o. 

(iv) (4r + 2K3^+l)(jr- l)(32:+2) + II.] 
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Prcvi* the fo - lowing 

29, (zj^ 4- 3 ;?) H^v- s^')* + 2 ( 4 ^ - 2)(s_y - gs) 

- ( 4 r - + (5J' - 9^)" + HV' ^ 3^)(3J' - 5-)- 

80. (3a+s^)*^(^+^)=' 

(S« + 4^)(5^ + 6<5 4 2^) - (2a-h^)(8a + 10^ 4 <^). 

31. (3a 4 4 ^y - (a 4 ~ (2d! 4 = 3(3a 4 4^)(a 4 <^)(2a 4 3<^). 

32. {x - ay{b — f)3 4 ( 1 ; - b)^c - a)^ 4 -- r)3(a - by # 

= 3(i& ~ c){c - df)(*:r - b){x - a)(jr - ^)(.r - c). 

33. ^ - r )3 - £i 3 + ^ 4-^3 — 4 - c)(c -a){a~b), 

34. 1 2 5(jr 4 yY -‘{x+ 3}^y - ( 2 / 4 jsy 4 (s' - 4;r)3 

-= 3(4^ 4 zyXsx 4 3/ “ sr)(^ 4 5/ 4 s). 
86. ^ - r) 4 - <i) 4 - /^) = - (<^ - i:)(r — a)(a - b). 

^ a{b^ - c^) 4 b{c" - cP) 4 c{ar - b'‘) -{b- c){c - a){a - b). 
fifil bc{b - tr) 4 ca{c - a) 4- ab{a ~b)=- -{b- c){c - a)(a — b) 
a^(b - <r) 4 bH^c ~ a) 4 

^ -(b- c){c - a)(a ~ b){a 4 4 1'). 
finr ^■(<5'® — t ®) 4 m(t’“ - d®) 4 a<^d!® — 

= - - a)(a - b)(a 4 ^ 4 ^*). 

(HiT a(^ - r3) 4 ^(^3 - <j3) 4 ^(^2 - ^J) 

= - c){c - a)(a - ^)(a 4 ^ 4 <r). 

37. (i) <l30a _ ^ ^ 

= — ~ c){c - a)(a ”“ ^)(^d- 4 4 

(i i ) b^{f(b ~ £■) 4 - tf ) 4 a®^’(a -*• b) 

= - (^ - c)(r - a){a - ^)(^<r 4 tv? 4 d^). 
(ii i) a%b^ - 4 if(c 2 _ ^jj) 4 ^*(<23 - <^3) 

= (^ - <!)(f — a){a — b)(bc 4 ra 4 £ib). 

88. (i) b^i'\b^ - j 4 V - a^) 4 a^b^(a ^ - b-^) 

~ -{b 4- c')(b - r)(r 4 a){c - a)(a 4 b}(a - 

(ii) a®{<;^--r^)4^(r^-^)4r®(^-M) ‘ 

= (^ 4 c)(b ~ c ){c 4 a){c ~ a){a 4 b){a ~ b ) . 

(lii) a*{b^ -(f}4- b*{^ - (^) 4 c*{a^ - b^) 

=^~{b+ c){b - c){c 4 a)(^ - a){a 4 b){a - b). 

89. (i) <i^(^~-c)4<^r'-e*)4^:<(a-//) 

= -(/;- r)(i: - a){a - b){i3r 4^*4 4- be 4- ca 4 ab) . 

(i i) ^^4^^ “ 4 ca(c^ ~ a^) 4 ab{a^ - 

= - - c){i ' «- a){a - b){iP ^ b^ 4re^ 4- be 4~ ca 4- ab). 

(iii) a{b^ - c*^) 4 H,e* — «♦) 4 4^ “ b*) 

^{b — ■“ ^i)(a ~ 4 ^ 4 4 4 <^‘dr 4 eib)^ 
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Divide 

40. by 

a^d - r) + i^{c - ^) + c%a - b). 

41. - ^*) 4- b*{c^ - a^) -f c*{a* - b^) by 

a*{b - ^:) + b^{c - a) -f ^(a - b). 

42. a{b - cy b{c ~ ay -{‘ c{a - by by a-^b^c. 

43. a\b — cy + b%c ~ ay + by be i^caf ab. 

Factorize 

44. {b - ^•)(^ 4- f)’ + (^ - a)( 4 r + «)'' 4 * (a - b){a 4 - by. 

45. (x 4 - ay(b - r) + (.r + by{e - a) 4 - (;ir 4 - cy{a ~ < 5 ). 

40. a{b - z’)® - 1 - b{e 4- «)■ + - by 4 - 4 abc. 

47 . a{b-‘cy’\-b(c-ay'jrc{a^by’^()abc. 

Resolve into factors 

48. xf + 4 - ~ 5 ;^' ~ Siys 4 - 2 jrjj. 

49. 4 r* - 9 ^» - 165 -^ - 24 yj + 2 ,r - ^ - 4 ^. 

50. 6a=*4-9^2^+9a<r4*3^^4*6i^r4*3r“. 

The results of the examples 35 to 30 above, should be 
remembered as formula. 


CHAPTER XIV. 

HIGHEST COMMON FACTOR. 

X. Definitions. Degree and Dimensions. 

Each of the letters occurring in a term is calted a dimension of 
the term. The total number of letters in a term is called its degree 
and gives the number of its dimensioDS. Thus, the term is 
said to be of three dimensions or of third des^ee ; and x^* is of 
I o dimensions or of the tenth degree (x^ = xxxxxxxxx xx and 
X j xj). Thus the sum of the indices of the powers of the 
several letters in a term gives its degree The numerical co-effi- 
cient is not taken into consideration. Hence the degree of ya^b^f 
or ya^b^d is 2 + 3 4- 1 = 6, 

The degree of an expreseion with respect to any par- 
ticulat letter is given by the index of the highest power of the letter 
in the expression. Thus the expression ax^ + bx^i^ex’-hd is of 4th 





MATRICULATION ALGEBRA. 


[Chap. 


<icgree in x. When all the terms of an expression are of the 
same degree, it is said to be homogeneous. Thus 
is a homogeneofds expression of the fifth degree. 

2 . If an I tpressbn divides two or more expressions without 

any remainder, it is called a common factor of those expressions. 
Thus .r-a is a common factor of and x^ — a\ for it divides 

each of the expressions and x"^ - without any remainder. 

The expression of the highest degree in a letter which divides 
.vithout remainder each of two or more expressions in that letter, is 
called their Highest Common Factor (H.C.P.) 

H. 0. P. of Monomials. 

3. Let us first illustrate the method to be followed by an 
example and thence draw the general rule. 

Ex. I. Find the H. C. F. of and 

The G. C. M. of 24, 18 and 12 is 6 ; the H. C. F. of the literal 
parts is x^y% being the expression of the highest dimensions which 
divides the monomials without any remainder (omitting the 
numerical co*efificients). Hence the H. C. F. required is 

Here we do not take in the H. C. F. a power of x higher than 

for a higher power will not divide x'^y^z*’ and we do not take a 
lower power of x, for that will not give us the Highest Common 
Factor, since there is a higher power of x which will divide all the 
monomials. 

From the above we deduce the general rule for finding the 
H. C. F. of monomials. 

Rule : Multiply together 

(1) The G. C. M. of the numerical co-efficients. 

(2) The lov/est power of each letter common to the mono- 
mials. 

Ex. 2. Find the H. C. F. of 

and 24 a^b^y^s^. 

The G. C. M. of 8, 16 and 24 is 8. 

The lowest power of a is a, of <5 is of .** is at*, ^ is and 
of r is XT* * 

the reqd. H. C. F.=8 ab^xi^f^, 

% The H. O P. of compound expressions which can be 
easily factorised. 

The rule is as follows 

Resolve each expression into its prime factors. The product 
of all thelcommon factors, literal and numerical, Of the express 
sions is the.H.C,F. 
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The rule is really the same as in the case of monomials, et|ch 
factor being considered as one symbol. 

Ex. I. Find the H. C. F. of 

6{x-af{x+a)%%{x+a)\x-ay ?indL 12 (x- afix-j-a^x + d). 

The H. C. F. = product of all the common factors 
~2{x-ay(x-ha). 

Ex. 2. Find the H. C. F. of and a® -2^(5' + ^®. 

Since - a^d ~ a^(a - ^), and a® - 2ab + -- {a — 

the H. C. F. reqd.=^--/;. ^ 

Ex. 3. Find the H. C. F. of 

1 2x^y — + 6xy^ and + 8^.r/ + 8^i3;r. 

We have 1 2xy — 24.r®j^® -f 6.ry3 = 6.rj'(2;r® — ^xy +^*), 

+ Zaxy 4- 8a^x == Zax{ax -i^y + a®) 
the required H. C. F. = 2.r. 

Ex. 4. Find the H. C. F. of 6x^ ~^xy -y^ and 4.r‘' - 8x/ f 3/®. 

H ere 6x^ - xy - j/® = 6jir® ~ yxy -f 2xy 

= 3.r(2.r~^)+j/(2.r-/) 

=^{2X‘-y){3x-^y). 

4x^ - dxy + — 4x^ - 2xy - txy + 3/^ 

== 2.r(2.r -y) - sy{2x -y) 
^i2x-^y){2x~3y) 
the required H. C. F. — 2x-y. 

E' . 5, Find the H.C.F. of 6;r^ — 6 ;r 3 a, -a:®), I2(rt^^.r® -a“;r*). 

H ere 6.r^ 6x^a = 6xHx - a) ~ - 6x^ (a - x), 

1 8(a® - X®) = 1 8(<2 -f x)(a - x) 

1 2(a*x* — a^x^) — 1 2a^x\a^ - x*) 

= I2arx\a’¥ x){a - x){a^ +x®). 
the required H. C. F.~6(a~x). 

EXERCISE LVI. 

Give the dimensions of the following : — 

1 . (i) 4 jr 3 j^ ; (ii) (iii) 2alfchi^€^» (iv) 7.1% 

Find the H. C. F. of :— 

2. xy% xy^ ; x*y\ xy. 

3. l6ry^, - 2Qxya‘ ; gx^y'‘2^, - 27 xy^ 2 ^, 

4 . i2a^b^€*d^^ and ^2oa^b^c^d^e ^ ; 

7&bcx^ 2taxys and 42x*by2. 
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^Find tbe H. C. F. of 

and i6p^q*r, 

6. - i6a*^s, - 12^3;!;^^ and Zay^x^. 

7 . - a^b and a^b-¥ ; xy* and x^ -yl 

8. and a®- 5 <t: 4 * 6 . 

9. 94 r* 4 *i 2 x/ + 4/' + 3:ir + 2>^, 

1 0. xy^ - s^y 4 “ 6 and xy^ - 27. 

11 . ^fi^-£:^-h 2 b{: SLtid b^ 4 -c^-a^- 2 bc, 

12 . >* “ 64^^, 6x^ - xy -y^ and 4x^ . 

13 . 35 jr’~6:r4-5 and jr*<-8;tr4-i5. 

14 . jr3-.8;ir + 7, 7;»^2-8jtr*+ 1 . 

1 5. 4;r3 4- 32, x^ -x^-6x and x^ + 6x^ + 1 i-r 4* 6. 

16 . x^-^x^+Xj 2x* - 2x and 5^3 4- 5 ji 4 4- 5jr . 

17 . 4^^ + 7^y + 6x2* 4- 3y^ 4* sy^ + 20* 

and x* + 3x>'4'2/*4-4x2r4* 5V2’4-32r^ 

18. 20^ --ab- 6b^ and 3a" - Sab 4- 4^\ 

19 . i6(x'‘-/*)^ and 8(x-/)*(x4->')3. 

20 . y^ - x\ x3 ~y\ and x^ - jxy 4- 6y'. 

21. 1 4 X' 4‘X^ and x^4-x*4‘X'' - .r* -x-i. 

22 . 2.r® 4 - A7 ~ xs ~ 3)/’ - 4ys - :r’ and 

9x2: 4- 2x^ - 5x7 4* 42** 4- S/r - 1 27=". 

23 abx* + {b^ + <2(;)x7 + bcy*^ abx'^ F {p* ~ ac)xy - 
24. 7273^ 4- 84y'x'' ~ 367x3 and 24>^x 4- 44>'x' 4* 1 2x3. 

26. abX^ 4- (ac 4- bc'jx + r", abx^ 4* (be - ac)x - 

26. 3.r3 - 1 5x’ + 30X - 24 and 2x3 _ gjj » 4* 1 4x ~ 1 2. 

27 . 4. ^ 4. ^3 _ 2abc and (a 4- b)(b + r)(r 4 4- abc 

S. The followinij Theorems will be useful for finding the 
H. C, F. of any two or more compound expressions, 

(1) Every factor of A is also a faotor of M.A. 

Let K be a factor of A and suppose A = K.P ; then M.A- 
M.K.F which shows that K is also a factor of M.A. 

(2) Every common factor of A and B is also a 
faotor M A±N.B. 

JFor suppose K is a common factor of A and B, and suppose 
A«K. P. andB«K. R. ; then M. A.± N. B.-M, K. P.±N. K, R. 
— K. (M.P.±N. R.) which shows that K is a factor M. A.±N, B. 
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H. C. F. of any two compound expressions : 

Suppose A and B are two 
algebraic expressions of which B is 
not of higher degree than A. Divide 
^ by B and let Qt be the quotient 
and Rt the remainder. Then divide 
IB by Rj and let be the quotient 
and R2 the remainder. Next divide 
R, by R2 and let Q3 be the quotient 
and R3 the remainder and so on. 

Now the d^ree of each remainder is less than that of the cor- 
responding divisor at least by unity. Thus R„ R*, R^, etc. gradually 
I diminish in d^ree. If we proceed in this way, (a) either the division 
will be exact at a certain stage i.e. terminate with remainder sero 
• or {d) the remainder will be a constant. If the process terminates 
with a remainder sero^ the last divisor is the H.C.F. : if it terminates 
with a constant remainder, there is no H. C. F. 

Proof : Suppose the division terminates with remainder :erOt 
when the remainder R^ is divided by the remainder R3 as shown 
above. VVe shall prove that R3 is the H. C. F. of A and B. 

From the theory of division A - BQi- R, ; B-R^Q.^R ; 
R.-R.Qj^R.and R.-R3Q4=o. 

It is evident from the theorems in Art. 5 that every common 
factor of A and B is a factor of A - BQ, z. e, of R„ hence also of 
B - RiQ. i.e. of R^, and so, also of R, - R2Q3 zV. of R3. 

Thus every common factor of A and^ is also a factor of 

Again from the results of the divisions. 

R1Q4--R. ; R^Qa + Ri-Ri ; R.Q^+R.-B; and R, + BQ.-A 

Now R3 »s a factor of R3Q4, i.e> Rj is a factor of R. ; 

Rj is a factor of R3Q3+ R3 ie. R, is a factar of R, ; 

/. R3 is a factor of R1Q2+ R.- z>. R , is a factor of B ; 

R3 is a factor of Rj + BQ, ix. R, is a factor of A. 

Thus is a common factor of A ami B, We have prcnxd also 
that every common factor of A and B is a factor of R^ ; that is 
there is no Common factor of A and By which % of hij^her dej^ree 
than Rj. /fence R^ must be the //. C. h\ of A and B. 

7. From the last article we deduce the following mles to be 
followed in finding the H. C. F. of two expressions which cannot 
be easily factorized 

1. Arrange the two expressions in ascending or descending 
powers of some common letter, after taking out any monomiar 
factors which may occur in one or both of them. 
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2, Divide the expression of higher degree in that ietter by 
the other ; if they be both of the same degree, then divide the 
one whose higi jest term has the greater co-efficient by the other. 

3. Regard the remainder as a new divisor and the preceding 
divisor as a new dividend, and go on with the process until there 
is no remainder. The last divisor, multiplied by the H. C. F. of 
the monomials (if any) taken out from the expressions, is the 
H. C, F. required. 

4* At any stage in the above process we may multiply or 
divide the dividend or the divisor by any quantity which is not a 
factor of the other. 

The following worked out examples will illustrate the 
Tuies’ of art 7, 

Ex. I. Find the H. C. F. of - 4^* + 6;r3 — - 4: 4- 1 and 

.r^-*4;r43 1 .r^- 4;rH 6.r3~ 3.r’ ~;r+ i \x 

I 

~4.r^46jr3+4r““-4;r4l j -4 

- 4X* +i6Lr~i2 1 

2 cxr+ 13 

G.v 3 4 - 20 .r 4 1 3 j .r^ - 4^ + 3 i Here we multiply the divU 

I 6 I dend by 6 {Rule 4^ A rt f) so 

6,r^ -“ 24^4 18 Ij- that its first term maybe 

6.r* 4 .r"’ - 20x^ 4 1 3 .r | divisible by bjr^, the ist term 

of the divisor, 

- 4 20 .r‘' ~ 37 .r 4 1 8 Here we multiply by 6 to make 

6 the I si term - divisible by 6x^, 


- 4 1 2ar* - 222X 4 108 - I 

jr®4 2 01:- 13 


1 2 1 i 1 2 1 .r* - 242jr 4121^ Here we remove the simple 

» X®- 2jr 4 i factor 1 21 common to all 

* the terms. (Rule 4^ art 7). 


X * zr 4 1 6.1*24 ;r®- 20;r 4 13 

_ 2jr* 4 6jr 


6.r 


I3jr*-26jr4l3 13 
I3jr®-2dr4t3 


Hence .r*- zr 4 1 is the H. C. F. 
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Ex. 3, Find the H. C. F. of 

~ ~ 6 ixy^ + 24 x^j^ - 2 ixy^ + 6xy and 

6xy^ - 24 xy^ + 1 

We have 3:1:®/ - 6xy^ - + 24;iry - 2 4. 


= sxyix^ - 2.r*j - 2xy^ -f - 7.r -f 2/S) 
and - 24^3^54. iSx^y^ 

~6xy^ (^ - 40^^ 4* 3>^). 


Here we take out 
monomial factors 
{Rule /, art 7). 


The H. C, F. of the factors ^xjy and 6xy^ is sxy. 

In finding the H. C, F. of other two factors we proceed thus : 
x^ - 2 xy - 2 xy^ 4 Sx^y^ - yxj/^ 4 2j5 j x* - 431^ 

'f, ri 5 >.!± 32 :l__ ^1 X 

~"3^1 Z ^ 2xy^ ~ I oxy* 4 2/3 

x^ 4x3/ —6x^/^ 450/3 -.j/4 I I 

_ 4r/3 4 I 


y)xy - 6 x y 4 9X/3 - 4 /* 
x3 - 6xy 4 90:/= - 4/3 

“ 4X/3 4 Sy* I x3 ~ 6x"/ 4 9x/" - 4y^ 
o:^- 6 x 3 / 49 xy - 4 ;tv 3 | ^ 

3/) 6x3/ ~ 9 X^ /^ 4 3>^ 


2 x3 -3x^/ 4/^ I 2 

2 X 3 - 1 2 x ^/ 4 j 8 x/^ 

9/)9x^ / -> T 8x/ ^ 4 9/3 
x*- 2 x/ 4 /’ 

x3 - 6xy 4 9^/^ - I x^--2x/4,Z 

x3 - 2 x^/4x/- 1 X 


- - 4y) - 4x*/ 4 8 x/° -- 4/^ 

X* - 2 A/ 4 /* I I 

x^- 2 X/ 4 /^ I 

Hence x’-2x/4/* is the H. C. F. of the two factors other than 
the monomials. 

/. the required H. C. F.=«3x/(x=~3x/4/^). 

Ex. 3. Find the H. C. F. of i2/3a3 4 5/®xa*42a/x^-x3 and 
423/3 « 1 3a*/*x 4 ~ 
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Reverse the order of the expressions and change the signs. 

- 2ax^y - $a *xy* — i2a^y^ | — jaxy 4* i - 4^3^3 

x^ - yax^f 4“ i | r 

5 Ar=* - I Saxy - Say^ 

It 3 - jaxy 4" 1 - 4 < 73^3 I ^x^ — i Zaxy ~ Sa'y ® 

5 I ^ 

5^^~*35'*-^'®y+65dr*.i'j/*~2oa^3 j x 

- iSaX^y - Za^xy^ | 

~ 1 7^i;r*^4- lyfxy* - toay^ I 


~ 8 ^ax^y 4- 36 ^a^xy^ - looay^ I - i yay 
— 8 ^ax'^y 4- 3o6^ ^>r/* 4- 1 36^3^3 | 

S9<iy* ! 59c?^r y* ~ 2^6ny^ 

J~ 4 ay 

5 jr® -* I Zaxy - Zay^ I x-^ay 

I 5^ 

2 axy ~~Zay^ I 2 ay 

2axy-Zay^ | 

.*. The required H. C. F. «==^x~4ay. 

The above work may be shortly put thus :— 

x^ - yax’y 4- 1 ^a^xy^ - ^ay^ x^ - 2ax^y ~ ^a^xy^ 

~ I2ay I 

5 x^ - yaxy 4- 1 y^a^xy^ 

~4a y^ 

Saxy- i Za^xy *- 

5.t 3 - ^^axy 4- 6sa^xy' 5jr* - 1 8 <ijr^ - 8a“/* ^x 


5^3 ^1 8^14:^ - Sa \xy^ 

~ I yojfy -f y^a^’xy^ - 2oa3^' 

5 

- 85«.r=[y + 36sa*.tj= 

- tooay^ 

- 85<»,r*j4- 3o6a’4rj“ 

4- 1 ^ 6 ay^ 
-* 2}(>ay-> 
x~4ay 


2oa^y3 5 ^^ — 20axy 


2axy - Zay^ 
2axy - ZaY 


/. H, C. F.=jr“4a^. 

The students will do well to use this short work in Ending H.C.F. 
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In finding the H. C. F. of more than two expressions the 
rule is as follows : — 

Rule. Find the H. C. F. of two of the given expressions ; then 
find the H. C. F. of this H. C. F. and a third expression and so 
on. The final H. C. F. is the H. C. F. required. 

Kx. Find the H. C. F. of 

— 2 x* - 3 .r 3 + 2A* + 2, and ;r 5 + 4 r* - 6 x + 3. 
The H. C. F. :r*’+;ir 5 ~ 6 .r^ --.r + 5 and ~ 3;r“ -f- 2.r + 2 is, by 

the process of division, lound to be .r"* — 1. 

The H. C. F. of x""- i and .r 5 +*r 3 +.r=- 6 x + 3 is again found to 
be X- I , 

Hence .r~ i is the required H. C. F. 

EXERCISE LVII. 

Find the H. C. F. (if any) of 
1* .r^~6.r* + ii.r-6 and .r 3 + 2.r=^-.r--2. 

2. .if* — 6*r3+n.r^--8.r+4 and 2x^ -- 74:-^+ io.r*- io.r + 4. 

3 . z’ - 1 5;^’ + 7 i.r - 1 05 and x^ - + 4.r= + 7.r - 3. 

4 . 5.r3 4-5;tr=+ 5;r~6 and x* + 6 x^ - x^ ~ S4x - yi. 

5 . 4.r* — 28.r^ 4 - 22.r3 + gSx^ + 28^: - 1 6 and 

^x^ - 1 4x* + I gx^ - ^ox'^ 4 * 3o.r -24, 

6. 2.r* + 1 i.r 3 4 “ ib.r"" 4 - jr - 6 and 2.t4 -x^- 26.^* + 37 .r -12. 

7 . ,t:*4-3.r^ + 3-r"4-2 and .rS 4 -:i 4 4 -.r 3 4 -.r" 4 -.r + i. 

8. iS-r®- i 2 -r 5 4 i8.r»- I 2 jr 3 4 “i 8 .r-*- 12 and 

24 .r 5 4 * ^ 2 x* E 40 .r 3 _ 

9 . -t'S 4- 2.r^ 4 - 4-^3 - ^x'‘ 4 - 6.r and x* — 6 .r 3 4 - 1 2 .r° - i ijr 4- 6. 

10 . X* - 2xy ~ x^y ~ 2xy 4 -^ and x* 4 - yxy 4- ^x^y + 7;r -f y 4 ^ 

1 1 . 4xly -* x^y 4 - 4xy - xy and Syy 4 - 1 4xy + 1 2ji4^ 4. 4xy 

- 2 xy. 

12 . 6 x* - x\y 4 “ 4 xy 4 -^ and 6.r« ~ 4 - ~ ixy^ 4-J4. 

13 . 7'«’^- i9-r*4- I7.r~ 5 and 2.i4--r3-9,r^4- I3jr ~ 5. 

14 . 1 2^4 + 1 4^3 - I 4, and ^2x^ 4 - 24^2 _ 5 cu 4 4 - 36.r ^ ~ 8,r^ 

15 . 4^4 + jxy - 1 4xy - 3ijr/3 - 14 and 

i6j4 - 48 jr^ 4- 4- ~ 2 

16 . jr 54 -n.r-i 3 and.rS+ii,ir 34 'S 4 - (P. E. 1895). 

17 . 4^5 - 2094?* 4 " 1 5 and 1 sjcs - 20911:34-4, 

18. 6.ir3 4- 7^® - 9**^^' 2 and 8.14 + 6 .t3 ~ i 5X'* 4- 92: - 2 , ( M. M. 1 890). 
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• Find tilt H. C* F. (if any) of 

19 . 6x* -f- - 6.r* — 2 and 2x* 4* + 2x'^ -7x-6* 

20. 7x^ - ioa-r^-f ^a*x^ - and 

hx^ - 1 3«7.r3 4 * Sa^.ir“ - 3alr + 30^. (B. M. 1 884). 

21. 6x^ - 8-r5 4 * ^r* -x^-h 44 :^ 4-4: 4 - 1 , and 

bxf'-^x^ - 34 r< 4 * 104;* 4 - 74 r 4- 3. 

22. aV^(ca--b^)x-\-bc and a^x^+tabx' '^(caJtb^)x ^bc, 

23 . apx^ + {aq -f bp)xy 4- {ar + cp)x^ 4- bqy* 4- {br ‘{•cq\y’\- cr 

and alx^ 4- {bl 4 * ant)x^y + [an 4* ct)x'^ 4- brny"^ 4- {bn 4- cni\y 4- cn. 

24 . 4 - b^y'^ 4 - - yibcxyz and 

alx'^ + {bl 4- am)xy 4 {an 4 lc)xz 4 bmy^ 4 ibn 4 cm)yz 4 cns\ 

26 . 2x^ 4 xy - xy^ - 2y\ $x^ - 2xy 4 xy^ - 2y^ and 
. x^ ^ 6xy 4 1 Jxy"^ - 6y^. 

20 . 64:^ 4 54-5 4 54^ 4 [6x^ - 124:“ 4 164: - 16 and 
gx^ 46 .rs 4 1044 4 34:^ 4 324:=" ~ 244: 4 24. 

27 . 4S 4 34^ 4 464'^ + 894’ 4 1 274 4 164 and 

.r^ + 34r54464r< + 89.rJ4i324^4i694420S. (C. E. 1895). 

28 . 4544^-443424=464-9, 4;^ -4= 4 64 -9 and 

. 4 ^ 4243 - 54 *- 6449 . (B. M;i886). 

29 . 8x^ - 643 4 54= - 84 4 3, 44* - 94* 4 64 - I , and 643 - 74= 4 1 . 

30 . X* - 843 4 284* - 5 34 4 42, 4 :^ 4 643 - 424" 4 1 294 - 1 54 and 

34* 4 543 - 74* - 94 - 42. 

31 . Find the H.C.D. of — 443 -4*4 xr 4 2 and 43 — 4= — 2442 
and find such a value of 4 as will make both the expressions vanish. 

(A. E. 1899). 


#. Motjbiod of alternate Destruction of Highest and 
Lowest terms. 

If m, n, m' and n' be constant quantities positive 
or negative and if 

P«mA4nB....... (a), 

Q«m'A*fnH 

then the H. 0. F. of A and B and the H. O. F. of P and Q 
must be the same* provided mu' - m'n is not sero. 
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Proof. From the eq^uations (a) and (/8) it follows that every com- 
mon factor of A and B is also a common factor of P and Q '.(i) 

Multiplying (a) by ?h' and (fi) by m and subtracting 
we get {m'P {nil n — mn!)B 

= — (y) 

Again multiplying (a) by and (;8) by n and subtracting we 
get n'P - nQ — {mn' - m'n)A .1 {S) 

Now from (r) and ((S') it follows that every common factor of P 
and Q is also a common factor of A and B •••(2) 

From the statements (r) and (2) it follows tnat the H.C.F, of A 
and B and that of P and Q are the same 

Ex* I . Let A = - 4,1-^ - i - 3,v- - 3.r - i , 

i6:r3— I ^x--2x- 5. 

Theh lA - 3/?— - 26.r^ -h 26,r3 + 39ir* + 13= - i3(2.r^ - 2.r' - 3.1* ™ i), 

and sA-B— 26x^ - 26x* ~ 39.^3 — 1 3.r = i y^{2x^ - 2.r ^ - 3.^^ - r ). 

The factors 13 and x which form no part of the H.C.F. may be 
rejected. 

Hence the required H.C.F, is the H.C.F. of 
A' — 2x^ - 2.r3 - 3jr’ - i, 
and B' — 2x* - 2x^ — yc^ - i. 

2A^ — 2-r3 — 3^® — I is the H.C.F, required. 

Ex. 2. Let A = 4;r^ + 26.r3/ 4- 4 ixy’^ - 2xy^ - 243^, 

B — 3,r^ + 20 x^y + 32.1^ - Zxy^ - yy\ 

. Then t\A-‘^A~ 2x^y 4- $xy- - 26xy^ - 56^'^ 

=y{2x^ 4- S’Py ~ 26xy^ - 56/3) . 

Also 4A~$B= 7^4 4. 44.^3^ 4- 6Safy^ 4* 1 6.t;y * 

= .r(7.r3 4- 44x’^ 4- 68. rj- 4- 1 6/3). ^ 

Rejecting the factors / and x which do not clearly form a part 
of the H.C.F., we have to find the H.C.F. of 

= 7;r3 4- 44^4/ 4- 68/y® 4- 1 6/ \ 

B — 2x^ 4 - 5-f */ - 26xy^ - 56^ 3 


Again 2A' - yB « 53<y + 3 1 Zxy^ 4- 424/^ ( i ) 

7 A' 4 - 2B* = 53^:3 4 “ 3 1 Bxy 4 * 424-^/* (2 ) 


Hence rejecting 53/, the monomial factor of (i) and 53;!', the 
monofnial factor of (2) which clearly form no part of the H.C- F'., 
the required H.C.F. is jr*4“6ui/4-8/». 
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EXERCISE LVIII. 

Find by the method of alternate destruction of Highest and 
Lowest terms the H.C.F. (if any) of :~ 

1 . 6 ^:*- 54 ^ + 3 and 34^3 4.^ 6 , 

2. 2 x'»~ 5 ;ir 3 -P 3 Ji'*-i“ 2 ;r ~8 and 2;t4~82r3 4 -i 5 ;i:*- I9;r-- lo. 

3 . 2jr^ - - 7Jt + 12 and ~ 132:* + 8;r * 4 12» 

4 . llArS 4 * 22 A 4 - 25 .t 3 + 372r’*-38;tr+24 and 2jr^ - 3;rs - 6;r^ 

4 - 34^3 _ + S2X-32. 

d, Ar 3 - 5ji: + 4, jr3-7;ir4-6 and 2jir3-Ar'*4-3;r — 4. 

6. 2;r^ + 7^'*+ + 6 Ar 3 4 " i32r''~4Jir~ 15, Sjirs + djr*- 5jr4-6. 

7 . 22'^- 1 3^1:3 + 3 38.^4-24, x ^-8 and 2:3~3Jir-2. 

8. ;t4-;r*~64r~9, ,r5 4-;if^4-3;r3 4'2x®4‘2;r4-6 

and x^ 4 * 3^:3 4- 8.r* 4 - 9a: 4 - 9. 


10 The term “ Greatest Common Measure ” is used by some 
writers for Highest Common Factor, but the term ought to be res- 
tricted to numerical quantities only. The highest common factor 
of two algebraical expressions is not necessarily the same as their 
greatest common measure for all numerical values of the symbols 
involved. 

Thus the H.C.F. of Ar^ 4 - 4 -v 4-3 and Ar’ 4 * 6 A: 4-5 is jr 4 - 1 ; but if we 
put x^ i, they become respectively 8 and 12 of which the greatest 
common measure is 4, whereas the numerical value of the H.C.F. 
.;r 4- X becomes 2. 


CHAPTER XV. 

LOWEST COMMON MULTIPLE. 

1 . Common Multiple. An algehrcdcml expression •which 
is MvisiUc by each of two or more algebraical expressions without 
any remainder is a common multiple of those expressions. 

Least Common Multiple f L.C.M.) of two or more algebrai- 
cal expressions is the expression of the lowest degree which is divi- 
sible oy each of them, 

£. L, Q, M. of monomials, 

lit the case of monomials the L. C. M, may be easily written 
down by inspection. Thus, to find the L, €. M. of 
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we observe that the L. C. M. of 4 and 6 is 12, that of and 
is and that of and is 

Hence the L.C.M. required is I 2 a^d\ From this we deduce 
the following general rule for hnding the L.C.M. of monomials : — 

Rule : Multiply together 

( 1 ) The L. C. M. of the nunrterical co-efficients. 

(2) The highest power of each letter in the monomials. 

Thus the L. C, M . of and Sxym is 244:3^3^:4^^. 

3. L. C. M. of compound expressions which can be 
easily factorised : — 

Resolve each expression into its prime factors. The product of 
all the factors^ each being raised to the highest power in winch it 
Occurs in any of the expressions, is the L C. M , 

^ Of course the L.C.M. of the numerical co efficients, if any, must 
be included. 

The rule is really the same as in the case of monomials, each 
factor being considered as one symbol. 

Ex. I. Find the L. C, M. of 

t{x - i)H4r» + 3)^, 8(4: - zfKx - 3), 1 2(r ~ I )Hx - 2)^(4: - 3)^ 

By the rule given above the L. C. M. is 
24 { x - 1)5(4:- 2 K 4 r- 3)^(4:* + 3)3. 

Ex. 2. Find the L, C. M. of 

4:5 xy*, y^-x^jX^-^/^ xy%v^ + y'). 

Here 4:5 - .r/^ * ;r(4r» «4:(4:’ -7")(4r^ +/=*) 

=4:(4: h’y)(x --y){x^ + f), 

y3 ^ ,v3* - {x^ -^3) = - {x -yKx^+xy+y^), 

+/ + xy(^* +/•) = (4:* +r ) + j') 

-(x^^y^) (x*-*-y*f t 

L. C. M.=x(x+y)(x-y)(x^+y%x^^xy'^yi(x*-*-y). 

EXERCISE LIX. 

Find the L. C. M. of 

1 . 4ab^,6a^b. 2 . gxy^, 24x^2^ 

3 . 4a^b, Sa^b*c\ I 2 ab^ and 

4. iS^bc, i 2 Pf i 6 a^c, 20c^b and 4Sb^a, 

5. a^*tax, b^a-^b^x, 

6. 2 (x * 2)’, 2 x^- 8, 4:3 4. 24r* and zr* - 4 x. 
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. Find the L. C* M* of 

7 . zxy ~ ?,.if + ycy and Ax\v - <)xy^, 

8. - 7 x 4*6 and x« - 5x4* 4. 

9. 3x^ yxy^ and 3x* - Sx^y - i ix^f. 

10 . X“ H- 7 x + 1 2, x^ + 64X. IX. a* - a^b - + ()b\ 

12. x^ -hxy ‘hxy^ 4 -y^ and x^ — xy + xy^ — /3, 

13 . x^+a^, x^— « 3 , x^+«*x* 4 *nr^ and x^^ax+a^ (M.M. i8q6). 

14 . 4^~ - 6ys - (gy^ + gy^-hAxs - ( 4 X* + 

5r*- i2xj-(4x®4-9y*), (B.M. 1896). 

15 . x*~x*- 14x4-24, x3-2x’~ 5x4-6, x^~ 4 x 4 * 3 . (C. E. 1902). 

10 . I -x 4 -x®, I 4 -X 4 -X'' and 1 4 -x* 4 -x^ 

17 . 2 x®- 6 ^lx 4 - 9 ^l^ 2 x* 4 - 6 i*x 4 “ 9 ^J“, 4x^~8i«^ 

18. I2(;i;»-i), i6(;ir= + i), 2 o(jr-i)% 4 (.r+i)', 3(.r3-i),.r3+i, ' 

19 . 9x^ ~ 28 x* 4 - 3, 27.r^ - I2x^ 4 - 1, 27.1*4 4 - 6 x'* - i and x^ — 6 x" 4 - 9. 

(C. E. 1886). 

20. .r^ - 3x^ 4- 3x - I , x* - x* - .r 4 * i , and x^ - 2 x 3 4- 2x - i . 

(B. M. 1890). 


4. L. O. M. of two compound expressions which can 
not be easily faotorised. 

Let A and J9 be the two expressions and //'their highest common 
factor. Suppose a and b to be the respective quotients of A and B 
when divided by // ; then A ^Ha and B~Hb^ (a and b having no 
common factor). Then L. C. M. of A and B^ab H. Denote the 

A A AU 

L. C. M. by £. Then L^abM^^, bH^~. 

li 11 H 

duct qf'A and B divided by their H. C. F. 

ft. An important relation exists between the H. C. F. and 
L. C. M. of two given expressions. The relation is that The product 
of btuo expressions is equal to the product of their H, C. F. and 
X. C. M. 

Let //be the H. C. F* and L be the L. C. M, of the two expres- 
sions A and B, ^ 

Let A^Ha^ B^//b as in the preceding article ; then L-//ab, 
Hence FH^H.Hab*==Ha^ Hb^AM which proves the relation. 

ft. The L. O. M. of three or more expresaious. 

Let A^ By C be three expressions. Find L the X, C. M. of 
A and B, Next hnd X' the L. C, M, of X and C ; then L' is the 
JL C. M. of Ay B and C 
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Proof. Since L is the expression of lowest degree divisible hf 
A and Z? and Z' is the expression of lowest degree divisible by 
L and C, therefore L is the expression of lowest degree divisible by 
Ay B and C i.e. is their L. C. M. 

The same reasoning evidently is applicable, whatever be the 
number of expressions. 

Hence the Rule fpr finding: the L. C. M. of any number 
of expressions : — Find the L C.M. of any two of the expressions 
ana then the L,C,M. of this L. C. Af. and the third and so on. The 
last result so obtained will be the Z C.M. required. 

Ex. I. Find the L. C. M. of 


— 6^3 and -f Sxy + 1 qxy"* + 

The H. C. F. of the expressions =,r* + 3nr^ + 2/®. 

TheL C.M ^ ~ 7^7 ’ *- ^ +i7xy^+Joy^) 
x^ -f 3~vy -i- 2y^ 


=^(x-$y)x (x^ + 8 xy + 1 yxy^ + 10 ^ 3 ). 
Ex. 2 , Find the L. C. M. of 


8.r3 + 8;r= + 4u' + i, i6.r^~4,r*~44:~ i, and r + 2;r~8u'3~ i6xL 
The H. C. F. of first and second expressions = 4,r* + 2.r-M. 

Their L. C. M. = (8;r3 + 8.r'* + 4x+ I)•^(4.r=-f’2.r4' i) 

x(i6.r‘-44 "~4;ir- l) 
= (lx + i)(i 6 -r^ - - 4;r - i). 

= 32.^5 4- i6x^ - 8,i'3 - 1 2 X'' - 6.r - 1 (L) 

The L. C. M. required = the L. C. M. of the 3rd expression and 
the expression (L), the L. C. M. of the first two expressions. 

But the H. C. F. of the 3rd expression and the expression (L) 

= 8.r3 4-8jr=' + 4jr+ r. 

The L. C. M. required 
== (l -f 2 ji: — 8,r3 - i6jr^) -r (8x^ + 8.r’ + 4,r 4* i ) 

X (32.^5 4 i 6 ;t^ — 8 jr 3 - 1 2 x^ - 6 ,r ~ i ). 

= “ (2.1' - 1 )(32.r5 4. ^ 2 ^x^ - 1 2-r’ - 6 x- i). 


EXERCISE LX. 


Find the L. C. M. of : — 

1. 2;ir3-.jr-i and 34r3-2;r-i. 

3 . 3 x 344 ^:*“ 2jr* I and 3jr3~84r*-334r - 10 

3, x^-x^-x-i md x^-x^--x*A-i, 
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Find the L. C. M.of 

4 , 2ix^ - 2p,y 4 * 1 3;r/ - 3,y^ and 6^3 + yx - ^4yx^ + 2 ix\ 

6. j + 

0. 9:1:5 4 . 1 jxy — 2y and 4/54-1 jyx+8ix^ 

7. .r5+j:^4” I andr^-2J:^+-i:^- I. 

8. :r 3 ~.r®- I4:i:4*24, and j:3-2:tr*~ 5:r4-6^ 

9 . 6^®- 1 3:1: 4 * 6, 6:1:’ + 5 JT- 6, and 9^:*- 4. 

10. 7x^ - 2:r* ~ 9:r - 2, and - 6^'* - 6:1: - 1 1. 

11 . 9:i:^-6;i:3 4 -:i:''- I, and 9 A:^- 6 :r 3 - 5 ;r=' 4 - 2 ,r 4 - 1. 

12. .1^ - 1 2^3 4- 42:1:* - 52:r 4 - 2 1, - I0:r3 4. 4 - 20 

and :t4-7x4-6. 

13 . 4-t:3-2o:r’4*i7:c-4i 2;i:3~ i5^®4-3i:c- 12 and 

4-r3- i6j:'’4“i3:f- 3 (B. M. 1902). 

14 . x^-i 2xy^ 4 * 1 6/3^ - 4:»:3/ xy^ 4- 2o,r/3 - 2oy and 

x^ 4 * 3 :r 3 / - i ix'y - ^xy 4 - » oy. 


•/. We shall conclude this Chapter with a few illustrative 
examples depending on the theory of H.C.F. and L.C.M. 

Ex. I. If H.C.E. of two expressions is :r~ 2, and L.C.M. is 
x^-2x^-()x+i8f and one of the expressions is .^'’- 5 ;r 4 ' 6 , find 
the other. 

Since the product of the two expressions = their H.C.F. x their 
L.C.M. and one expression is x'^- 54:4-6, 

. ' ( 4 : 3 - 2 .r^~ 9 Lr 4 -l 8 )Cr- 2 ) 

.. the other expressions^ - 

9 )(£r 2) 
( 4 :- 1 )( 4 :- 2 ) ~ 

= 4 - 3 )( 4 r -- 2 ) =4:=* 4 -. 1 : - 6 . 

Ex. 2. Find the H.C.F. of .*4 =4:34- 9 ;r^ 4- 23^^4*15 
and B^^x^+yx^-^ 144:4-8. 

The H.C.F. of A and B is a factor of -4 - i? 2>. 24:^4-94:4-7 
i.e, of (x 4 * 1X24:4-7). Now evidently 24:4-7 cannot be a factor of the 
expressions, while 4 : 4-1 is found to be one. Hence x 4-1= read. 
H.C.F. 

Ex. 3. if -t - a be the H.C.F. of ~ px^ 4-^4: - r and 
then a 


1 -f 
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Since x-a is the H.C.F, of x^-px^^g^x^r and 
-r, it divides each of them exactly /. e. without any remainder. 

Hence x-a divides {.^3 - mx^ ^nx-r)- {x^ - px^\ qx - r) 

2>. x^(p - ?n) + ;r(;i - q) ’ 



x-^ 


!LZ9\ 

p-mj 


without any remainder. 


;r-f “ — ~ must be identical with x~a 
p-m 


i.e. 


^_n-q 


, , or, as= ^ . 

p — tn m —p 

Ex. 4. If jr-f/ be the H. C. F. of jr=-f and 

then their -p')x^ -Vipb* -p^)x-k-{b-p){U -^p)p. 

Dividing x^^bx^rc hy x-\-p the quotient is + and the 
remainder '\s p^ -bp-^^c. 

Now since the expression is exactly divisible by .r+/, 


Similarly p*-l/p-\- c'—o. 

Now L.C.M. 

X’k-p 

— (jr 4* ^ ^P){x^ + b'x + c) 

— x^-hib+b' -p)x^ + {bb’ -bp-k-i ')x 

^c^ib-p) 

Now 4 r' = o /. pP = bp - r' 

and 4* ^'/ == p{b* - p). 

/. substituting, the L.C.M.=.r3 4“(^ + /^'-“/)jr= + (^i^' 

^{b-^pW-PP^ 


EXERCISE LXI. 


1 . If jr4*a be the H.C.F. of /;ir*4^jr4'r and rx^->rqx^p, 

. show that . 

r 

% Find the values of a and b in order that x^^{a^i)x^ 
4-(^-3);r~ 2 may be divisible by the square of 4:4-2. 

3. If the H.C.F. of 4:^4- 4- r* and x^-^cx*^b he of the form 
x-k-a^ then either a4“i=o or b^c, 

4 . Determine m and n so that 44-3.424 22/4:4* w may be 
divisible by 4:*- 24:4-4, 
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5 . be Ae H.C.F. of a.nd x^-^-ax show 

that their L. C. *M. = -P (2^ ^ p)x* -P^^— . 

P P 

6. There are two quantities B of which the L. C. M. = L, 

the H. C, F. ~H \ if A+BIm^ prove that 

+ /P = m^A^ 4 - B^/m\ 


CHAPTER XVI. 

FRACTIONS. 

1 .. If, when one quantity is divided by another, the operation 
of division is indicated by placing the dividend over the divisor 
with a line between them, the quotient is called a Praotion. 

Thus ? is a fraction and means the same as 

0 

In the traction a is called the numerator and b the deno?nina- 
tor ; while a and b together are called terms of the fraction. 

Since by definition the fraction ^ is equivalent to a~rb^ it follows 

that — whether a and b are positive, negative, integral or 
fractional, and we may regard this property as defining the fraction 

for all value of a and b. 

Note. In Arithmtic a fraction like S (of the unit) is defined to be a 
quantity formed by dividing unity into 3 equal parts and taking 2 of these 
fmits. It is evident that with this definition we shall have )X3«»2. 

For, or I taken 3 times means that unity is divided into 3 parts, 
and two of these parts are taken 3 times, i,e. 6 of these parts arc taken ; 
and it is clear that 6 such parts make up 2 units. 

The definition of an algebraical fraction as given above is th^ not 
inconsistent with the Arithmetical definition and is in fact more general, 
as it covers cases (not defined in Arithmetic) in which fractions have their 
numerators or denominators or both negative or fractionaL 

Oba A quantity which i$ integral in form may be regarded as 
a fraction of which the denominator is i. Thus we may regard a 
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2^, A fraction is said to be proper or improper according as 
the numerator is or is not of lower dimensions than the denominator. 

Thus is a proper fraction ; while 5£lr„?:llL3 

are improper fractions. 

An expression is said to be integral in a letter if the letter 
does not occur in the denominator in any term. 

Thus ;r3- |^= + 3 Jir-| is an integral expression in x. 

3 . Theorem I. If the signs of both tfie nutnerator and the 
iknominaior of a fraction are changed^ the value of the fraction 
rent cans unchanged. 

To prove that 

— o o 

We have — (-A) by definition. 

~a-—b by rule of signs. 

==^-by definition. 

Similarly, 

4- Theorem II. If the sign of either the numerator or the 
denominator of a fraction is changed^ the sign of the whole 
fraction Is changed. 

To prove that - 3 =-^. 

We have by definition. 

“ ~{a~rb) by rule of signs. 

=» - J by definition. 

Also — ^=a-r(-^) by dcfiniiion. 

“ - {a—b) by rule of signs. 

= - ^ by definition. 

~ ^'^"5 * changing the sign of numerator, 

= - , changing the sign of denominator. 

= > changing the sign of both numerator and 


denominator. 
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‘4. Theorem III. The value of a fraction is not altered by 
muiapiying its numerator and denominator by the same quantity. 

To pro e that ^ values of m. 

We have 1=^2 -r<5 by definition. 

commutative law. 

= {axm)-^{by. m\ associative law. 

aY.m . , . . . 

= . , by definition. 

b'T.m ^ 

_am 
bm ’ 

Theorem IV. The value of a fraction is not altered h\ 
aividing both its numerator and denominator by the same quantity. 

To prove that - « - . 

b b~m 

We hav&^=a-Tb by definition. 

=:{a-rb) X 7n'^m. 

—a-^m-^bxm, commutative law. 
—(a^m)~{b-~7n)y associative law. 

=f by definition. 

b-~7n ^ 

7 - Reduction to lowest terms. A fraction is said to be 
reduced to its lowest tenns when there is no factor common to the 
numerator and the denominator. 

It is evident that to reduce a fraction to its lowest terms we are 
to divide the numerator and the dinofninator by their H.C.F. 

(SeeTheor. IV.) 

Ex. I. Reduce — to lowest terms. 

Here the H. C, F, of and is 

. ^ 2x*> 

1 tx^y^s^ 1 2xy's^ -r 

Ex. 2. Reduce to lowest terms. 
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Thefraction=f^-±^^^>. 

(x+3y%>:-y) 


cancelling the common factor from the 
numerator and the denominator. 


Ex. 3. Reduce | ^ to lowest terms. 

Here the H. C. F. '>{ the numerator and the denominator is nol 
evident on inspection, and proceeding according to the usu# 
method we find it to be 2.^ + 1. 


the fraction = 


+ 1 o;^ 7 ) + l)_ 

( 4 X-+ l 6 .r* - I5X-~ I !)-;-(2-t + I) 


^*‘ 74 ft ‘+7 
zx^^Tx- II* 


Obs. Knowing that divides the numerator and the 

denominator we may proceed factorizing them thus : — 

6 x^ - 5 JT* + 1 o.r -f 7 = s^{2x + 1 ) ~ 4.r(2 AT 4 * 1 ) + 7 ( 2.r 4 * 1 ) 
-( 2 .v 4 -i)( 3 ;r‘- 4 .r 4 - 7 )- 

4.r34<i6z’~ I5.r- Ii=2jr^(2.r4-i)4-7.r(2.r4*i)- n(2x4-i) 

= (24r 4- i)(2T^ 4- 7;r - I r). 

6 a^ — 4 - 4 - 


Ex. 4. Reduce = 


4a^ — 1 4- 1 — ad* — 


to lowest terms 


The H. C. F, of the numerator and the denominator is found to * 
be 

rac ion — ^ ^ __ ^ ^2^^ - ^ab-^b’) 

— 3< 23 4 - ^“^b 4 - '^ab^ -h b^ 


EXERCISE LXIl. 


Reduce to lowest terms 


1 . 


4 . 


7 . 


10 . 


zoa^bc^ - 

Ts^f ^ 

■ Z i5g£yf^ 5 

r}p»qf^^ ‘ 

nt^4-a^ B 


33£y-* 

jr 3 -j 3 

- xy* * 
xyz^y^s^' 


g iza^b^xy* 
— 1 bab^hfiy 

e 

b%ax + bxy 

9 

ga^ + i2ax’ 
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12 . 

14. 


« 18 . 

20 . 

22. 

24 . 

26. 

27 . 

29. 

31. 

32. 

33. 

34. 
36. 


13. 

16. 

17. 

19. 

21 . 

23. 


ax-ajf^dx+l>y 

2£^+iijir+r4 

-higx—y 

+ ady 

^ + c)xy 


Reduce to lowest terms : 

‘^+i’-c’‘+~2'a6' 

6x’'~igjr+,e 
»2.r’-29^+,5- 

3S£f- 33^’ 

3«' -)- 1 7ai + 223'.“ ■ 
x^~{fl~b)x~ab 

f:?-±7£+i3)l::^r+7y 

(I8.t» + ,92r-,)._(2.r._., + 5p 
( +‘'-2a)5-('c + 3_23)3 

(f+«-2^)3-(a+^---f, 26. =i£lrii £+12 

S-r- + 22r=-,5^_6- 

'2=-«3.;.g 

■* 78<»’.r- 72^3 
2-r3 + 1 oa.r> - 4 ^^^ .'^-g • 

"-‘■'-•»’-9.r’ + r 3 .r-; 

7^''~ 192 ^ 3 +, 7.rrj-- 

(5_j'S_rw -59r +19^ 

' 5-t^ ‘^''^■'‘+7Lr"-37.r+6 *. 

•’- -3xy>-ys 

4^ + 22r.> - ■ 

3«=tf!£r_53fl^-75-2i.-,8i3 

- 39ar--7,i2r_ 


[Chap* 


- 

28. 473 

4^3+ r3jr“_y^ i9-^X+4j';3‘ 

30. ~ q4./^34. w.4 

(C. E. 1889.) 

(C. E. 1870.) 


m!:, fi.;::'" ^ ... ... . .. 
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Then 


a ax (x~b) 
b'~ bx {x~h) 
c _cxix‘^d) 
(ix\x-^d) 
e _ ex{x-~f) 

f 


(Theof IV)=^ ; 


(Theor IV) 
/x(.r-/) 


cx{x-^d) 

X ’ 


; and so on. 


Hence we have the rule : Find the Z. C. M. of the denominators 
of the fractions^ and vndtipJy the numerator and denominator oj 
each fraction by the quotient of this Z. C. M. by the denominator 
of that fraction^ 


Ex. I. 


Reduce 


2 £ 5£^ 

aF a'Z’ ab^ 


to a common denominator. 


Here L. C. M, of the denominators 

T1 2-y _ 2x X ab) 2xab- ^ 

ab abx(a^F~ab) a'-F * 

M — 3/ X (ci^F’~a^b) _ p'F 
b a^b x {a^b^ ■— a^'b) ^ a^b - ^ 

5ir _ 55 ^ X {a^b'^—aF) _ 

aF ~ aF x [FF ~ aF) ” a'b^ * 

Hence the fractions are reduced to a common denominator. 

„ , a ab a^b ' . 

Ex. 2. Reduce yJvy'yY ^ common deno- 

minator. 

Here L. C, M, of the denominators 

Thus ^ _axy{x +y) _ aj'ir +y) 
x-y yix^-f) y{x'‘-y‘)’ 
ab ab x {x — j') _ abix ~y\ 

yix+y}'^ y{x^~y^)~y{x' -y f 
a*b _ a^bxy _ 

yix'^ - j’) “■/( -y^) * 

Ex. 3. Reduce 7 77 — j / — ™v r- 

{a-c){a-b) (b-a){b-ci' (c--a){c-b) 

to a common denominator. 

Preserving cyclic order in the factors in the denominators, we 
can write the fractions as ^ 

a _ b c 

^ [€^){a - b)^ ^^){b - cf 

This shows that L.C.M. of the denominators 
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Hence first fraction = - 

(^-cKc-aXa-d)' 

second fraction =- - — He -a) 

(i-c)ic-a){a-dy 

third fraction = - - - 

(^-c)(t-a)(a-/S)' 

Exercise lxiii. 

Reduce to a common denominator 

1. ^ -i' ^ 


a' b' c' 


3. a’, 


'a' d' 


5. ^~£ 


7. 

9. 

11 . 

13. 

14. 


3 (t 


Sa 


-I'+I ’ 2.V + 2\4X + 4 

3-^+4 3 
'f (.r -f 2 j * .r ’ ;r + 2 * 

4- 1_ V «f 2 3 


± ^ c 

(i + d a-b 
a-b" a^b' 

« X 

x' al x^a' 

a 

x- 2 f 


2 . 

4. 

6. 


[Chap. 


10 . 


3^ 


« + ab-b^* a^- ^ 2 * 


12 . -3£-l 


£-3 


.r4-^ 




<«+^) • bib- a)’ ^c^zr^y 


2 x‘Z-y^ + j > 


r+l 


-r+2 


.r»-3x+2 ' 


»• f>om art. 6 Chap. X we have 
i±i±£+_^^ a b r 

^ w •**“•> where ^..,...niay 

be ^itive, negative, integral or fractional. 

Ex. I. + ^ _La. I 
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zxy^z 


2 xy^z 2 x^y^z^ 2 x'^y^s 


'~2.vy 2 }'^ y^z’ 

10 . Addition and subtraotion of fractions. Since 

V.... " . ^ , a+b-\-c+ .... , . ,, 


we have — + ~ 4- ~ 4- . . . ♦ . . = — ^ find that the sum 
m m m m 

of a number of froMions having a common denominator is a fraction 
of which the denominator is the same but the numerator is the sum 
of the numerators of the given fractions. 

If the fractions have not the same denominator, they must be 
first reduced as in art. 8 to equivalent fractions having the same 
denominator, and then the preceding rule is to be applied. 

Ex. I. Add together 

« a — b a-hb 

We are to reduce the fractions to a common denominator which 
n this case being the L. C. M. of <2 4-^ and is a^-b^. 

Thus " + I ja-l'y 

a--b a-{-b {a~b){a + by {a-b){a^~by"'**^ 

a* — b^ (I* — 

In a practice step (i) is omitted and the next step is immediately 
written down. 


Ex. 2, Subtract 


Reqd. result = 


.V-I4 . .r+io 

^ 

6.r^+ 19x4* lo 6 x* 4 -X“~; 

x 4 * ro X— 14 

6.r*4-x-~2 iqx-h 10 


X 4-1 0 X-14 

(2x - i)(3.v 4 * 2) (2x4* 5)(3x 4 - 2) 
( x 4 “ioK 2 .r 4 *S)-(x~ I4)(2x- i) 
“ (2jr- i)(jr+2)(2jr + 5) 

(2x^4-2Sx4*5o) — (2x^--29x4*f4) 
(2x- i)(3xHh 2 )( 2 x 4 ' 5 ) 
i8{3x42) 

(2X~ I)(3x4*2)(2X4‘5) 

18 ■ 

^ 2 X-l)( 2 X+ 5 ) 
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Ex. 3. 


Simplify 


3A-~4 2{x-i) X-ll 

.ar “ ~ 3^ + 2 a:* - 5 jir + 6 - 4^ + 3 * 


The expr. 


„ + 2 (;tf-l) I 

(x - I - 2) (.^r ~ 2 )[x - 3 ) ^ - 3)(-^ ~ I ) 


($x - 4 )(- y - 3) + 2 (.r - 1 X -f (.r ~ I i)(.r -2) 
{x-ii{x--2}(x-:ij 


Ex. 4> 


. (3^'- i 3 ^+ 12 ) + { 2 .^=^~ 4 ;r 4 ‘ 2 ) + (;r"-i3.:r-P22 ) 
(;r-iXAr-2K^r~3) 

6jr^-30u v -f 36 __ 60 r ^ 2)U- - 3) 

i)(;r - 2)(x -S)~'{x -l)(x~2){x-^ 


6 

x-i' 


Simplify 


a b ab- a' 
X’\-a x-a^a^-x ' 


The expr.= 


jr+a"^.r~a 


ab-a^ 

x^-a^ 


a(x - a) 4- b(x 4- a) - {ab - a^) 

simplifying the numerator. 


In some cases it is useful not to reduce the fractions to a common- 
denominator all at once but to proceed by adding ingroups. This is 
illustrated in the next three examples. 


Ex. 5. Simplify 


-5 ,r + " 5 '^a' + 2 


The expr.^^'-^ ^ ^ 

^ V^-5 X + s' \X-2 .r + 2/ 

- Kr^s)-2 { x-s ) ^ “ 2 ) 

jr*~25 “ ' ' 

20 20 ^ 20(x^ - 4) - 2o(.r^ - 2 5) 

'“x*~ 2 s‘^.r *-4 -t 4 ~ 2 ^i?+ioo 

420 

~ 44 - 29 ^ioo’ 


Ex. 6. 


Simplify 


JL. 4 . J_ 4. 4. 4^^ 

a — b a* 4-^ 


«ilSv- 
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The expr. = ( — ^ V H — ^ 
\a-^ a-h-bf 

_ 2 a 2a 4^3 

-fM 

2a* , 4a3 

= 2a 1 — 

a*-^ b* a* -t b* 


Kx. 7. Simplify 

a + b,a^-hb' — 

The expression 

_ I 2^ / I 2^ \ 

a + <^ a®H-/^ \a^ + ^ a’* -•^/ 

I . 2^ ^ + 

“a + i‘''a“t<5^'^'**- a»-<5« 

- ' . _M_ + _4iL 

I t/ I 2^* V 

a + b “ a* — b^ 

_ I ^ 2<^ 

a + ^ 

„ a-^ _ _l 

a — b' 

When fractions are not in their lowest terms they must be first 
reduced to their lowest terms before proceeding to addition and 
subtraction. This is shown in the next three examples. 

• t ? o ajj ^ *1. 2b<fxy ca^y*:: 

® ax^ys^ cy^xx af^z^x 

Simplifying the fractions, the reqd. result. 

xy yz zx 

^ ^z — 2b € x 4 - cay 

:^z 


12 
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Ex. 9. Simplify 

ax~ ifx- bx-cx cx\-cy-ax~a y 
x*'-y* ^ x^-^xy 

W e have bx - ny + by 

a= x{a - b) -y(a --b)^ (a- b)(x -/). 

Again, cx+cy-ax~’ay^i:lx-hy)-a(xy-y)===(x-hy) (c-a). 

■ theexor + 

x^-y'^ x(x-\^y) {x'^yY 

a-b ^ b~c ^c—a 
~ x^-y x-vy^ x-^ry 
__a-b-^ b-c^-c-a _ o _ 

~ x+y " x-\’y'~ 

Ex. 10. Simplify 

{2x-~^yY - x^ Ax^-{yy- xY , 

9i^^~y) {2x+syy-x ^ ' 


First term = 


{ 2 x “ + ;r) (2^ ~ 


Second term = 


Third term 


(2x-¥3y¥ x) { 2 x ~ 3 / - x) 

'^Ix^Sy .r+/' 

. - (2-^-haK--y) {2x-3y-\-x) 

glxy-y) (x-y) 

gC^-^yj ix-y) six+y) ' 



“(ic‘+ 3 j+jr) ( 2 ^+ 3^^-'^') 
_(3>^-f.r) i3y-x)__ 3T-> y , 

(3-^ + ay)(33'+^) 3(4r+y) 

/, the given expression 
_x-y ^ x+sy , 3V “£ ^ 
~.T+^ six+yv 3ix+}')' 

« y- 3.v+ ^ + 3>'+3.y- 

TU+ 3 ')'~ 

SS ‘■*7 — - ««. I , 

3(-^+/) 


EXERCISE XLIV. 


Add together 
1 * 5 


2 . 



XvlJ 


fractions. 


Add together 

(t-jrd ' a — fi • 

_a-~b 
a-b' a'^' 


a 

5 . 

'^+4 jr~2 

9, Czi? 

’ ^/T'* 


4 . 3 ^±S^ 

0. — - - , - J 

a{a--b) b{a^b) ' 

8. ''^ti 

^ -i'-F2’.r + 5‘ . 

20 a^^ab + bj tf-ab-^b^ 


11. 

. ^ a-c 

(x-«)(;t-^; (4^-«)(.r-/iX.r-:,-) ' 


12. 

— i— + + T 2;r" + .r 4 - 1 7 

(C. E. 1S60.) 


'^ + 3 ,r- - 3;i; ^ ^ ^ 2^-— - . 

la 

a-r 2t' 



<'2V-<;3 (a + rjr a^<f2 ' 

(C. E. 1869.) 

14 . 

•I+F £ 



J' -^ + J 4-=9/ ~_yJ • 

(C. E. 1863.) 


16 . + 

^ — 3 jr a + 3.r a'^ — gj^2 • 

16 . ‘lt 2 - 5 ^ 4 - 2 ^ r-2 

4 ~dt 6 + 9 x'^ 94.'>-4 * . 

17 . 

^ ^ Cv~aj(x^b) 

__3^-i 


18 


( 4 i- 5 )( 3 ^+ 1) J,'^- 2) • 

19 4 _ 2 

■ 8 -<^’-io^- 3 - 6 F::: 77 j^^. 

20 . + .£± 1 _ , ,. , 2 .^ - 3 

3) xix~ 4 ) x“-7^-4.',2* 

21. 4. '!:±£L _ 

H-r-a) x(x-hb) ab-h(aZ ^~2 

22. + - 4 JK^ 


(C. E. 1879.) 


23 . 

24 . 


f- -= — 'ty-i' 

x+j,-z x-j>+s • 

( 3 -r + 1 1(54: + D “ f4J+7)(2j+ ,) + (i:iTjfc? 7 ) • 


179 



So 
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^ Siiupilfy the following 

25 

.r*+3;r- lo * 

20 3^1 7-r-2Q>' 5 -y-i3 y 

;r^ - + 1 .1* ~ 6.rj' -f 8 ^ ,v - 5;i:j + 6j' * 


27. 

28 

29. 

30 . 




io(^-3) ioCv+2) 6(,Y-f4) 6(.r+i)‘ 

/; - ___£n^ M ^ ~ ^ 

- r)’ 1 ‘- - (r — «)■' — />)■* ’ 


I 2 ^ 2 I 

. a-2l a — 3 a-vb a-Vzb* 


x^y .r# 3 >' .r+ 4 >' ‘ 


31 Hi 4 - "* ^ 4. 

+ 2a -3.1- ^;i: + 2a ' 

a-b _ + ^ , 2 /'a^'f/ 5 -’) 

a^ - ^3 a^ 4 " a'* + a V-'-' 4- * 


Q 3 - (.r - ")' I ■)'• - - x f - (f -/f 

{z+xi‘-y^ {x+ff-x;- {y+zf-.v=‘' 


34. 


-U'”- »)• X ^(x- 1) -- I 

(;r’ + 1 )= - ^ ' -vX-f + I )■■' - I -v* - (-f + 1 y 




(C. E. 1 866.') 
(M, M, 1871.) 


Qfi (« ~_ 2 ^)’ -- 9 ^^ , (2^ ~ y Y- ( V ~ ~ 4 ^ 

4 ^^'-'( 3 r ’ 

30 - 2 b a 4 - 2/^ ^ab 

a 4 - 2b a — 2b a* + 4^- 


37. 


4 ^| 5 (a 4 '.r) ‘ 4 ^K^--x) ^ 20 *^ 4 rX^} 


38 . ' ' - 4 * ' ~z 

a -A' a'f.r 


2 a^ 


40^ 

a“ 4 rA*^<*^ 4 'A'* 


M H + -H . 4 . ..45f- . 4 . 


(C, E. i86x.) 



FRACTIONS. 


f *1 




Multiplication of fractions. 

tny number of fractions we procee|| thus : 


To find the product -of 


ace 


(a-r X {c-rif) X ) , by definition 
=^i-^^x£**~^/x^-r/, by associative law 
~ a'Kcxe-i-b—d'^f^ by commutative law 


~ {axcy^e)-~{ 6 xd :/) , by associative law 
=^ace-~bdf 


ace 

'"id/' 


by definition. 


Thus we have the following rule : 7 '/ie product of two or ///£?/ 
"frej^ tions is equal to a fraction of which the numerator is the 
product of their numerators and the ttcrominaior is the product of 
their denominators. 


Note. 


Since we can write c as 


, a a c 
we have . X r*= , X 

r> 0 1 


ar 

T 


Also aX-r' 
o 


Ex. 


c^b 

Multiply together - 


b\- 


Product— ~ = 

X X /P 


C'U 

’ b^ ' 

■ abc. 


Ex. 2 , Multiply together ' 

Product-- 

(.r“ - xj^fxy -f^r) 

r= ^ 'It f 

.r{x ~y)y(x +7.')y(-r + zr; x -f ^ * 




3 £x. 3 . 


Find the value of 


4 - 2 ^ - 3 $a +6 

al- 6 a + g 


Product = | 4 t|^; 3 >(a;- 5 ..+ 6 ) 

(g® ~ 6 g + 9 )(g* 4 - Sg - 6 ) 


l^d“ 3 )(a~ i)(g- 2 )(g - 3 ) 
(a - 3 )(g - 3 j(g 4 - 6 )(g - I ) 


( ^■F 3 )(< 2 - 2 ) ^ g^ 4 -< 2~6 
(g~ 3 Xg 4 " 6 ) g* 4 ^ 3 g-i 8 * 
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*Ex'. 4 Find the value of being a positive integer. 


a a a 

d) ” factors. 


Xd!X ...to ;ifactors_a*'*'"^ *^‘**^^ « terms 
^x<^x ...to factors ^,.^., + ,.^...to « terms 


Ex .5. Simplify x (±y x 

Product=^?l’x^^;^3x(^° 

r® X a3^3 X ac^ 

Ex. 6. Find 

Reqd. value = (^) ’+ (0 V 3 >= | x + 0 

a 3 //3 /(I b\ 

Obs. If f 4-^ = 6 t then from the above we have 
o a 


whence — +~=63 - 3 x 6== 198. 


EXERCISE LXV. 


Multiply together 

1 'i£ ^Z. * 

by^ bx * 

^ 2a*b\‘^ 

* 4ab\-* * 

J,7y^ 2 .ty 


F-d^' 


^ 

’ c'a * 


1 rt<? y^i; ^ty^ 

’ 8 x /3 * 5jij:r^* 

7 3 f!f 

4 XJ/® * gxy^s ’ 22®. r * 
o .r ^~ 3 . r 4-2 

.t*-5;r-h4 * A*’ — 8x4-15 
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Find the value of 


10 ± 7 i*Ll _3 2 X^ + ^-2 

6 x^- 5 .r+i 2 jr*+ 9 .ir +-9 


n i£+>'+^r 

+ (j+xy-jr^’ 

19 /a+^y a^- 6 ^ (‘i + - 3 <*^ 

* \a-d/ a^ + M (a + iy-ad' 


to g* — a-h a'^b 

2x--\-x-\ x^-x-ti ,r'*-- 7 ,r 4 * 10 

Itt - ,, i--- . V ■ , 

— 3 .r — 10 2jr''“-7;r4-3 -r'*4-3-t^4*2 


1 5 4- /^) + gj^ ^ , r^ 4 -.r(a - c) - ^ ,y^ — .r(g -W/ ) + g^/ 

’ - ,r(g - r) — gt' -r* + x(a — b) — ab^ .r^ - x{a 4 r) + ac 


10 . 


( 


1 + 


_!£=l 4 _\^/ ,__ 9 £± 3 _\ 
;y*~ 5 x 46 / V ;Y “4 5 .r 46 / 

I 


f ^Luz _ 

\x^y x^ + y{ 


2ax 

x(b^x)f 


C. F. 1880. 


18 . A. E. 1893. 


19 . 

Multiply 

g* 

1 ^ u ^ 

14 . by , . 

a- ^ b a 

20. 

F'ind (i) 

(■ 

-i)’ '»-('-0“ 

21. 

Evaluate 

(I) 

d* b^ , a b 

4. —when . - = 5. 

b a ^ 



(2) 

I , I 

^Y*4- when AT — ^ 9. 
x^ X 



( 3 ) 

x34~when at 4 - =12. 

X^ X 



( 4 ) 

ji3 — 1, when ^ ^ 10. 

X^ X 

22. 

Simplify 

(1) 




(2) 
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Division of fractions. To divide | by we pro 

“ eed thus : 

("i C 

^ -r rr: (4 -r -r {f -f r/jby definition . 

-a~ri>"cxdhy associative law 
xif-hc by commutative law 
™ {a"rd)x{{/-b{^ by associative law 

^ X by definition. 

rhus to divide by ^ is to multiply - by Two fractions, 

of which the numerator and the denominator of the one are respective- 
ly equal to the denominator and the numerator of the other, are 

* aUed redprocai ; thus, ^and - are reciprocal. Hence we have : 

T/ic quotient oj any fraction by another is obtahud by multiplying;; 
the first by the reciprocal of the second. 


XT a c a I a . i. 

PiOte* T-Trtfw-:-- sp x~*i— ; also a-T ,*»ab, 
b b l b c be* b 

,, , a^b* , a"b 

Kx. j. Divide vjb by . 

C^d^ ^ Cd 

, V . (i^b^ d*b a^b^ cd ab^ 

q)uotjent -r- -- -j; X -- == -- . 

chP cd c^d* d*b dd 

Ex, 2. Find the value of 

2.v“ -h — f . 6r*q-jr— 2 3^" — yx—b 

.r“ - 4:r -p 3 2,r* -"5x ^3 ^ 2.r’ + 3>Vl * 

, 2.r* + .r~i 3A*''-5x~3 3x^-7,r-6 

’ X* - 4;i:-f 3 6.r* 4 - T- 2 2:r* + 3jr -r l 

i)(2.r- 1) (,r-> 3) (2x^1) Cr~ 3W 3A--f 2) 
'(.v-3) {x- i)(3X+2)^(2Ar+l)(.r-M) 

3)(2a'+ »){£": 3 

\x-s)\x-ij{z,x--ij{^^z){ixxi){xTi) .r-i ‘ 

Ex. 3 - t)‘v>de^+ -,by T+_, 


... t 

We have •^+^3= 


i) ^\a 


^\3 


(^aX?--S) 


, . <1* ^ 
reqd. quotient ~ i + 
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Divide 


1. , by T-- . 2. by 


hi' 

xa^bc^ ^ Qa^c 
M^V 




by 


yx^ 


l ab^ X 

za^b 


- h ^ yi^ii*, 


^ Zia^bx^ . 7a3^®j*r 

»7 £!±b£±i b :^^±j?£jti? 

' .r"' — «;^ 4- 6 ^ .r* — djt: 4* 1 


S b;r M-7 >y ~ 3 b£lil£~ * 

6.t'“+.r-"2 ^ CUT* -5jr'~ 6' 


Simplify 

('-5^04'— -vft) 


10 ( 4- -1. ( _ a 3 ^ ^ 3 \ 

'£jtZ ■£1!^!'^ 
x-y’^ x-¥y/ 


11 . 

x'^+y/ V 

1 ?!. (y'^yy’^jx-yv . .r* “r ^ 

(^: 4- - (^' - * zxyuv - j/) * 

lo 4;* 4- 3^1' *4- 2 jr’ 4- 8x4* 12 x*4- 11x4*30 


(B. M. 1885.) 
(C. E. 1868.) 
(C. E. 1867.) 
(M. M. 1887.) 


14 . 


x^’-fSx+iS x'* 4 - 7 x+i 2 xH- 5x4*4 

6x^~ x~ 12 ^ Sx^ - 6.1-0 . 4 x^^ - 9 Lr 4 “ 2 
I5,v''4- i4.r- 8 * 2ox*-i3.v4"2 * 4.r^-x-3 


(I) 

a 3 C 3 

( 3 ) 

• ' 4*1 

y^ 

( 3 ) 

. b* 

( 4 ) 

a 3 ^3 



(0 

a< C* . a <r 
j- 




16 . Divide 



m 
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• 13* Complex Fractiona k complex fraction is one which 
has a fraction in the numerator or in the denominator or in both. 

a a 

Thus ^ are complex fractions. For compactness ol 

c d 

printing, the fractions are written as 
\b a ! a jc 

br^ bid^ 

or more shortly, «/(^/^), {alb)lcy {alb)l(cld), 
a 

14 Since ^ means by definition, it follows that 
d 


to simplify a complex fraction multiply the nwner 
d 

ator by the reciprocal of the denominator, 
a 

rr* a c ac b a \ a 

' b 1) b * c b c be 


I b b a r I 

a a a i 


I 

a l b b 

• - X ^ - . 

1 n I a 

b 


IS* Simplification of complex factions. 

^ 3- A3 

Ex. Simplify--^ 




The fraction = 


ah'* 


- ^ 


When there are compound fractional expressions in the numer- 
ator and the dentMininator of a complex fraction, we may either make 
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the numerator and the denominator integral by multiplying them by 
the same quantity or proceed by simplifying the numerator and 
denominator separately. 


Ex. 2. Simplify ^ . 


Multiplying the numerator and the denominator by .r ' we have 


the 


fraction = 


^ xy {y-x) 
y^-x^ (y-x)'(yyx) 


.r+j' ’ 


ayx _ a~x 
Ex. 3. Simplify-~ — 1 1 . 

a® -a'* 


Numerator— 


(a- hxy-(a -xf _ 4 ax 
a^~x'‘ d-'-x'^ * 


Denominator = 


- x^ 


'' a^-x* ‘ 


4 ax 
ct^ — x~ 

the fraction = r r v 
4 a~x^ 

ci^ - X* 


4ax ^ - x* 

a" - x - 4cvx^ ' 


a" 4rx^ 

^~ax ’ 

X6- Oontinued fractions. A fraction of the kind consider^ 
ed in the next example is called a Lontinued fraction. It is sim- 
plified by beginning from the lowest complex denominator. 


Ex. 


Simplify 



X- I 


We have -r- 


2 + I ) (.r - 2 ) 


X- l 


. jr+i 



x 4 r t ^ 

(arVt)(;r~2) lx + i ) (x - 2) ~ .t 2 ‘ 


X- 
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/. the yiven traction- 1- 


:r-I 


X 

X{X~2)-r{X~^ l) 

2 

x{x- 2) 

— -"3^'h -2) ^ I -X 

After }>iactice the above steps may be considerably shortened. 

3t7. Diviaioa-traneformatioa. In Chap. VIII. we mostly 
i:onsidered cases of cxixct divisions, viz,^ when the quotient of one 
miegral expression by another integral expression (of lower di- 
mensions) IS an integral expression and touched upon the subject of 
inexact division. But divisions are more often inexact than not ; 
and in such cases we can determine as in art. 8, Chap. VIII. as 
many terms as we like in partial quotient and the correspond- 
ing remainder. 

Thus if N is divided by D and at any stage in the process of 
ilivision Q is the partial quotient and C is the remainder then we 

N C 

have the identity N=QD*fC * 

The complete of g is therefore Q + y • 


Ex. r. 


Prove that 


io.r=-P7.i*+6 


X + 2 


13 + 


32 

x-j'Z 


= 3 + 2.r+4x'' 


l-hx ‘ 


Here we proceed, dividing lo^'H 7-^+b by by arranging 
the expression (i) in descending powers of .v (iit in ascending 
powers of r. 


(i) ,r 4 - 2\ icu:^ -f 7.ar + 6/ lar - 1 3 

llO£^ + 20^y 

- l$xfb 

- i3.y>- 26 


to.r^ 6 


= iar-i3 + 


JL 

t-f 2 




f 


/ 
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(ii) 2+.r\6 + 7*-+io.ir”/3 + 2.r + 4-5 

y6+ 3f V 

4x-\- lo.r'* 

4X+2X^ 

~4X-^> 


6 + 7x^ lar " 
2 4rx 


-3 4-2.r + 4-t'*~ 


J£i 

2-h-V * 


Ex. 2. 


1 f* 

Prove that — ; — = i ~ .v + .r* - x^ + , 

H-.r i+.r 


==. - + 

.V X' x^ 

t+.r\i 

/Ltd 

-,r 

- X — x^ 

4*-r 4 x^ 


l+;t: 


= I *.r4--v"- v3*f 


i+.t* 


Again, 



< _ I 

X x^ 

+> 

x'^ 

I 

.V' 


• > 

' ‘ -r+i 


X .r'-* 


I 

+ i)' 
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SlmpYif] 


1 . 


4 . 


a* - ,?-■ 

a 

a b 

2. i. 

a 

3+f 

a-h X 

b 

1 - ^ 

0 

"II 1 nil!! 

x+^' 

1-t 

a c 

5 11^ 

6. 


2X~^^"' 

2y 

a h 

lJ, "•"mtmmmm , 

^ 7 

- 4 .^ ’ 

b a 


a 

t+~+- 
° -** ^ 


7 . 


u 

<'* + ^ /j: ~ ^ 

11* 

^“7 r +7 


la 


+ a^~~A^ 

* 

4 - a — ^ 

^i“-f A=* 


I - 


a^d 


“a»+> 


^ I +f;A 




L 4 .£±f * 

x + d'^x+c 
- ^ a + <^ 



.r + i 


C. E. 1859. 


17 . 


•"HK^ ^ « 4 - £: 

1 ~ a^ I 

, ^ + c 

I -a// i-a^T 


(M. M. 1887). 


[chap. 
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Simplify 

19. — 




20 . 


21 . 


22 . 


i + '-vi I :!■ 1 + -^ — i- 

a-rO Cl~rO or '~o^ 

a ^ _i 

ia->rb TLa — b a 




b-c 

b-^c 

^ ^-<2 rt — 

+ _ a + b 

-fe-r 

x , 

^ - a a - ^ 

-+ -I 

b a 

b' 

^ a- b b a 

, a 

b^ b"^ ' 

I+- 1 4- , 

a 


I a-\‘b I a~b 


00 ^ a^\b^ a a^-^b^ 

I a^b *^ i a -I 


2i. 


b a^-^b'^ b a^-k-b'' 
S X - 1 


X — 2 — - 


X- I 


.r + 


2 X- I 


26. 3- 


25. 


27. 


.r — 2 4- 


1 + 


X- 2 ’ 


I+- 


X -2 


X - I - 


28. 


I +- 

X- I 

Il,r 4-3 7-^-3 

. 2 2 

3 + — 3 ^ 

3+- 3-- 


.T-2 


I i;- 2jr* 

29 . Prove that — ^=:j--2;r + 2 T®- 2 ,r 3 4. - 

I+.r l+,r 

_ 2_2 ^ 2 

I-F^ ^ 4 r 3 “’.rXi -fjr) 
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30. Prove that 


I a- 




x'^'^x'^ix^-ha^) 


X^ X^ Xf 






31. Find what proper fraction must be subtracted fron 
5 - 4 jr^ 4. 3 ^^ 4- 27 .r 4- 6o ^ 

32. Find what proper fraction must be added to 
+ .r* + 3 i.r* 4 - Sx - 40 ^ 

5^*-7iTF3 “ 


to make it integral. 


- to make it integral. 


18* Theorems on equal fractions. 

ft c 

Theorem t. If the 

b d 

* multiplying both sides by ha^ 

X ha —%xbd or ad «* be. 

0 d 

This result is obtained by multiplying the terms of the two* 
fractions cross-wise and equating the products, and hence referred 
to as multiplying cross- wise. 

Theorem 11. If‘/ , then - . 

bd a e 

‘ . . c , b __d 

b d' '** ' b ^ ' d^ " a~' c' 

Theorem III. I f , then — — . 

0 d c a 

, . a ^e , a be b, . a b 

if" d* ** b^ i~d^ e^ * ' e~ d ' 

t^r ti- et e . a-\-b e-^d 

Theorem IV. If , - then — . . 

b a rt a 

Let 2 ~ so that a ~ bl\ c «*= dl\ 

b d ^ 

’ a-b~' bf~ b '~ ’ 

1 c 4-^ dk-k-d iUk+ 1) /*4i 

r - ~ d"^ d{f^i) k ~i * 

* 'a — b f — * 

This is called cefmpomMda and dhddenda^ 
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Theorem V. 


If = 
b d 


e 

then 


, pa^rgc-^re ^ . 

^ quantities. 


^ c e , 

Let i== ^= -^=> 1 ’, so that 
b a f 

a ^ bk^ c ^dk^c— fk. 

Then 

pb-^^gd^rf pb-i-gd+rf ‘ 

^ kipb +g d+r/ ) _ ^ 
pb-^gd+rf ’~~ 

— each of the given fractions, 

A similar result is true in the case of any number of fractions, 
and we may state the theorem thus : 

If any number of fractions are equal, then each is equal to a 
fraction of which the numerator is the sum of any multiples 
of the numerators of the given fractions and the denominator 
is the sum of the corresponding multiples of the denominators. 


As a particular case we have, if then each^^-i^y , 


albo 


e.t if two fractions are equal, then 

each* sum of numerator s ^ _di^‘ of numerators 
^ sum of denominators diff. of denominafors * 

’ We shall content ourselves by simply stating the above theo- 
rems, referring the student to the chapter on Ratio for further 
development, 

19 . The following are some illustrative examples. 

Ex. I. Find the value of when 

x — 2ax-2b a^b 

(C. E. 1865, B. M. 1883, A. E. 1892, P. E. 1899). 

The expression = i -i — -f i -I — 

^ x-^2a x~2b 


-2+4 i 


n 


a(x - 2b) 4 b(x - 2a) 
= 2 + 4.— 


(x — 2 a)ix — 2 b) 

(a-hb)x--'4ab 
’ (x — 2a)(x - 2 b) 

==2-h4, o [ */ (a-j-b}x=!^4ab from hypothesis] 

= 2 . 


= 2 + 4. 
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From the given relation, 

2a 




From (i) by Theon 4, art. 18, 


x + 2a __ 2d-^(a4‘^) __ 3^+a 
x-2a^ 2d-{a-hi!>)^ b-a' 


Similarly from (2) ^^=?£±<!i±4>=3^. 

^ * x- 2 b 2a-(a-hb) a-b 

• ^3b-\-a ^b -k-a _3a-irb 

''x^2a x-^2b b — a a-b b — a b-a 
^ 3b¥a — 3a-b _ 2(b-a ) 
b—a b—a 


Ex. 2 Simpli 




Numerator— a* 


be ac aO 


a^{b- 


ac 

- c)-{'b^{f-a)'\‘f^{a- 
abc 


b) 


c^b b — a 

Denominator “fi ”! — — i 

be ac ab 
_ - r) -f h'ic - g) 4- c\a - b) 

~~ abc 


the fraction - 


(^{b — r) 4* b^{c — a) + c^{a - b) 
a*(b e) + b^(e - a) ^{f(a -bj 


~-(b~ e)(e - a)(a - b)(a + ^ 4- r) fsee Ex. lo, p. 147/ 
^"-(b-cXc-aXa-’b) Lalsoart. i5,p.T44. 
— (a 4' ^ 4" r) 


Ex. 3. 


, , . 8{a 4- ^ 4* ey -(b-h ~ (r 4- aX - (a 4* by 

Simph y - ( 2 a + b+eX 2 b-j'e^aX' 2 eTa-hb) 


We have 2(a4-^4“4~(-(^4'r)4‘(i*4*rt)4-(^t4-^) 
cubing, 8(a 4*^4* «r>* 

-{(Hr)4(r4a)4(a+^)P 

~ (b + 4 (r 4* a)3 + (<? 4- by 4- 3(2a 4/^4* r) ( 2 b 4 1' 4 a )(2r4 a 4 

[sec formula XIH.j 

/. transposing, 8{a 4 ^ 4 *» 0 4 e)^ - (r 4 ay - (a 4 by 

3(2« 4 ^ 4 <1( 21 ^ 4 r 4 a)(2r 4 4 
• t ^ 4 cy 4 - V 4 g )^ - (g 4 by 

(2it4^4<^}a^4r4a){2r4a4#) 
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Ex* 4. If prove that 

s-a^s-i/^s-c s '~(s--a) s-d){s-^ci * 

Left side-f-— + + ^ 

\s-a s^/f/ \s^t: s/ 

2s — a — d s-S’^c 

~ {s - a){s - d) (s - c)s ’ 

~/‘ ■ \7~ /v + ;' X > - + 

{s - a)(s ~ b) (j- — c)s 
_ ^{( r - c)s ^(s- a)(s ~ <^)! 

c{2y* ■~s(a + lf+ < r)4-g /4 
- ijX-^ ~ ^)(- ” ^’) 
cy^ab . , . , 

abc 

X j “ ^)('y •“ ~ ^)' 


Ex. 5 . Prove that 


“ ' ~ a^b*c^ ^ ~ * 


N umerator = a\b^ 4* + b^if^ -P a 0 + + // ) + 4 ri- V' 

= + r®)* + ^ 4- r*) 4* 4a*^ V“ 

= 4- 4- a^ib'^ 4 c^) 4 4 4i2 

= (^®4^9(«^4<^’)(<?'‘4*c^*)44rtV;V% formula XV II. 

. , ^ 4a«^*r^4(^®4c")(r’4a")(«*4/^1 

. . left s.de= 

be ' ca * at 


= 4 + I- 


(^0(m)(M) 
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Ex. 6. Prove that 




B. M. 1887 


T y , « 

Let - -f -4-- = 
/ .r 


y s X y^ X y 2 

"( *->)( '-0( -0 

+,(*. -1:+^ . --+-: . £')_i . ^ 

V - - X X yf y z X 

=' 

.*, transposing, the required relation follows. 

Ex. 7. Simplify 

ai'-f , ab-\r(f , , bc^a^ , 


Here first terra: 




^ € 

Similarly, second term 4 — (c-fa- ^) ; 

third term » ^ (a4^-c) 4^ (a4^-“ C), 
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Hence adding and collecting the co*efficients:of 

a b c 
zb * 2 c * za 

^ f , b , c . , . 


the expression 


= - X 2b^ X 2C + 

2b 2C 




Ex. 8. Prove that 

b — c, € — a ^ a — b b -c c — a a -^b 
I ■{’be I ^rca I hab i -^bt ‘ i ^ ca‘ i ’\-ab ' 

Left side 

^}!l -h^ b)( I -H ^4 + z^lh j” 

(I ^bc>h +ab) 

Numerator == {b~c){i-\-a{b^r) -^a.abc} 

+ {c-a){i -hbic-^a) -^ b.abc} 

-f (^ - 3){ I + c{a 4 b) 4“ c. abc} 

= {b-c) -Jtctib^-c^) ^abc.a{b-c) 

’{‘{c-a) •{‘b{c^-a^) ^abc,b{i'-a) 

+ {a -b) 4- c(a^ ~ b^) 4- abc.c{a - b) 

~a{b^-^c^) +b(r—a'^) ■\’c{a'^-b^) 

[ adding column by column ) 
~ {b - c){c - a){a - b\ formula 


~ (b - c){c - a)ia - b\ formula 
• T c. -j (b-c)(c-a)(a-b) 

_ Leftside^, , • * -.r-r V • 

(I 4-^cXi 4-^^^) 

Obs. In connection with this and similar examples it will b® 
useful for the student to remember formula XVHl and identities like 
the following : — 

(b-c) + {c~a) + ia-b)~o, 
a(b — c) -h b{c -- a) + c(a ~ b) ~ o, 

{b 4- c)(b - c) + (f -f a)(c - «) 4* V# -f b){a ~ = o. 

Ex. 9. Simplify + 

Preserving cyclic order in the factors in the denominators, ?>. 
changing them into the forms a-b, b-c^ c-a^ 

. - be ca ab 

the fraction » - . — tt. , - tt-* w' - > , - . v, ?- r 

ia-b)(c--a) {b-c){a-b} (e-ajib-e) 

— _» -¥ca{c^a)-hab(a’- b) 

« - formula XVII 

{b--c)(c--a}{a--b^ 


the fraction ™ 


formula XVII 
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Oba. The Mlowing resalts of which the last is proved above 
and the others fat low in the same manner, are important and should 
be remeBibered by the student. 

.1 I t „ 

____± , 

\a- b){a- i) lb-Ci{b-a)^ {c--a){c—b) 

... ^ ^ 

(ci--'b){a~-c) {b--cyb-a) (c-a){c-b) '' 

. . b€ ca ab^ 

f {a~ b%a-c) (b-c){b-^ \^c - a){c - b)~~ ^ " 

Ex, 10. If fi-f prove that 

2(f-k*bi^2b^^ca'^2c^'\-ab 
We have ’\^bc^a^-\'a^ -^bc 

( 3 * -i- Hh 
- b){a - r). 

Similarly, 2 /^^ + ca ^{b- i ){b - a), 2 c- + ab =={c~- a)(c - b). 
the given expression 

+ fi.. 

(a-bya-c) {b-'C){b-a) (c-a){c-b) 

a* b^ £* 

(a-b){c-a) (b-c)ia-b)’^ (c-a){b-c) 
a'^{b - £) 

-~ia'-b) {b-c)( c-a) 

(a - b}(b - c){c - a) 

Ex. 1 1. Simplify 

a’^ - 2 bc b^ 2ca (f — 2ab 

^ (f-T^b~a) ^ (r~a)(r-^) * 

a*-2bc a* zbc 

W e ^ -V) “ (a- - , ) 

if - 2ca _ tea 

(b- ~ ir} - eUb - a) (b - a{d - a) 

tab tab 

{c ■ (V - i^j (c - a)(r - (c - a){€ - b) 
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ab 


} 


adding, the given expression 

^ j be ca 

b)(a-r) ^ ib-c)(b-a) ic^a)(r-b) 

-1-2X1 {by (iii) and (‘v) above] 

= ~i. 

T- o 1-f (x+ay (x-hby Cr + c')* 

Rx. 12. Simplify , -~-7v / -' — \ + / a "v / ; ^ — “"“v — a. 

^ {z-b){a-~i') (b~f){b-a) {r-a){c-b} 

(x 4- ay _ x^‘\‘2ax ‘¥ 

{a - b){a -c) (a- b)(a — c) 

_ X* <2 a*^ 

[a - ^)7a - £■) (<1 - /^(a ~ c) ^ V* ~ b)(u - ( ) * 

iX’^by b , 

i Sa) ■*■ - ib'^-'a) r)(^ ^2) * 

(x+£)^ - ‘ 4 . 

{c •“ a){c -b) (r - a)(c C^T a)(c - b) U' ~ a)(c - b) ' 

adding column by column, the giving expression 

.-..^4 - I 

\ (a - b)(a -c) ib- cyb — a) (r - a){c - b ) | 






I (a — b){a — <;) {b — c){b -a) (c- a) 

4 - / 4 . _ \ 

((« - ^) ■" ^y b - a) ^ (f: - a)Jc ~ b)f 

--=x*xo4-2xxO'fi [ Simplifying each part within { } ). 

— 1 . * 


Otherwise thus :- 
The fraction = 


(x-ha)'^ 


(x + b)‘ 


iv + ry 


ia-b)(e-a) (b — c){a--b} {r~a)(b — c)' 

— „ " 0 R R hyjc - < 2 ) 4- (x 4 i y(a - b ) 

{b^-olc-aXa'-b) 

Numerator = (x= 4- 2ax + a^){b ~ r) + (x® 4 2^x 4-<^®)(r - a) 

4- (x* -f 2t*x 4- r^)(a ~ b) 

•»• x^(b - <r) 4- 2x.df(^ ~ e) 4* a'^i b-^c) 

4- x^'ir - a) 4- 2X.<H^ - a) 4- b%c - a) 

4*x«{a - 4- 2X -* ^) -h 

-~a%b-e)>^b^(c~a)-^e^{a-b)f adding column by 

column 

a){a - b% formula XVI I . 

* , , . ^ib-c)ic-a){a-b) 
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[CHtp, 


EXERCISE LXVIII. 


- .j, 'j'tk , a b 

1. It prove that H r =o. 

a^b ^ x--a x-b 


2. If prove that 


X-- 2 C a + b 
x~c a —b’ 


o b{a-^c) ^x-a^b a 

3, If , prove that r — . 

x—b—c c 

4. Find the value of - pP 


“T — + "IT. ^ ; when x——-,. 

2 b — x 2b-hx 4 b^-x- a+b 


c r- j 1 , c-ha a’Vb 

5. f ind the value of 7 1 h 

bc-x ca-x ab-x 


when ;r = 


a-k-b-\-c ' 


o r'- j ^1- 1 ^x*-y'‘-\‘X , a~b a-^b 

o. Find the value of „ — when x ~ — , , y— r 

a + b ^ a-b 

(C. E. 1883). 

7. Find the value of ^ +( — when ,r®=^ - , 
V^r+i/ \^“i/ ;/4-r 

Simplify the following : — 

1 

(* - rb)(^+2T:r) ^ ^ "7*) 

X ' 

9. I l“7r (C. E. i886). 


abb { c a 

^ .1 

0 a c b a c 

b a r b a i 


T" — : -7 14 -r c/ 1 i 

a -^b a — b 

jr + a x^a 
X ^ X x — a x-^a 

x-a jr-fa x-hm . 

x-a^x^a 


(M. M. 1897). 


(C.E. 1869). 
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Simplify the following 


- + 2 

y 




f a b\/a f 


(P. E. 1894). 


.b a/\b a 


JL + i-f-l 

b^ ab 


(C. E. 1874)* 


a 

a-3rb a~b 

a-^-T) ^ 

a-b a^b 


a 4- ^ a — b 

a-^b 

a'-b ii'k-h 

a~b 

a — ab' 

1 -^ab 

\ - ab 

(a ~ b)b 

1 

1 

•« 

1 1 
;:i <>- 

1 +ab 


0-0 


a '^a- b^ * S 

sy • _2_I 1 


(C. E, 1876). 


(P. E. 1898). 


^ b b- ^3 , / 1 I V' 

I >j — I ~ 4* r I 
a a~ b^ \a b / 

19. _£±r. ?51T-1 iQ I 

i + -r-h.r" i-x^ + x* ^ ' 

20 +£1(5j' 

21 c)-hb^(c~ a)-i-cHt -b) 

a(^“ ~ r®) 4- “ ^P) 4* r'ia.^ ** ’ 

00 ^3 4- 4- ^3 — 

23 4 - - <3f)3 4- c{a - 

(^ - r)3 + (r - <?)3 + (t? ~ ^)3 

If 2s-^a‘hb-^Cy prove that 

24. sl\^- s/ - f) 


(C. E. 1885), 
(C. E. 1877). 


a , ^ r . 

j, ^ P2 = 

s^a s-^b s^-^c 


abc 

\s^a){S’-b)(s--‘c)‘ 



MAmiCULATION ALGEBRA, 




iSG. Prove that 

Simplify the followmcr ^ 


[Cb^p, 


... ' ■^■/V J'/l 

SinAphfy the following •— ^ 

+Mf '-+ iV i + ' £.Y 
-Simplify the following ;- V^'f/V ‘ b )' 

31. I , 

(a -^’Xu-o (i -Xj<fi -a) + (V - a)(F- i) ’ 

32 . . r 

'-/’](«- i- 1 (?.> - XXb -«)■*■ (> S^iJ^ 2 Jy 

33 . , — -i'l , y’ 

(n-iXa-r) ( b~ c)(6 -aj + 

34. . + . / + « 

35 . -?1 , '''’ f 3 

36. , ifeL_+ . .‘^(l+«) ^ 4a+i) 

- ^)(<^->r{t,-c)(6-a)+{T^liX^y 

37. , C>{a+i) 

( « - ^ )(a - r) -^ (^ - ^)(i5— ) + (7::^(7r^y 

W. -7- — i___ I 

30 ^ I 

"Ir -4 ^c^ic-aW~iy 

40. ±f-L + , 

{ ~6Xa-c) {i-cXi-a),'^ u-aXc-T)' 

_<i’+6c if>+fa ^ ^ 

M-«<.-n+, 7 r-, 3 r;;,., 7 r^,. 


41 , 



FJ^ ACTIONS. 


Simplify the following 

<10 3’4-AJ _ 

(a - d){a -qid- cY(i -a) (c- a)(c- ' 


t:-a a — b 
h-\-c C'ha a-\-b' 


^ ^ a-^b . ^ ~ i . c -" rf 

^ 

m’Vab ni'^bc in^ca 


(x~y){x-s)'^ty + a)(y-.r) is-x)h+y) ‘ " ^ ' 

+ ..> . 

bc{a - b)ia - c) caib - c)\ b - a) ab{c - a)[c - b) 


bc{a ~ b){a - ca(b — c){b - a) ab{ c-~a)(c'- b) ‘ 

-Q 

^ti~i^)(£?-C) ( 6 '~t 3 t)( 4 *-/^)* 

b^ 

lilO . ^ - - 

f - b^}{a - - c'*) — c'^){b^ ~ a ) (c^ - a'){c^ - /; ' < * 

«Tn 2 <ri^ - be 'ib'^-ca 2 c'^ - ab 

{a - b'iiyi - c) ib - c){b -a) {c~ a){c - b) ' 

\a-b){a-c) {b-c)(b -a) {c-a){c-b ) ' 
a^-{-a+i b^-hb+i , _^'' + ^+_L 
{a - b){a - c) ^{b- a){b ~ c) (c - a}{c - b) * 

(<2 — ^j(rt - 6 *) {b - £:)(<^ - a) {(' “ <;f )(c — b) ’ 

R4 * 4. ^ 4- -f I 

\a - bj{a ~c) Kb — a){J} -0 {c- a){c - b) 

55. If a + ^ + ^=o, prove that 

. I ^ I I __ _ 

^ 2 a^ + be ^ 2 b^ + ca 2 c~-\rab 


2a* + ^£: '^2b‘-^ea '^2c^‘{’ab 

>. .. be _ca . _ _ 

'***' 2a* ^ be^ 2b^ y ca 2(f-^ab 

• MISCELLANEOUS EXERCISE PAPERS 11. 
Paper I. 

1. Simplify 5LK'“3[2j'4'94r-2{iy-4(x-'/)}.\ 

2. Divide 4*l82,r3+i8*44r®+7‘388T-‘2'4 by ro2.r + 4. 
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8. Express ^y-) as the difference of two squares. 

4 . Resolve into factors : — 

(I) (3) .r5-32/5 (3) 

5 . Find the L.C.M. of 6.r*- i3;r+6, 6;r’ + 5jr“6, and 9.t'"-~4, 

6. Find the H C. F. of 6x* — 2x^ + gx"* + qr - 4 and gx^ + Sox- - 9 ; 
and find such a value of x as will make both these expressions 


vanish 

7 . 


8 . 


Simplify ; — 


(i) 

in) 






(B.M. 1895 ) 


C. E. 1881. 


abx a{a - b){x - a) 'b{f‘-a){x - 

I I I . I 

a-hx a’\-2x a + 3.r‘a + 44 r* 

What number is that whose fourth, sixth and eighth parts 


together fall short of the whole by no ? 


Paper II. 


Divide 

(i) _ 4 .r»/ + 27y- 

4 044 

by 2 


(ii) (a’- I)= + I by .i*-3.r + I M. M. 1898. 

2 . If — find the value of 

(jT +3' +r)(.r +/---)(/+- -.v)(c+.r -)■). 

3 . Resolve into factors 

(1) I2.r-l-i6. 

(2) 3,r^~3.r3~7,r= + 7-i' + 3 . (3) (9^" 4-2)^ + 12. 

4 . If rt 4 “/^= 5 , a/' — b, find the value of + 

5 . Find the H .C. F. of ~ + 4.^3/^ - ^ „ 2^5 and 

2x* - ^x^y - xy - 2xy\ 

6. Find the L.C.M, of 

a '3 - a\ .1*3 + a\ .r* 4* 4- -f’ — - a".r 4- and 


7 . Simplify : 


(l 4 *#r^)(l 4 -^r) (i 4 '^r)(i 4 *^<*) 


(a - f9(a - c) (d - a){b - 

8. A roan sold a horse for /^s. 525 and 
gave for it, and gained thereby /ts* 157 8a. 
the horse ? 


(l 4 "^a)(l 4 -^) 

half as much as he 
What did he pay for 
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Paper III. 


1. If = 2, prove that 1) = I orA' — i. 

2 . Divide (4^2 - la-.rf -f (4^^ - j^-yy — by x- +y^ - a\ 

(B. M. 1884). 

(Simplifying and arranging in ascending powers of, a the 
dividend— I +./’)- 24 (a'^ 4 - - and the divisor 
(.r=* 4-,y*) - ; hence etc.]. 


3 . Find the L.C.M. of 

6 ,r^ - - 2 .r, 2 1 A'^ - I 7a'3 + 2 x% 1 4 a'- 4 - 5 a j . 

4 . If a 4 -^ + r~ I, prove that (a + d){a + r) — u + dL\ 

{b + t){b + a)^b+ ca^ + d){c 4 - - i' 4 - ab. 

5. If A^ - bx^^2apx -yap^ be divisible by a '4 

show that either p^o or — o. 

6 . Show that (a4 /4-2 ')lP4 -^’ + c'*) -“»'Z’r + /^V 4 -<r'’.c’, 

if A® — y^- ~ — .rr = b"^ and - xy — c’. 

7 . Simplify 


'{x-\)- 


(i) 


(") 


i' 4 ‘D 


(I-.V) 

c) {b-a){b ' 


P- 


3-^)+> 


■1-5. 


>5: 

I I 
30 io' 

If 4- P - of 

{a-' b'){a~' c) ' ib-ayb-c) ' {c - a){i' — b ) ' 

* 8. One tenth of the less of two consecutive numbers exceeds 

the o *e seven-teenth of the other by 2. P'ind the numbers. 


_ aiyb^- 
c)^{cPa)(c^ 


Paper IV". 

1 . Find the H.C.F. of ^^4-4^* - 9 a 4 - 5 and a^- 19.1-4*30. 

2 . Divide x(i+y%i ■i-js^)-hyi{i 4 A’) + :r(i -fA'^Xr yy^) 

4'4Ajjby I +j-3'4*rA'4'A7. C. E. 1878. 

[Multiplying out and arranging in descending powers of x, the 
dividend ssaXj' 4 4 j:^) 4 a(i 49 '* 42 r" 4 /''ir’ 44 /- 2 ^) + (j^ + ^)(l 4 >'xr), 
and the divisor=A0/4‘S')4(r 4>'2) ; hence etc.]. 

3 . Resolve into factors (r) a'^-^'L 

(2) x^{y - r) 4^X- ^‘) + ^Xa - y). 

4. If aA 4 = I = WA 4 m and xy = — -™ -- 7 , 

art'^mb 

t . 1 . . ^ m b n 
show that -*4 - 4 - 4 ; = 4. 
m a n b 
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5, Prove that 

when 2^=di*f ^+<:. 

6. Expres % (i) + />*)(^* + and 

(ii) (i?* +<^®)(r’4’^)(-r* +j^) as the sum of two squares. 
Simplify :— . 

(a) (3- y" “ 4^ - 5P - ( x ^ - S-y - 4)^ 

t - 2T6,r^ ^ l62.r“ * ^ (34r* + 2;r + 2)’ - (^r* -f 5jr + 1)"" ‘ 

8. If I add 15 to the square of a number, I obtain the square 
of the next higher number. What is the number ? 


Paper V. 

1. Find the H.C.F. of 2 x^~ iix'^-g and 4-r5-f iia'*4*8i. 

A.E- 1898. 

2 . Express ( yi P 5^ *f 4^ )® - 4(a 4 - 4^ P c){ 2 a + ^ + 3^) as a perfect 
square. 

3. Ifa + Z^-f-^ divide exactly, it will also divide 

4. Find the condition that x' and ^ • F a\r 4* // may have 

a common measure of the form x-hc. 

6. If a -/^Frshow that {a-^y^{a-cy~a^-- 2 dc. 

6. If tny-^fix ~ m and tiy - w.r ~ show that .r 4-j’ - 1 . 

7. Simplify : — 

7x® 4- l6xy - I ly^ - -5^-' - 
28.r3 -P7 i.r®v _ 35.ry - 6gy^ — 

8* A person gives away 4 shillings more than | of his money 
and has left i u. more than ’ of it : how much had he at first ? 

Paper VF 

1. Resolve into factors : — 

(i) ga^x^ 4- 1 - Uf'^x ' 4- 243 «? ’) 

(i») 

2. If jr4-^7 be the H.C.F. of ax'^+kv^c and /‘.r®4*^-rFif, 

flt 4* c 

show that . 

b 

3. Find the C.C.M, and L C.M. of 

4* x{b^ 4* air) + bc^ abjf' + x{b^ * m) - bc^ 
atx*-¥x{ah P k) F a€J(^^x{bc - ai>) - 
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4. show that (a* — + ii^ - ad. 

5- Resolve into factors 

(1) 

( 2 ) 4 * — jjry - . 

6. From the relation .r^- , deduce ihiit o/ie value 
of X is d'4-^. 

7. Find the value of .r for which the expression (4;;/ + 3)1 
- Sufx - 4;//* +4WZ + I will be divisible by 4m -h 1 . 

8. Simplify 

(.r4- ^^)Cv 4- c) (^y;_c)(,r "b n) i-r + 4* /4 

{a *- - c) (d - - a) ^ (^‘ " ffj{c - 

Paper VII. 

^ 1. Divide (a 4- d).r* 4- (or 2 ad 4- d^ - i}xi- {a4-d)ii ’^2ad)x 
+ {(i-^d- 2ad)x^ I by (a4‘d)x- 1 without removing the brackets* 

2, If and zs^a^-d+c^ prove that (P - a^)(d^ - d') 

F ^ F - a^) = 4^(^ - a){s - ^)(jr - <r). 

3. Find the factors of .rji" Cr^Fi'^Frr^)-“>'' 

. 4. For what value of a is x'^ 4-y~ F zxy ~ a divisible by x 4-y •*■ 2 ? 

f . Find the H.C F. of x* — F loa^c and ax^ - a'^x^ - 4^'*. 

6. Find the L.C.M. of r F4-rF4jr®- i6x^ and i F2.t - S.r^- 16,4* 

7* Find the condition that F^^r-r may be divisible 

by X - a, 

8. Simplify : — 

I i I I 

(x F 3X-^ + 4 ) ^ b 4)(x F 5 ) (xF 5 )^^‘ + 6) f'.r F 6 )(x F 7 » ' 

Paper VIIl, 

1- Show that S(a F d + cy~i2a~d4‘c)^4 izd - c +a) * 

F ( 24: ~ <a! F F 3(3<r F d)(jd F c)(sc F 41). 

2. Resolve into factors : — 

(i) Sjr3~5jrF3 (ii) a^(d4-c)4d^(c-i'a)4'C%a-hd)4'3aA\ 

3. Find the H C. F. of 4x^ - 4.^ ^ 22x* F 22 x 3 ~ | 4. i $x and 
12 x 5 F 9 X* - 66x3F i 62 x F 567 . 
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4 . Find the L,C.M. of i, (.r- ip, + (jir+ 1)^ 

5 . If 6'=- + prove that 

{a -f -f* c){a -f ^ - c){a — d+ -^c-a) — ^ar{c^ - a~), 

6. Find the difference between the squares of 

+ 1 and sxy + 1 oxy^ 

7 . If ,r-h^ be the H.C,F. of and x'^-\-qx-Vi\ their 

L.C.M. will be + + . 


8 . 


Simplify (i) 


(ii) 


X X^ + -~ 

9X 3^^ I2X 3 ^ 20 20 

. ,x I I 8 II 

<T '^ + 7 

4 b I 5 X 15 i8;r 6 

bc{x-(iy ^^ca{x~b? ab{x-cV 
\(i -- b}i^u ~. ) {b - i-;!/) - (I ) (c-ajic—b) ’ 


Paper IX. 


1 . Find what quantity not involving higher powers of x than 

the second should be added to x^ ~ - 5^'^ + 2;r^ + $x^ 4- 4.r® 4-1 to 

make it exactly divisible by x'^-{'2x- i. B.M. 1897. 

2. If 2S-a + b-h c\ show that - a)^ 4 - (s - b)^ -h{s- r) 3 4- 3abc= s^, 

3 . Resolve into factors : (i) 4x^- 4x%a + b)+x(a^ + 4ab)-a^b. 

(2) xy - x^s - 4 - 4 * 3 yz(y - z), 

4 . Show that {a^ ~ (^3 _ ^3)3 q. (^3 - ^3)3 jg divisible by 

-tab 4- b‘\ or a* 4 aci - or b^ 4 be 4 if. 

5 . Find the G.C.M. of 

n 2 .r^ 4 " 1 30-r3 4- qS.r’ + 20;r and 23 i;rs 4 * 276.1;^ 4 * 270x^ 4 6ox\ 

6. If ;r 3 4’A^+^^ and -v^q-r.rF.f have a common factor x4a 

Q — S 

show that (f ^~ — . 

p-r 

7. Find p when (.t: ~ m)[x - a perfect 

square. 


8 . Simplify (i) 




8 


4 : 4*2 


4 ' 4-44- 


j6 

4 : -6 


4' 4-24- 

4-5 


4 - 3 - 


44-1 


+ {c+a-bf {a + b-c f 

\,a~b)(a — c) {b-e){b — a) (c-a){c-b) 
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d 


Paper X. 


1 . If ifc - hca - had - i, prove that ia i >){ a () = i 

(/»-f a)(<^4-^-)— I (^+«)(c 

2. u(a + ^y = 3, prove that rt 3 4 >-^=ro. 


3. Resolve y , 5 ^ and 

4(<r^ 4- b^Y + t)a‘'b^ into factors. 

4 . Find the H. C. F. of .r 5 >+ y 5 4.3,rj/{a"3 4. |/3)4-.t'-»y^(.r+ and 
1 1 .1-5 - 5/5 4- xy{ 1 1 .r3 ~ 5y 3) + ^ 'xy%x -f /) . 


5 . 1 f A' be the H. C. F. of -f ax F and x^ + rx^ + .r F 
show that their L. C. M. will be 

+n. + ^|. 

6. Show that (.r F// 4.(^4. ^^^34- 3(vF^)('.-F.r)(.rF/) 

= 2(ji' 3 F/5 4- r-J - 3,r4^ir). 


(x F <r) (.r F ~ r) x(x 




7 . 


Simplify (i) 


-\-d , + 






fe±:! 

[a-b 


«3 — //3 y 


/ - ^ (b^cY F F 

' - c) (b - £')(^ - a) (c- a){c - b) 


a If~F^~,= 

a a 



then 


(i) 

(ii) 


a* b" c” 

ir c‘ 

d^ 


Paper XI. 

1. Prove that {yx^ - iox-^^Y + (Sx'- ;^x~7Y is divisible by 
the product of 3.r- 4 and 4 a'F i. 

2. F'ind the H. C. F. and L, C M. of .r^- 5.1-3 44 ^nd 
i' -* iLrF 10 , 

3. Find the continued product of a-b + c+df a + b-t- ’hd, 

</F/vFc~f/, -rt4-^4-^4-^/. 

4. Prove that (xF^j)3F(.t'F<^)3FCvF^r)5~ 3(a Fa)(,r-h^)(.r F^) 

~(3-vFtfF^F i')(a“ F b'"^ — ab-~ ac — be), 

5. Factorize : — 

(i) 3-1:3 ^x*-6x-k-2 

(ii) (2a ~ SY F ” 5)*f3<* + 4'F F (3a F 4)^ 

(iii) pf F 7*v - (Sa F I )(a - 2 ) 

14 
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Exp ers as the sum of four squares. 

SimpIIf)’’ 


(i) 


jfi-^ Z^L A. , oKx-c) 

{a-b^a-cS^lb-dib-c) {c-a){c-b') 


(C. E. 1896.) 


(ii) 





8. Simplify 

mVn~\^ 7 (r’¥s) " ‘ ( 2Lr/^ 


r^-s ^ 
4 {nt^ - «’) 



1892). 


Faber XII. 

1. Divide (i) {ax-^-^j^+csy-hCcx-i^y-tasp hy {a+c){x^a). 

(ii) the product of ad(x^ + 1 ) + + i^^)x and + 1 

by that of (;r 4- 1) and {ax + i^). C^- 

2. Prove that 

{{ax F dyY + (^U' -* dxy}{{ax (ay + i^xY} = (a* - - >'*)• 

3. Find the H. C. F. of 6x^ + 35 r^ + 59 -^^+ I7A'-6 and 
6.r5 - 5;*^ - 4 + 71^" ~ 37-^' + 6. 

4. Find the L. C. M. of .r ^ - 2.r'‘ - iq^r + 20, 4 - 2 .r' - 23^ - 60, 

and.r^4*7x3-4.r^-52;r4«48- 

5. Reduce to a single term 



0. Simplify 

2^'' -B SX - 3 3.V“ 4 - 5^- 2 ^ 2 X^ + ^-2 

3i’4*2.r'-i^6.r’4-i7^'-'3 ’ 6x^4-S^-i 


Simplify 




b 

a 


‘+a+« 



‘ c ^ 

' € 


b+c 

*“a+^ 
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Prove that 

»i) 


2 

c-a 



- - <^y + (r - g)* -f (tf - 

^ (^-c){c~a){a-di 








l\ E. 1888. 


(a-dy 


CHAPTER XVIL 

INVOLUTION AND EVOLUTION. 

1 . Involution is the process of involving or raising a 
quantity to a given power, and evolution is thp inverse process 
of evolving or extracting any given root of a quantity. 

Involution. 

2 . The student will see from the rule of signs that any 
even power of a quantity^ positive or negatiite^ is positive ami 
can never be negative^ and that any odd power of a i- aantitv has 
the same sign as the quantity itself. 

. Thus (*f 

+a3, (-ap= -a\ 

Also ( - i)’'= 4* I or - 1 according as « is even or odd. 

3 * The following theorems will be useful in involution of 
simple expressions. 

(i) where m and n are positive integers. 

For, {ok^Y—ag' x x ...to « factors 

to n terms by index law. 

(ii) 

For, {edif^^^ab x x ...to w factors. 

=(ax£ix...to « factors) x(^x<^x ...to n factors.) 
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S i m lirly, {abc , . . , , 



For, 



a a r 

7 X rx ...to n factors 
o 0 


ax a X . . .to n fetors 
^x^x ...to « factors 

0 ’’ ' 


nilaiiy, 


( abc» * • , . 

xy2,..) 


From the above we get the following rule : — 

To obtain any p(nver of a simple expression multiply the index 

of every letter in the expression by the uidex of the povjer and 
prefix the proper sign by art. 2 . 

Obs. When we have to raise a negative quantity to a given 
pov/er, say, to find we may put - a==ax{ - 1). Then 

( -» = X (- I;" by (ii) above 

= ( ~ whether n is odd or even. 

Ex, I. {2a^b^Y — 2'^{dfib^Y by (ii) 

— 4 a*b^ by (i) 


Ex. 2 . 



by the rule of signs. 


(?d^y 


by (iii) 


33 (a! 3 ) 3 A 


by (ii) 


2 ya^b^ 

"d'iF 


by (i) 


EXERCISE LXIX. 

Write down the squares, as well as the cubes of 

1 . 2 . -ixly^i:*, 3 . ^a^x*by, 4 . 

?£! 6 » 2a^b^c* g sa'‘xy= 

* be* * ' xy* * ’ xys^ ’ ’ ^ 2b^e*x*’ 

Find the value of 

9 . {u^b*y 10 . (-^ 2 xyf. 


U. {-a^b*£^y 
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Simplify 

4b Involution of a binomiaL We have 'already obtained 
the square or the cube of a bionomial. Thus 
{a + dy =“ a* + lad + 

d: dy ~a^± '^a^b + yib^ + ^ \ 
upper and lower signs being taken together. 

Also {a 4- by ~ (<^ 4- by{a 4* 

= W + 3 ^’^ 4“ Z^b^ + d^){a 4- d\ 
or (a-{-dy=a^+ 4 a^ 4- (ya^b^^ + 4ad^ 4 b ^ • 

Changing d into - b, we get 

(a - by — a* — 4a^b-\-6a^d'‘ -- 4ad^ + d*. 

Agai n , (rt + ^)5 == (a 4- by (a 4 - d) 

~ 4- 4- 6a + 4a^‘’’ 4- b^j(a 4- b)y 

or (a + by = ~a'"‘ -4 ^a^b 4- lOivb^ 4- lon^b^ 4- 5 ^/^^ 4- b\ 

. Changing b into - b^ we get 

(a~ dy===^a’^ - ^a^b-^rioa^b^ ~ ioaV^^4*5a^’ 

Similarly by continued multiplication the student should get the 
following :— 

(a ± by = ± 6{yd 4- ! S^^b^ ± loa'^b^ 4- 1 S^^b^ ± ^^b^ + 

[a ± by = ± Ja^d + 2 la^d'^ ± 3 ^a^d^ 4- 3 5 a^^♦ ± 2 1 a^5 4 . yad'‘ ± bl 

(a + by == a^ + Za"'d -t iSa^b^ ± ^ba'^d^ 4- 7oa^d^ 

± ^6a^d^ 4- 28 a®<^' ± 8a^" 4- ib. 

Note 1. We do not propose to consider here higher powers of a 
binomial as they can be obtained without this tedtoas process of multi- 
plication by the Binomial Theorem given in authors^ Intermediate Algebra^ 
The cases considered alwve will be sufficient for oar present purposes. 
In the above expansions of the powers of a±,b the student will mark 
the following i— 

(i) The number cf terms is one more than the index of the 
power ; 

(ii) the sum of the indices of a and d in any term is equal to 
the index of the power ; and that the power of a diminishes and 
that of b increases by one. 
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(iii) the co efficients in the expansion of any power of a~^ are 
numerically the same as those in the expansion of the same power 
of but are alternately positive and negative. 

(iv) As regards co-efficients of dififerenl terms let us observe one 

expansion, say The co-efficient of ist term that of 

V 1x6 

the 2nd term in which occurs — , that of the 3rd term in 
which af‘ occurs in or 15 and that of the 4th term containing 

IS “ or 20 and so on. 

3 

The co-efficient of the first term is i ; and that of any other term 

co-effi of preceding term x the index of the power of a there 
v- number of terms preceding. The co-efficients from the begin- 
ning and the end are equal. Same is the law as regards co- 
efficients for all binomial expansions for all positive integral powers. 

Note 2 * It may be observed that (a-f ^)*a={(a-f i.e> may 

be obtained by squaring the sf^uare of or by squaring + 

Similarly (a -♦-<!»))* may be obtained by squaring the cube of a-b <5 i, e. 
Uy squaring a* + 3^*^ -f 

Ex. (2a: » 3 = {2xf - 6(2.r)s(3y) + 1 - 2 o( 2 ar)K 3 r )3 

+ * 5 (2a')“(3/)^ ■" 6(2.r)(3/)s + {^yf 

~ 64 - 5 y 6 x^y -f 2 1 - 4^20x^y^ + 4860^:^* - 29 1 6^7^ 4. 7 297^. 

Observe that in place of a and I? in the expansion of (a - 
above we have here { 2 x) and (37). 


EXERCISE LXX. 


Find the value of 


1. 

U + 2)L 

2 . 


3 . 

ix- 2 Y. 

4. 

(I-X) 5 . 

5 . 

(cl + lif)*. 

0 . 

{ 2 a - ar)L 

7 . 

(2a + 3^)'. 

a 

(I - 2X}S. 

9. 

(3jr-4>')‘ 10. 

(a 4 - 2 ^) 5 . 

11. 

(1 +xy. 

12. 

{t-xf. 

18. 

(2a -5^)^ 



14. 

(4.«:’-3v3)‘ 




Simplify 

16 . + 

17 . (XT - 37)^ 4- ( 2 x + 3 v)^ 


16 . 

18. {i+.yf 
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5. Square of any polynomial. We have already found 
the square of a trinomial Thus 

(a + /> + cY = 2ab -h2bc-i-2at 
Again, (a + + t/Y ~ (0* ’^b) + (c-h if)Y 

^(a + by + 2(a 4- b)(i: 

= + 2ab -hb^-h 2ac ■^2a^-h 2 hc + 2 bd + r’ + 2 cd + (P 
~ a= + 4- 2 ab + 2 ac 4* 2aif 4- 2bc 4- 2 4- icd» 

It appears from the above that the square of a polynomial 
is equal to the sum of the squares of all its terms together with 
twice the product of every two of them. 

This can be proved from the distributive law of multiplication 
thus : — 

We have (^r4-^ + ^4<^/4-......)-~(a4/ rr/4 ) 

x(rt4^4r4^/4 ) ; 

and the product is formed by multiplying each term of the first 

expression by term of the second expression 

4^4 ^“4 ^4-. Thus, b^ Cy d, of the first expression multiplied 

by (ly by fy d. respcctivcly of the second gives b'\ c^y tP as 

terms of the product. Also a of the first expression multiplied by b 
of the second gives ab which is again obtained by multiplying b of 
the first expression by a of the second i.e ab occurs iimce in the 
product Similarly the product of any two of the letters, by Cy d... 
occurs twice. Hence the above rule. 

6. It is evident that twice the sum of the products of every tw'o 
of the terms of a polynomial is secured by taking together twice the 
product of each term of the polynomial and the sum of all the terms 
following it. Hence the preceding rule for the square of a polyno- 
may be stated thus ; 

The square of a polynomial is equal to the sum of the squares 
of ail Its terms together with twice the product of each term 
and the sum of alT the terms which follow it. 

Thus (a 4- 3 4 - iT 4-^/4- ^4 Y 

~a*4-^*4*c- 4^4-^*4* 

4 2a{b'\-c 4<f4^4‘....».)4" 2bic 4/f4c4*.. 

4* 2c{d -f- ^4 ) 4" 4'.... .....)4. 

Ex. I. (i 4-34:“2.r*)* 

^ 1 4-9Lr* 4 4 .*^ 4- 2 . 1 ,{%x - 2 x^) 4- 2 . 3 ;r( - 2 x^) 

— I4*94r®4*4.r^4-6jr-44r*-- i 2 x\ 

=t|46.r4 5.t*- I2;r344^*. 
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Ex. 2, 

f i 2 xH - |.r* -f ;ir 3 ) - 2,lx^{x ~ 3 ) + 2 .x{ - 3 ) 

- 3 = 4 ‘ Ix^ i-x^ +9 - 6x^ + 4x*~ I2x^-3x3-t gx- - 6x 

--= 4 - 6xs + -15x3+ io;r'' - 6x + 9. 

Ex. 3. Find the co efficient of x^ in 

( 2 - 3^' -f $x^ - 5^-3 4 6x^ + yx‘^) \ 
We have (2 - 3A' + 3.V® - 5x3 4 6x^ 4 yx^f 

~ 449 -r= 49 -r^ 4 ... 44 ( - 3 .r 434 r“- 5 ;i;^ 46 .r 44 ) 

-6 x{ 3 x^’-S^^'^ •) + 

# 

We omit terms which contain higher powers of x than x*. We 
find the terms containing x* are 9;r^ , 4 x 6x\ - 6.r x ( - ^x^) ; hence 
the co-efficient of = 9 424430=63. 

7- Cube of a polyuomial. We have already seen that 
(a 4 4 yi^d 4 3a^‘ 4 

4 /; 4 ^-'p 1)-^ 4. c'> 4. 4 alf 4 b'C 4 4 4 ca^ 4 2abc) 

or =^34. /;3 4 iTi 4„ 3(^ 4. c)(c ^a){a-{-d). 

Again, (a 4/^4 4 cf}^ ~ {(a 4 4 {<: 4 d')Y 

= (a 4 by 4 3(a 4 by{c 4 d) 4 s{a 4 b){c 4 df 4 4 ^ 

= <|3 4 3^7^ 4 4^4 sia'^ 4 4 b%c 4 d) 

4 3(ci 4 b){i'^ 4 2t'^4 4 r3 4 3^'// 4 3 ^*^" 4 <73 

= -f- /;3 4. j-3 4- ^3 4- yz\lt 4 r 4 <7} 4 4 ^4 a) 

4 y'(d 4 a 4 //) 4 4/^4 < ) 4 6(abc' 4 bcd-^ cda 4 dab). 


EXERCISE LXXI. 

Find the value of 


1 . 

{ 2 a ~ ^b 4 4<' - 57 )' 

2. 

( I - 2X4 3-4'* - 4 ^ 3 ). 

3. 

(V-rV. 

4. 



\/> a ) 


V/ 3'^ / 

6 . 

(I ii4<^“^4^f)’. 

0 . 

(2X-^-- 3 x 34 . 1 '" -2X4 3)® 

7. 

0 - 4 - 

8 . 

(aJY 





9. 

(-’)' 

10 


11. 

(2.r-3v44-)^ 

12, 

(1 -2x4 3x’)3 

13, 

{<■1^ yab 4 

14. 

(3,r3-4jr"42.r“- 1^. 

15. 

Find the co-efficient of x^ in (i - 3.r4 5-r= - 7 x ^49 ^^ - i ix^)^> 
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16. Find the co-efficient of-r< in (r - + 4x'^)K 

17. Find the value of by squaring the fourth power 

of a-^d. 

18. Find the value of (a 4-^/ by squaring the cube of + 

19. Prove that (a + d+ ry F - O' -}- 

#1 ~ 0^ *1" ~ 6ah\ 

20. Prove that (fi 4 + (.i - Or + <i^ - r)' 

— 24 ah\ 

Evolution. 

8. We know any even power of a quantify, positive or negative 
is positive and cannot be negative : hence an even root of a posi- 
tive quantity may be positive or ney^aiivc^ while an even 7'oot of a 
negative quantity is an impossibiUty and is called an unreal or 
imaginary quantity. 

Again, we know that any odd pow'er of a quantity has the same 
sign as the quantity ; hence an odd root of a quantity has the same 
sign as the quantity. 

Thus since ( + .f) X ( + = as also (-(f) x (-aj-.f/' we have 

fal- == -f a or - a. 

Also J{-a'^) is an impossible quantity, for no quantity multipli- 
ed by itself can be negative n/-/P is theicfore an unreal or 

imaginary quantity. 

Again, since ( -*a) x ( - a) x{-a)~ - a\ we have V( - == “• d- 

®. Evolution of simple expressions. We know that 
{a'"Y=a”", -vCr'-'-a"' ; 

{aby‘ = a"b", XjaW^ab ; 



Hence to find any root of a simple expression divide the 
index of every letter in the expression by the index of the root 
and prefix the proper sign or signs according to art. 8. 

Ex. I . V(9'Vb'^^) = Xfi^^xyd) ± ye yc\ 

Ex. 2. V( ^ * V( - - 2abh^\ 



Note* In the remainder of the chapter when we have to extr.ict an 
even root of a quantity we shall suppose the signs ±. prefixed to the 
result 
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EXERCISE LXXII. 


Find the square root of 


1. 

zsddcK 2. 

IZlxY^^ 

3. 

i6a^dc^. 

4. 


5. 

6. 

36 ,ry 

7 

j6ga^Mc^ 

s 

i6xy^d 


i6x^_y^ 

49a*s^ ■ 


4x^yd 


zsddc** 

Find the cube root 

of 





9. 

Sdd 10. 

- 270.^2^ 

11. 

iz^a^x^ 

12. 

- 64 a^x\ 

13. 

14 

2i6dx'> 

16. 


16. 

64xy3j^ 





27^9* 


34 Sa 3 dc^=' 

Find the value of 






17. 

V(8i^y). 

18. %/i 32 a-y^) 

19. 

V(- 

■ 24 Sdd*). 

20. 

4 f/a*b'’\ 

V xiCc^) 

. 1 , y(. 

3125 ^'^’' 

^ 22. 

ye 

7295 ^®/ 

23.1 

4 // 625 a*/\ 

V V 8 w^/ 

24. i/( 

00 • 

25. 

W)- 


10 . Square roots of polynomials. We shall here use a 
method of inspection. We know that 

(rt -f- +■ (a — ~a^-~ zah + 

Hence \ye can extract the square root of an^ expression which 
can be put in the form— of the squares of two quantities plus 
or minus twice their product. 

Ex. I. Extract the square root of 1 4- 

The expr. ^ (2.r)® - 2.2^.3y 4- = (2.r - 3^)* 

the square root required — 2;ir- 3/, 

Ex. 2. Extract the square root of 9^?“ 4-<^*+4C“~ 6^^4- izac-t^bc 
The expr. ~ 9<r ~ fsa^b - 2c) 4 - {b^ - 4bc 4* 4c*) 

[arranj*ing in powers of 
- {$ay - 2 ^a(b - 2C) 4- - 2cy 

= {3« 2c)}* «= (3a ~ ^ 4* 2cy 

the square root required “3a-'^4'2c. 

Ex. 3, Extract the square root of 4 ^ b*y + 4 ab{a* - b% 

We have (a^ 4- ^ {d - df 4- 4 ddy 

the given expr.-(a*~^)»4-4a''^*+4a^a*-^) 
^{d-di‘ 2 ab)\ 
the square root«rt*4'2«i^-^*. 
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Ex. 4. Find the square root of 

;)’ + "2 <C. E. 1866). 

The = + + + 2] + 12 

= (-“ + j.- 3 )' 


the square root required -.r^ - 2. 

Ex. 5. F'ind the square root of {a-^i‘y-^4{a-2d){2a-2d-¥i). 

The expr. ~ 4. c'f f 4(a - id) {(a 4 - c) 4- (a - 2d)} 

■= {a + 4 4(« - 2d) {a 4 - ') + 4(a - idy 

~ {(/? + c) + 2{a - 2d)}^ =2 { 3a - 4/> 4 - cY 
the square root required — 3a ~ 4^4- <*. 

Ex* 6. Prove that the product of any four consecutive inte- 
gers increased by unity is a perfect square. 

Let X be the smallest of the consecutive integers ; then we are 
to prove that x{x-{- 1) (x + i) Cr-f 3)4- 1 is a perfect square. 

We have xix 4 - 1 ) (.^ + 2) (.r 4 - 3) + i 
= f 3 *^') (.r" 4 - 3-r 4 - 2) + I 
= (.r= 4- 4 - 2 (.r=* 4 - 3-t*) f i 

= {x^ 4 - 3 .r 4 - 1 Y ~ ^ perfect square. 


EXERCISE LXXin. 

Find by inspection the squa e root of 

1 . 2 4 - Tpabcd 4 - qt 

2. 49a<x’' - 1 4 oa''^.ry* i oo^y . 

3. isx - 2yY + 4oxf. 4. (7ij:4-9/^)“~ 252 a^. 

6 . {x^-\r^y-¥2y^){x^4‘Sxy-\-6f){x^4-4-rj4-zy')^ 

7 . (x*- 3 x 4 - 2 )(jir*-,r- 2 )(jr*-i). 

9, {ab4rac4-bcY’-4abc(a->t€Y (C. E. 1888.) 
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Find by inspection the square root of 

tfV - X ^ 

{a^i'C=^-2a^d') a-d' 


(C. E. 1886). 


It 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 
la 
20. 


X* + xys 4* 2x'-z° F sK 

4 


(B. M. 1892). 

£1^ 4* ^ + ^4 4. ^4 «. 2 (fj!= + + ^) 4 - 4 - 2/^ 

3(3<3!^-2^^4-c^®)(^j:’ + 3^*)4-<^'*(<*4-4^)^. (M. M. 1898). 

(o’ 4* 4- r*)(x® 4-/’ 4“ ^‘) - (<^v - dx)^ -{cx~az)^~- {bz - 9/)^ 


2 d! 

3 +T 



(rtj 4 " bc){bs 4- cct){cs 4 - ab) where s = dr 4 - ^ 4 - 
(.r 4 - i)(.r -f 3)^.r 4 - 5 )(jr + 7) 4 - 16. 

(x 4- 2 )(x 4- 3){x 4- 8)(.r 4- 9 ) + 9- 
(x 4- 1 )Cr + 2)f.r 4- 6)(.r 4- 7 ) 4- (;r 4- 4 )'* 

(ax 4 ^/ 4 - czy - 4ax(by+ cz). 


ll. Square roots of polynomials. (Continuted), 

Let us consider the expression a^-^'iab-^b^y of which the square* 
root is 4/^ and try to discover the terms a and b of the square root. 

The expression being arranged in descending powers of 
the first term a of the root is the 
square root of the first term of a^-\‘2ab-\'b\a-\-b 

the expression. Subtract the a® 

square of this first term of the 

root, from the expresssion, and 2 a 4 rb) 4 r 2 ab-\-b^ 
bringdown the remainderi^ zab+b^ 

4<^*, as shown above. Put down , 

za (Lr. twice the first term of the root) as the first term of 
the divisor of the remainder, and divide by it the first term of 
the remainder tns. zab, and set down the quotient b (the quotient 
of the first term of the remainder by the first term of the divisor) 
as the second term of the root, as also the second (and last) 
term of the divisor. Multiply the divisor 2« 4 ^ thus ob< 

tained by the second term b of the root, and subtract the product 
from the remainder, when nothing is left. 

If there were more terms in the expression, we would proceed 
by regarding the first two terms of the root obtained by the 
previous method as a single terra and treating it as we treated 
the first term in the above process ; and repeat the process until 
the square root is obtained. 
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Note. We shall not forget to arrange an expression of which the 
square root is wanted in ascending or descending powers of some letter, 
as the above method depends upon this arrangement. 

Ex. I. Extract the square root of ~ 30^ + 25. 

The expr. is already in descending powers of a. 

9a^-3oa-^2Sisa- 5 

9 ^ 

6^r~5)-3o^r4-25 

Thq first term of the root s»^9a*s* 3a. Subtracting its square or 
from the expression, the remainder «» —30^1 + 25. The first term of the 
divisor*»2X3aasi6a, hence the second term of the root (and also of the 
divisor}^ —30fl-f'6as= - 5. Thus tne complete divisor •6ii~ 5, and mul- 
tiplying it by —5 and settmg down the prodnct below the remainder, we 
find, nothing is left on subtraction. Hence the root required « 3a*- 5. 

Ex. 2. Extract the squre root of 

4,r^ + 2 -M6 - 1 2.r - ■ 24.V. 

We begin by arranging the expr. in descending powers of x. 

^ 4x^ - 1 2X^ 4 * 2 54:® ~ 24.r -b 1 6(2.r= ~ 3,r + 4 

^ 

4^’' - yr) - X 2.1*3 4. - 24A*-f 1 6 
-I2.r3 492r* ^ 

4x^ - 6 x + 4) 4 1 6x^ - 24;i' 4 1 6 
162*^— 24.rr4 16 

Here we arrange the expression in descending powers of x. The 
fir^t term of the root is 2**, the square root of 4x^. Subtracting 4jr^ from 
the given expression, the remainders® ~ I2jr* 425.^2 - ...The first term of 
the divisor is 2X2.t:2 or 4jr2, and the second term of the root=(~ I2x*) 
-3.^, so that 4Jt*'-3.r, is the complete divisor. Multiply it 
by -3jr, the second term of the root, and subtracting the product from 
the first remainder we get the secoad remainder » i6a'* - ...Doubling 2.v® 
the -portion of the root already found, we get 4a5*-“6.r, which is a 
part of the second divisor. The third term of the root«quotient of the 
second remainder by the second partial divisor or more .simply the quo- 
tient of iheir first terms and is in this case i6v«:^-r-44r3«»4. Hence the 
complete second dl visor »4jr*~-6jr 44. Multiply this by 4, the third 
term of the root and subtract the product from the second remainder when 
nothing is left 

Thus the square root required = 2.2** -3.1 : 4 4 * 



322 


MATRICULATION ALGEBRA. 


[chap. 


Ex. 3. Extract the square root of 

- 6jr^a 4- 1 §T‘a ' - 4* i $x^a* - 6xa^ 4- a^. 

- djc^a 4* 1 — lax^a^ 4- 1 - 6;ra5 +a^rx^‘^ 

L 4 - 34 :a='-«* 


2X3 _ 


• 6x5^? 4- 1 54r^^3! 

6 x% 4- 


2 r3 — 6x*< 2 4- 3x^«’ 


— 2Cir3^i3 4- 1 

j 8 x^^z 3 4- 9L;tr’«4 


/_— 2 X 3 <^ 4 -J^a^ 6x^25 4. 

Here first term of the root= \/x^ or x^ ; second term 
~ - 6 x% 4 - 2 x 3 = _ p;^a ; third term=6x^a^-~2x^ — 3xa^ ; fourth term 
= - 2 x 3 <» 3 ^ 2 x 3 = -<33. Thus we see that practically division of the 
first terms of the several remainders by the same quantity ( 2 x 3 ) 
determines the terms of the square root. 

Ex. 4. Extract the square root of 

16 8 a a/j 

# - --- 4 . -- 4 . ' ' 4 ----“ 4 . , 

A-* 3 tf Za 

We arrange the expression as below and the student will see after- 
wards (Chap. XXVI) that this arrangement is in deseeding powers 

of a ; the terms containing- , A come after which does not 

<Z { l ~ J 

contain a. 

it + 4. + , + i 

^ 3 3 a 9 a\ b yi' 

4 < 7 ^ 

b'^ 


Aa 


I+T+*- 

’ b 3 
8 " . 
T +4 


/,+4 + ^j + 3 + 3^+-. 



Here first term of the root’ 


m 


2a , 

=* V , second term 
a 


8a , 4a • t , 4 4a b 

-j. a- 2, third term =“ 4-\~ = — . 
b b * 3 ^ 
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Ex. 5. For what value of x will i6.r< ~*24^^ + 25.t“ -* i5.r-8 be 
a perfect square ? 

VVe proceed to extract the square root. 

i 6 x*- 24 x^+ 2 S.if-iSx-Z/ 4 x^~$xi ‘2 

i6x* I 

- ^x\ - 24^^ + 25 
f - 2 4.^34. 

8;r* “ 6x -1- 2X16^:'* - 1 5.1' - 8 
— 3t- - iz 


Hence -- jjr - 1 2 = o or 2:= - 4. 

Ex. 6. Extract the square root of 44-.t' to 4 terms. 


n 


. X x" , 

>4 1- 

-^4 64 512 


4 + 


4-.f 


i-\+A- 

l) .r+-l 


X- 

■64 


x~ 

16 


16 128 ”^4096 


.r ;r’ x^ \ x^ 

'‘■^2~32~‘^5l2/ I 


28 4096 
128^ 1024 

-155". 

4096 


+ ... 


x 

Thus the required square root - - 4*'^ ~ . 


EXERCISE LXXIV. 

Extract the square root of 

1. x^+4:r3-2x*— I2X+9. 

2 . 9 x* + 24^'3 + 4 x* - i 6 x -h 4 . 

a 5a" 4- + f ^ - l^iT -f Jca. 

4* I +42:-24r"-i2.t3 4.9x*. 
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5. 




5+9r + |-2;rv~;r+9,. 

6- 49 -»^ + 42jr=-47^<_ >36^3-32x^+64;, + 64 . 


8 . 

9. 

10 . 

11 . 




^4~ 






-'»-"+2.T^ + 4.r3+.,t- + 4;,-_ JL 




(M. M. i 895(. 


20. 


12 


^c 4b 
~b^'^ 


£ + JL'^’ . 9^’ ^2« 

squLl ‘'’‘= that x^+px+g „,ay be a perfect 

14. l^atermine the Viilues of ^ l* i. 
sions are perfect squares ‘he following expres- 

(0 9.r^-t2A-3_2.t» + -;,._g 
(ri) gt"+ ,2^.-_ 2atH i4A-3+36.r._^ 

16. Extract the square root of 

(') I +x to 5 terms /■.;, , 

(iii) i-x+ar’t 0 4 terms ^ ^ ~ to 4 ^terms 

Sion ? comp, etrsJulra^Jf ^‘he~ Sotiire'pres- 

(M. M. 


(a+/;)3=a34..a»i ^ "^Pection. We know 

"" 'isl' ” w “■!“w“‘'oK.°'STih“ °' ““ “■ 

arranged m ascending or descendinsr n ‘ r® ®’^Pressions are 
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Ex. I. Extract the cube root of 8.r3-36.r> + 54.,:,,’-,7j,. 

TheExpr. =( 2 .,) 3 _ y 

the cube root required =^ 2 x~sy. 


Ex. 2. Extract the cube root of 

«3-8^3+37c3-6.>^+,3.A'.,36,v.-s4^rH9.tV+27«^^^^ 

Arranging in descending powers of<r, tJie expr. 

= ^3 _ 3a=(2(5 - 3r) + 3rt(4i ’ - 1 2df + gj-x) 

— (8^." — 3t)7''r + 54^'"^ ~ ^7c^} 

=33 _ ^ a % 2 i - 3 £) + 3 ^( 27 , _ 3,-)= _ (23 _ 3^.^, 

H‘>-(2i-3c)]^=(a-2d+yy. 

:. the required cube root .=a-2/' + 3c. 




+ 3^? V; + +l7^/a-hd 

I 


•^a'Ab^yib 


■^3d^b^ial>^-»tbi 
30^ + 3ab’\-bA •{■ 3 d^b-\- 3 ab^-\‘l)^ 


(T- arranged m descending powers of«, the first 

e!n^.d the cube root is the cube root of the first term J of the 
expression. Substract 33 the cube of the first term of the root trim 
islihn'^" expression and bring down the remainder sa’/^+ja’^ + fit 

term t '^2"" 3 ''’ ^ ''’® s^f are oHhe first 

term of the root) as the first term of the divisor of the remainllr 
divide by It the first term of the remainder t«., 33^ and 0™?^ 
rj/> *^''°*'®*’* ^ 'he second term of the required root, ^'ake za/i 
‘"”!k “’® *"<1 ®®"°"d terms of the reglired 

rw) as the second term of the divisor and {r>. the square of 

t^he second term ot the root) as the third (and last) term of ^h/ 
diviso^ so that the complete divisor is la’ + yii+i’ Multiolv it 

‘ a® ®®® 2 "‘* ‘®‘'m subtract the product from rte 

i^etnainder when nothing is left. ^ 

m„i^i*'®‘^®i.”'®I® '”®'’® expression, we would proceed bv 

obtained by the previous 
n th 2 ‘®™ treated the fi?st term 
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Ex. 1 . Find the cube root of + 1 2al^ - 8 ^ 


- 6 a^d + 1 2 ab* /a - 2 b 

\ 


3x4*= 34“ 

-6a*^ + I2a<J*-8^8 

34 X { — 2^) = - 6 ab 



“64*^+I24^“-8<^3 

34* -641^+4^ 


Here the first term of the root =V^s=a, the second term 
« - 6 a^b’i‘ — 2 b. 


Ex. 2. Find the cube root of 4:® - 63;r5 4. 3 3;^^ - 63^*3 + 66 ;r* ~ 36xr + 8 
~ gxr* + ~ 6 ^ 3 + 66jr^ - 36^ + 8 /;r* - Sxr + 2 

5! V 

3x(j:>)» + 3X^r> 

x(- 3 J:) + (- 3 .r)’ 


-gx^'{'27x*-2^x^ 


3(;r’-3jr)* + 3(^^-3;r)x2 
+ 2* = 3;ir^ - 1 8 .r 3 -4 3 
- i8;rF4 


+ 6x* - + 66;r“ ~ $6x F 8 

+ 6 x * - 364:3 4. 65^1^8 _ 264: 4 - 8 


Here the first term of the root ==\/x^=x^ ; first remainder 
» -94'S+... ; the second term of the root= - 94:54- {3 x (4;®)=}= -^r, 
the first complete divisor being thus 3 x (.r“)’ -f 3 x 4 :* x ( -* 34 :) 
+ ( 3 ^)^ = 34^ - 94:3 + 


The second remainder =644-364:3 + ..., the third term of the 
root = quotient of 644-364:3 + ... by 3 (-r^- 34 :)'‘ or more simply the 
quotient of their first terms and is therefore 64:“*+ 34:^ or 2. 


Hence the second complete divisor = 3(4:* - 3.r)® + 3(4:® - 34:) x 2 
+ 2“ = 344- 184:3 + 334'“- i8.r+4. Hence etc. 

1 % From the known expansion of (a + ^)5 we can determine 
the fifth-root of an expression in the manner of articles ri and 13 
but the process will be tedious. It may be noted that the fourth 
root of an expression is the square root of its square root, the sixth 
root of an expression is the square root of its cube root or the cube 
root of its square root, and the eighth root of an expression is the 
square root of the square root of the square root of the expression. 

Thus to fiind the sixth root of 

.i 4 - 6x^a + 1 54'^rt* - 2 aT 3 a 3 4. 1 5.^*0^ - 64:4s + a®. 

The square root of the expr. =43- 34 :“a+ 34:4^-43 (ex. 3, art 
11) ; hence its sixth root= + 

=4-4. 



EVOLUTION, 


227 


XVIL] 


EXERCISE LXXV. 


Find the cube root of 

1, 8a3-36a“^ + 54«<^-27^. 2. 64^34- 144.1:*^+ io8.r/® 4- 27^3, 


3. 


6 . 


7. 


8t|3— I2«’4*6 <j 
ar3 164:’ 


4. 


. 6 ^ 4 . 

X 


27 


4*3C^tr-64. 


6 . 


£3^ j3 
A'3 


=(r0 


a® 6^2V . I243[V _ , 

_+_+___+g,3 


8. -- 


£3 ^3 




+ 5- 


B. M.r892. 

-2). 


9. 8.r^ 4- 64 4- 6 r(2a'* - 7.tr«- 4, (.r= 

10. 4:^-34^54-644 -7.?r3 4- b-r"*- 34: 4- 1. 

1 1. 644:^ - 1 44^{y + 20444^* - 1 7 14r3^3 4- 1 0244 ^^ ~ 36,r>^ 4- 8y*, 

12. 44 4" 34rs^ 4- 6 4- 74:3/3 4. 64:’/^ 4- 34/5 

13. 


14. 

16. 


£^ _3£ 3j;f 
64*" 16 "^ 2' 

,r^ 64-5 

y “375' 


24 48^64 

' 7 nr — ^n ,. 

X 4'3 


■44^+6351-545+27. 


Find to 3 terms the cube root of 
(i) 14 - 4 : (ii) 8-4:. 

16. Find the value of x which makes $4:3- 
a perfect cube. 

17. Find the fourth root of - 

(i) 4:‘*4'84:5 4'24-r'*4"324:4' 16 


1 24® 4- 94:- to 


(ii) 


^* + -+4 




-fb. 


18 . 


Find the sixth root of : — 

(i) 4 :^ 4- 6x5 4 - 154 ^ 4 - 204 : 34 - 1 54 :® 4 - 64 - F I 


(ii) x'^+~- I2x* 


^~+6ox^+^^%l6o. 
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IS* The AriLh metical rules for extracting the square and cube 
roots of numbeis are based upon the Algebraical methods of articles 
Ti and 13 respectively. 

Suppose we want the square root of 401956. We proceed thus 
as m art. ii : — 

401956/600 + 30 + 4 

360000! 

1200 + 30X41956 
- 1230^36900 
I26o + 4\ 5056 
= 1264^ 5056 

Here the square root evidently consists of 3 figures. The greats 
est number of hundreds whose square is less than the given number 
is 6, so that 600 is the first term of the root. Subtracting its square 
from the given number, the remainder = 41956. The second term 
of the root is the quotient of 41956 by 2x600 z.e. ; hence 
the first divisor = 2 X 600 + 30= 1230. The second remainder is 
5056 and the third term of the root is the quotient of 5056 by 
2(609+30) or by 1260; hence it is 4. Multiplying the second 
divisor 1264 by 4 and subtracting the product from the second 
remainder, nothing is left. Hence the square root=6oo+3o+4 
= 634. 

The above leads to the following compact process in Arith- 
metic : — 

461956/634 

123^19 

./369 

1264X5056 

The dots placed over every second figure from the unit indi- 
cate the number of figures in the root. 


CHAPTER XVIII. 

SIMPLE EQUATIONS. 

In Chap. X we have considered easy simple equations with 
one unknown quantity. We reproduce the general rule given there 
for the solution of a simple equation : — 

(i) Clear the equation of fractions necessary) Jjy multi- 
plying both sides by the L, C. of the denominators * 
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(ii) transpose all the terms involving the unknown quantity 
to the left-hand side and the known quantity to the right-hand ; 

(iii) simplify both sides by collecting terms ; 

(iv) divide both sides by the co-efficient of the unknown 
quantity. 

Thus, to solve (i) 

4 3 u 

Multiplying both sides by 12 to clear of fractions, 

I5(.r- i) + 4x-f i2«2(7+;r), or 1 5;r- 1 5 +4r+ 12 ~ 14-f 2.r, 
transposing, I5j:+4.r-2.r= 14 + 15 ~ 12, 
or I7.r= 17, whence jr= I. 

Verification. The student should verify the solution of 
an equation which he works out, for that is the test of the accuracy 
of his work. To verify a solution is to substitute for the unknown 
quantity the value obtained and to prove that the two sides of the 
equation become equal. 

Thus in the above equation, putting .r~- 1 , 

left-side = ^- 2 ^ 4 * 1 4 - 1 - 1 j ; right-side- J =5 iL. 

4 ° 

Hence jv=i satisfies the equation and the solution is correct. 

Note. It is a common mistake with the beginner in solutions of 
equations, to put the sign •« in the beginning of eweny line. Thus to 
solve the equation 3X — 8*2 — 2.V he is apt to write 

2x-$m2-2x 
sB3;r4’2.r«2+8 
m^x=i 10, whence x» 2 . 

Here the signs** in the beginning of the last two lines should be re- 
placed by or, or, 

3* Literal equations. In equations known quantities may 
be denoted by letters and they are treated like ordinary numbers, 
as shown below. 

Ex. Solve kr - 3^1 — 6ax - 2 d. 

Transposing, dx-6ax’— -2<^4*3a, or, xid-6a)~^a^2d 
- 2d 

■■ 6-ba' 

EXERCISE LXXVI. 


Solve 

1. x — ri = 2xr-^. 2. a(^4*^) * cfir + r/)' 

3. fjvr - n){X - w) “ {m - p)[x ~ «) = o. 
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Solve 

4. (jr+i)4*^2;r*fij)-^2(24r+'2)-3. 5. {x-a)'\‘{x-‘b)’k-{x^c)—o. 
6. x(« + 2)- 6«s»f(2r4-6)--2. 7. ax-*b'^==^b{x-b)^‘a{a-^b)* 

8. <d,X’-a-b)—x-k‘a{a^'b^2)-2b. 


4i* Equations not involving fractions. The following 
examples illustrate the method to be employed. 

Ex. I. Solve (42:4-3)’ ~(22r-j)* = 1 2(;r+2)“~6o. 

Expanding, (i62r'* + 242r4-9)-(42r®-42r+i)==i2(2r*4*42r+4)-~6o ; 
simplifying, i2.r*+282r4-8 = i22r’4'482r-~ 12 ; 
transposing, 122^+ 282: - 122:’ -482:= - 12-8, or -202:= '-20. 
Dividing by ~ 26, 2:=! f, [verify]. 

The following example shows how an equation may be con- 
veniently reduced to a simpler one 

Ex. 2. Solve (32*+ O’-h (22: -2)* =(32: -2)’ + (22: + 3)'' 

By transposition (32:4-1)* -(32: -2)’ ==(22: + 3)’ -{22: -2)’ 

{(3Jf + ') +(3A' - 2)K(3J ^+ 0 - ( 3 * - 2 )} 

= {(2;r + 3) + (2Jr - 2)}{(2;ir + 3) - (24r - 2)} 

(&r- i)3-(4-» + i)5, or, l&r-3 = 20;tr ^-5 
-22: “8 (transposing) /, 2:= -4. 

Ex. 3. Solve {x ~ a]{x - - c{b 4- ^r) = (2: 4- c){x - r) - be. 

Multiplying out, 2* - ax - bx -hab ^ be - ~x* — r® — 

-ax -bx^ -ab or -x{a-^b)=^ -ab 

• — ab 

-• (a 4* 4” 

EXERCISE LXXVII. 


Solve 

Jl;* ' (x - 3)* 4“ (.r - 4)* 4- (2: - 5)’ « 3^:* - 22. 
a. (2r4‘3)*4-3(-*^+4)**4^* + 57- 
8. {x 4- 4 ){x “ 3) -h (;r 4- 5)(2: ~ l) « 2(2: 4- 5)(2: -2)4-2. 

4C ‘-I* {2x 4- 3 ){ 3 r - 4 ) - (x 4- 7)(2^ * 4) == 4- 1 )i 2 x -2)4-4* 

(22f+l)*«22r(22r4-lX2^-*-2). 

^ (22:+i)*«(4^-l)*4-l62:*(a2r+2) + 7- 
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SIovc 

% {x + 6 >)(x + a ) = (at 4* + rf). 9. ix 4- a)(a - i^x) « {bx 4* a)(a - x) 

10, a{ 2jr 4* i)* - { 2 ax 4- l)(2jr 4-a) =0. 

11. (x4'a)(x“^) = (jr-^-f «)*, 12. im-hx)(n’i‘X}=^x{x-p). 


5. Equations iavolv!ii% fraotions. The following are 
some easy equations involving fractions. The convenient method 
here is, as we already know, to clear each equation of fractions by 
multiplying its terms by the L C. M. of the denominators. When 
<o-emcients are decimal fractions, they may be retained through- 
out the work if convenient or changed into vulgar fractions. 


Ex. I. Slove (C. E. 1887.) 
6 n 33 ’ 

Multiplying both sides by 66, the L. C M. of denominators 
-to clear of fractions, 

2 zv - 33 4- 1 8;r ~ 48 - 8;r 4- 30 4- 33* 

Transposing, 22;r4*i84r-8.r=:304-334'48'f33, 

U4 9 , 

or 32x==:i44; ..^=“ 


Ex. 2, Slove — ^ ^ 4- - r — ~ — 7 ~~ro • 

jr*4-J^“6 x'‘-x-i 2 x’-‘ 6 x~{-S 


We have 


(jr~2)(^4-3) U4-3)(-^-4) (^~4)(^-3)' 


Multiplying by - 2)(;r 4- 3)(jr - 4) to clear of fractions, we have 
5(^-4)4*7(^-2)=4U-^3)- 

5Ar-204-7-t- I4 = 4;r4-I2, 

5jr4-7^-4^= 124-204- 14, 

/. 8jr«46 ; 


Ex. 3 , Slove r^4‘*5-|;r==3 i 25 - rs^r-f. 
Expressing the decimals as vulgar fractions, 

Multiplying both sides by 72, 

96jr + 36 - 1 6jf « 22 5 - 1084? - 48, 
96 T- i6;ir4-io8;r*»22S-48-36, 

/. i88x«I4i whence .r- Iff *3 = 75. 
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Ex. 4. Solve .65.v+:585£^^i^_:l^^ (C.E. ,882). 
Dividing each term of both sides by *13, 

5^+4i£.J_7l5=L^_^6 
^ *6 -2 *9 

Multiplying both side.s by f-8, the L.C.M. of the denominators, 
9.t: + 1 3* 5;ir - 22 * 5 = 108 - 6,r + 1 2, 

9.r+i3-5;r+6^=^ 108+ 12^2*5 
or 28-5;^=: 142-5, whence^ 

.^-5. 


Ex. s. Solve ax — 4-- —bx'\-ab^ ~- 

a 2a 4 

Here ax-a-\-^-~ ■\- la-^~ = bx + ab'' - a 
a a 4 

V 

Cancelling and transposing ax-~^—ab- -{a . 

Multiplying by 4, 4a,r - ^bx^ ^ab^ - loa, or, .r(4« - 3<^) =4<^^* - 
Aab^—ioa 

, 

4^1 -^b 


EXERCISE LXXVIll. 

Solve 

3 7 4 

Sx - 28 ^ 3j 6jr-2i _ 7 x ^ _ 1 2 - 6a- 

7 4 3 ~ 4 ~6 ' 

3 . 3 £^+ 1 ^-J.-L^ = 5(;,_9)4.3_^'. (M.M. 1891.) 

•i / 9 .> 

4/ .f-£--T .2 = 53_-5±I?+-*:-J. (M.M. 1883.) 

7 -v+ 9 _ 3 y-H- 9 -y -'3 ■ 349 -»y 

8 ■ '7 " 4 14 “ ■ 

7 7 -’^+ 5 ^. 9 y-t _-»^-9 ) >y- 3 _ 7 ° 

23 10 5 15 3 ' 

' 11 ? 

‘J£.r£+ _ *37 

35 455 ’ 


a 


13 7 
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.9 _ 2 3 + Ar ^ - 8 
44 ^ 1 1 u 


231 

;>^ + S-r + 6 + g.r + 1 8 + Sx+Tz ~ 

11 4 + 3 . 5 

{x-2){x+4) (4.- :- 4 )(.ir~i) ( 4 r-i)(j, -2) 

12 . 


13 . 

13 5 Vs / 


,.v-. 5 ^-V. 028 . 

4 


14 . I • 5(2: - 3 - 6 ) - ■ 142857(5 - 4.r) =.j' + 1 2 - . 

16 . ■ sx + — =9-5. (C. E. 1 866). 

16 . .ottx + '^--^^ = ^^-.i 4 S- (C. E. 1886). ■ 

17. ^l£±22+l:lSx^_LSx-}S (B.M.t902) 

50 ^ 20 ' 10 15 ^ ^ 

18 . ~ (;r - a) 4- “ (.r ~ /’) i=.r. 

19 . + 

(It a.^ 

20 . = 

x^ — b^ b — x 2x b 


ax a a x 


£ — (/+ M 4- n ) X -I x-ni x-n 
imn ~ jn n ^ i ' 

^+£^+£+f+£±^+£+r+£±^*o. 

a b^a c b c 

25 . -l{x-(2a-3c)}--Js{7a-s(x-2f)} = ^'i {8(a+ lev)- (2f-.r)!. 
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#. Equations of the form g-g . 

A C 

Ad eqaation of the type (both sides being multiplied by 

BD) can be transformed into AD =BC, a form in which fractions 
are avoided ; and since AD, BC are obtained by multiplying the 

terms of , g cross-wise, the process is called multiplying cross- 
wise (See Theor. i, Art. i8, Chap. XVI). 

Ex. Solve 

3X-4 6x-s 

Multiplying cross-wise 

(5jr - 4)(6jr - = (lar - 2 ){$x - 4), 

or 30.r* - 49Jr -t- 20 =30jir*- 46^+8, 
or -49^+464;= -20+8, 

or ~3jr=-i2. 



7 * JudioiouB combination of terms. 

In the following fractional equations terms having denominators 
which arc the same or simple multiples of the same quantity are 
taken together and simplified. 


Ex. I. Solve 


By transposition, 
Simplifying, 


-I .V+7~7t4 :-l)’ 

I I 2 

;c-i” 7 Cr-i)‘~j: + 7’ 
6 2 


7 U-I) ;e + 7 * 

or -^3 

7 {x- 1) x + 7 

Multiplying across, 7 a: -7=34^4-21 

or 4 a:= 28, whence x=7. 

Ex. 2. Solve 

9 5;r-i2 i8 

Transposing, ?£ri 2 = 8 £:^--»i£±J), 


7.ir-29 8.r+ 37-84:- 24 
54 r- 12 ““ 18 

, 74: -29 13 
“ 54 r-i 2 “l 8 ‘ 
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/. Multiplying cross-wise, 

i 8 ( 7 ^- 29 ) = I3(5x~I2) , 

,\126x- 522=65x- 156 , 
.',l26,r-654r=522- 156 , 
or 6i;r*=366 wherce . 

Ex. 3. Solve 

174: -f 27 5_- _ 8 j!r 4 -$ I 

8 21 ~ 7 4': 

^ S 4 21 7 

. I74:4-27~ i2jr>-22 5 - 34x-h24-r+ i<; 

•* ~ 8 ~ 21 

• _ — iQjr -f2o .r + i -2^ + 4 

.. g _ “ 21 ’ 

Multiplying cross-wise, 

2i;r-l-2i = - i6;r4-32, 
or 21X+ i6jr~32-2i. 

37-^- 1 1 whence ,r=|-J. 


EXERCISE LXXIX. 


Solve : — 

1 ^4 ^ 45 

:r-4 2 : 4 - 3 * 
^^ 4x-S ^ 6x-7 

^ 24 r -3 ix-4' 

e :r 4 *a x4-$a # 

^ SS3 ^ ^ 

0 7-^ 4- 6 _ 24r4‘4y . ^ _ 

28 23,r~6'^4"~ 21 

7 . 4 ^ 4-3 29- 7^ ^ 82; -I- 19 

9 ^i2-52r 18 

a ^Q^ 4-4 7 12x4-38 5 ;r-H I 

18 13X-+-23”' 9 

o 292:~I7 34:-4_27-i9^ . 

8 . __ ^ + 

in 2 y- 5 « . 8 r+ii _i 7 ;y-H 9 

6 S - ii 


_ 6.r- 5_6 (iia--5) 

^ ^ 
;r+l lljr+17 

A, £zf 


£r3 

42 

(C. E. 1868.) 


ar-5 

3 

6 r - 252 : 
7 


(M. M. 1871.) 
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Solve : — 

11 . . 

29 12^ ^ 2 

12. ^£+'8_ it-3.r 

13 36 -- ,3 

13. ^t.5^?:*'.-J^36.tr+i5 ,0-1 

14 ^ 6.V + 2 "s6 - + ,4 • 

+24-+ '-±'6’^. 


[Chaj 




78" 


16. I i\ 


23 


16. 

I i at 2^* + I 2Jir + I 

17. . 

9-v ’8 — 2,r 


18. '^-^'-271 , 77 -.V 


io(.r- I) * 

10 * 

2*4-77* 


(A. E. 1891.1 


„,5 


37*-r) 

' 4 


5+ 

•r- I 


(C. E. 1881.) 
(M. M. 1882.) 


19. - , ^ j 

-’-^ + 7 4(5..-0-5 .v--,+ 4(3.^4:-^. 

20. ^’+ '' ^-S~J.r 12 

3‘ + iJ ^r-7 si+z'i- 

I 


21. .<-’+.r+. 


‘.rU'-fiy • 


fon*vint^exlmp°eTilIu?“t’e°^^^^^^ terms (c<j«AWn). The 

bmation of terms by transposition,^ necLTary.® 

Kx. r. Solve - 3 8 5 . 


6:r+i 4x77^3~iT5*^^7TI- 


Transposing, 6 8 

b.r+, 2;r+-r-3^r^5--^. 

. Simplifying, ^ _ 2 

' (r i <^-^'+0(24r+i) (3x7 7(47+7)* 

u.r*-f8a 4 I :=: I2.r" + 4i;r435. 

* • ^^Ansposing and cancelling, 


•* 33-f®34 or 


„34 

33' 
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Obs. In the above example we so combine the terms in groups 
I of two that each group when simplified contains no x in the nu- 
merator. 


Ex. 3, 


Solve — -T + 


p-q 
X + n 


m ~n 

x-{-q jr4-w’ 


Transposing, 


jH — n in — 7t p~ <i _p~il 
x-\-q x+m x + n'' 


^ 

{ x+p)(x -hq )~ (.r + in){x -f //') ' 


Cancelling the factors m-n and g-p, 

t ^(-')x( - ') 

{x+p)\x + q) {x + m}lx + n)' 


(.r + p)[x -^(/) ' i-i' + m )< r + n) ’ 
or 0r4-/)(a'-f ^^) = f.r-f + 
or x^ + {p + g)x-hpg~x''-\-{m-\-n)X’^nirt. 
Transposing, {p g - m - n)x = inn ~ pg . 

mn ~ Pq 

. . v— - - - - -- . 

p-irq -ni~n 

Ex. 3 . Solve ^ - + — - - *— - i ^ 

.r= + 3 .v-f 2 ,v= + 4 .ir + 3 .r*-f5;r-f4 a'" + 5a-f-0 

T-J a fo _ .4- 

(,i-+ i)U' + 2)^(a'-M)(r + 3) 

I I 

( r -f I )(.r + 4 ) [x 4- 2){.r 4- 3 ) ' 


transposing, 


(,r 4 - 1 )(.r 4 - 2) (.r 4 - 1 )ix + 4) (.i' 4- 2 )( x 4 - 3 ) 

(.V 4. 4 ) - (,r4-2) ^ Cr 4 - 1 } - (.r + 2 ) 

(x4“i)Cr + 2)(ar4-4)"" ’ 

2 _ - r 

ix 4 - 1 i(x 4 - 2Xa' 4 - 4) ~ (Z + » + 2 ){x 4- 3 ) " 

Multiplying by {x4-iK2^ + 2i, 

2 _ - I 

l' 4 - 4 ’“x 4 - 3 ' 

, or 


(x 4 - + 3 > 


Lr 4 - 6 - - r— 4 
•3’ 
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9 . Judicious breaking up of terms. The following 
ftxa nples .‘iiustrate the method to be followed in some fractional 

eouu ions. 


Solve — ^ 

+ 7 

12 

;r4-3 

x+6 

””x4-ii ‘ 

Here—^ 

4~^ = 


X4-3 

.X4-6 

x4-ii x-fil’ 

or ^ 

_^5_ 

_ 7 7 


x4' II 

4: + II jr + 6 ’ 



1-7 f ' 

^ ^ V^ + 3 

;r4-iij 

f ' + X 

5 x 8 


7x(-5) 


A M j I * ayv-* 

multiplying both sides by 

.*. 8;»r-f 48= - 7^-21, 
or 1 5.r “ - 69, 

I 69 23 

whence .r= — 

*5 5 

Obs* In this and the following exanf»ple.s we so break np the term 
on the right thit on transformation and grouping two together each group 
when simplified contains no x in the numerator. 

IT c 1 I* ^ 

Ex. 2. holve ~---H . 

x + o x+c 

u a b j, b 

Here — ; — 1 — ^ 1 

x^ra X'\-b x-\rc x-^c ’ 


whence x- 


^ > a a b b 

Transposing, 

{(x T a j(x +■ f)} “ (x + r)(x T ’ 

Concelling x-f froni both sides and multiplying across, 

a{c — tT)(x 4- ~ b{b ~ t')(x + a) . 

(tit- ~ a^)x 4* ab(c - a) — (b^ - b()x + ab(b - c). 

T ransposing, (ai' 4- be - a"* - b^)x = ab(b ~ 2c a), 

(b- 2f+a)ab 

or, x= - - ■•2 - , 

ae 4 - be ~ 


N.B.— Examples like the above may be worked out also by 
ordinary method-*by simplifying the left hand side and multiplying 
across. 
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E|. 3 - Solve 
Here 
Transposing, 


2 6 _ 12 

2 :r~ 3 *^ 3 ^+ 2 “" 4 ;r +7 * 
a ■ 6 ^ 4 8 

2 ;r ~3 3 <r + 2 4 ^ + 7 '^ 4 jr +7 * 

2 

2^~3 4^+7 -^^ + 7 3-^+2' 


26 26 

(22r-3)(4jr + 7)“(4^ + 7)(^r f 2) * 

.Cancelling ~ from both sides, — - — = — ^ . 
® 42:+ 7 2 X-S 32:4-2 

Multiplying across, 3.r + 2== -22r + 3. 

Transposing, 52:=* i. /. 2r=|. 


Ex. 4. 


Solve 


jl>a ^ qb pc vqc 
ax-k-b bx-Vc cx-^'d' 


H ere 4 - • 

ax-\-b bx-\-c 


cx-^d cx-^d^ 


or = jy . 

itx + b cx-td cx’^d bx + c* 

p(^d--pb£ qd*- qbd _ 

((zx-{-~b){cx + d) (cx’td)(bx-^c) * 

• , multiplying both sides by ^x4-^, 

i 7 .r 4 -^ <^ 2 : 4-6 ^ ^ ^ ^ » 

{bx‘\‘C){pad-pbc)~{aX’Vb){qc'^-qbd\ multiplying across, 

. *. xipabd ~ pb^c) -Vpacd - pbc^ = {q(fa - qabd)x 4* h{qc'' ~ ^bd)^ 

T ransposing, x{pabd - pb‘C - qc^a 4- qabd) 

— {bqc^ - qb'^d— pacd 4- pbcd'), 

. bqc* ^ qb'^d — p acd 4- pbc^ 

pabd-pb^c- q(fa-k-qabd 


Ex. 5. 


Cl 10 , 27 f4 

Solve 4.--'-- 4- — T-- 

2;r-i 3.r4-2 2,r4-i 


-Al 

32;+! * 


Puttting =—^4.— and transposing, 

32:4-1 32:4-1 32:41 3.V41 ^ ® 

( ^Q / ?7 2:^ M \ 

2.r-i ^v+i/ \ 3 ;r 42 zx^i) V 3 '^ 4 -i 2 ,r 4 i/‘ 

. 25 27 ^ q 

•• (22:- 1 )(32: 4-1)'" (32:42X3,1:+ i) {3.1:4 0(22:4 0 ' 
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Multiplying by 3 ;r+ r, the equation becomes 

2 X-‘i 34r+2 2;ir+l^ 

Again, putting in (i) and transpos- 

•ng the given equation becomes 

2tJ _25 27 18 

2 .r-i 2 ^-ii~~ 3 -r +2 2x-hi^ 

50 ^ 

(ix- l)( 2 X + l) ( 3 X + 2 )( 2 X+l) ' 

Removing 2,r-fr from the bottom and multiplying cross-wise, 
50(3^ + 2j= --9(2;r-i), 

150,^ + 100^ - i8.r+ 9, 

I 'i 

i 6 Bx~ -91 or x~ 

24 

EXERCISE LXXX. 


1. J_+ ' 

t+ 12 .r+4 ,i-t-6 x + so' 

2, -L-.+ +_1_ 

X -6 ^ ~ 3 X -2 X -7* 

g ^ 3 I ■ b 

4 ;r + 3*^6,r+ i 3 ~ 3 :r +5 3,^ + 2’ 

4. 

2 X -7 3.1-5 8.r-i5 i2jr-37' 

6. + ,iA,. 

3,r+fi 6 :r 4 -io^ a + 1 2 ;i' 4*9 

0 44 _^ 33 _ . 68 

3 ^ + 7 4 -t -“9 3-r-~iI'^4,r-f 13* 

7. . . 5 J 5 _ 4. Jbo 30 .j, i. 59 _ 

4,1' - I i6x - 9 3.r - 5 i2.ir + 7 ‘ 

Q . , ^ 

X + m/) ,r + Wif r -^mif-i-cx ^md- c * 

Q __ _ 1 t I I 

.i'* + 5.r-f6‘^.r" + 6x-t-8 x" + 7.r +10 -1-7x4- 12* 

■ U + 3K-r + 4) (»+3 )Iv + 5)“(,i-+3)(.i+6)‘*‘(7+T)(t + S) i 
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xvul] simple equations. 

Solve 


11 . 

12, 

14 . 

16 . 

18 . 

19 . 

21 . 

22 . 

23 . 

25 . 

27 . 


26^8 

.;r+l’^.T+5’“;ir + 3* 

3 5 __ 8 


3.V+1 7 — z^ 

21 _ J ^ 2 
3^-7 i+3 ^~5‘ 

7 _ 


18 . 

15 . 

17 . 


JL„. 

-r- 4 ;r + 2 


18 


16 


io;r4-9 4Sx-h2'" iSx-hS ^ 




18 


5 .^ + 3 4X-1 6.r4-i* 

x-j 2X + S •''*^ + 6 5.r + 2' 


— +• 


18 ^ 2 

2x — l 2X^1 X- I ' yx 
a — I? b~~a_ 2{a — b) 
x — a x — b X - (a + b)' 

ji ^ b + 

x + b x4-(i x-\-c' 
b — c a — b _a-c 
x-^-a^ x^b x4-c' 


27 


I 

24 . 

26 , 

28 . 


6-14X 14^ + 30 24-i4;r 

12 20 

3.r-8“"4 ,v-i 3 x+ 9* 

(M. M. 1884.) 


20 . 


Sx-i 5^-1 I -2.r 


2 a _ 2^-3^^ _ s(a~b) 
x-a + b x-ha-b"^ r 4- a 4 - b' 
I m 2 
Ix-^'in mx4n x4~p' 
a -c b- c __i^'\’b - 2c 
2b4rx 2a 4- X a + 


10. Reduction by Division. 

In the following fractional equations each numerator (if not oi 
lower dimension) is divided by the corresponding denominator. 


Ex. I. 


Solve 


4.r+6 

2:r+ I 


5^-h3 

SX4-2 


I. 


Here 


4£4^2 + 4 

2X+I 


5 x4-24- 1 

5^+2 


. 4 I 

or 2 4* — 1 — ■=!. 

2x4-1 5^4-2 

Cancelling i from both sides, and transposing 

4 _ 

2X+I 5X4-2* 


16 
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[Cha?. 


Multipljnng across, 20Ar+8 = 2;r4*i or i8;r= - 7 ; jr= 

Ex.s. Solve H±4_I2 z 3£._J_. 

Sx+i 7-3^ 3^-19 

Here I + ^.,-i 5._ — — § — 

3sr+i 7 ~ 3 ^ 3^-19 

* _J 5 _ 8 _ 

3;r+l 7-3X 3x-ig" 

by transposition — ~ ^ — + — 2 — [see art. 9] 

3 jr + i 3;ir-i9 7-3^: 3 ;i'-i 9 

* -60 -60 

* ( 3 ^+i')( 3 ^- 19 )'“( 7 - 3 ^)( 3 ^~i 9 ) * 

Cancelling — from both sides, ^ 

3^-19 3^+1 7-3^ 

3^-f 1 = 7-3^, or 6Ar = 6. 


Ex. 5. Solve 

Here ^ + 2 + -- 3 .^ + 2^-l+j^^ = jr + ,+^^. 

■ o, _J 3 _ _5 S_, 

*.r-2 jr-6 .r-f3 ;r — 2 ;r-f3 .r + 3 .r-6’ 


U -2X^+ 3) + 3 )(J^ - 6 ) ' 

I ? . 1—2 

Cancelling - - from both sides, 1=—^ 

^ x+3 ' x-2 x -6 

-3jr + 6*“Ar-6, or -4.1:= -12, 

^ = 3 - 

TT o 1 '^'"“2 ;r-io X ,r-8 

Ex. 4. Solve . 

^ x~3 2r~ii jT-i x-g 


IT I ^ ' I 

Here 1+^ i +~~ 1 . 

^~3 ^~ii x-i ;r-9 


. ^ _ 1 I 

** :i'~3"';r- H ""jtr- I x-g' 

-B -8 

- 3)(-f - 1 1) “ (-c - i)(j^ - 9) ' 
.’. (^- 3 )(-»^-» 0 ”(-f-iK^- 9 ) . 
or x*-“i4x+33=«jr®~iojr+9, 
or -4jr=»— 24 ; /. jr«6. 
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_ ^ , x-h2a,x-^2d 2x-hn + 5-\-2c 

Ex. 5. Solve -- — +— — == ; 

x+a x + d .r-ht' 

TT . ^ ^ 

Here 1+ — + i + = 2 + . 

x+a x-ho xxc 

a ^ b __( 2 -^b 

.r + a X'\‘b x^c ' 

Now see example 2, art. 9. 

Ex. 6. Solve 

x-^b \2x+b+c/ 

Subtracting i from both sides, 

- {2x-hb-h^y 

x^b (2X'hb’^cy 

• ™ (4£ + l£f Xj? 

+ (2x+<^+Vy 

"Multiplying both sides by , 

_ 4.^^ + £ 4 “^+ 2^: 

;r4-^ 24 r + <^ + ^: 


.‘.dividing, 2 + — 

. c-b ^ a-h 
' ' .r-f^~2;r + <^ + r ‘ 


2.r' + ^-f r ‘ 


Multiplying cross- wise, {c-b){ 2 x-^b-\-c) — {a-b){x-^b). 
(r - ^)2.r - + (f* = (rt - , 

.”. x{2C’-b~ci)~ab — c^^ 
ab — 

. , .r= . 

ic-^b — a 


EXERCISE LXXXI. 

Solve 


1 . 

x-k^4 4 r ~2 _ 

2;r- 

28 

2 . 

.r-f I 


U 4 f4 


.r-f2 ,r-i8 

.r~ 

18 


-r-2 

;r -6 

^r 4 3 

3 . 

.r 4 -I i-x 

8 


4 * 

±Z^ 

6.ir 4 26 

= 74 


x—l X’jrS 

x + 3 



3x-i'20 

3 -^ + 8 

3x440' 

5 . 

x-i-zm H+c 


3 ?^~ 3«4 

•2jr 





X-^M X — 

fT ~ 

- 

« 




6 . 

3jr+i6 12.T- 

lI 3 « 

5 jr 4 *i 6 

iSjt- 

iZ, 



x+s K- 

*4 

•^ + 3 ^ 


10 





244 


MATRICULATION ALGEBRA, 


[Chap 


Solve 

7 , n{x-b) 

x^a x-hd 


— m^n, 

X — 2 

* 


;ir — ^2—1 x-a-i x — b—i 

10. 5r7_ r-9^^-r3_£rl5 
,r-9 z-ii x-is .r~i7 


I 

x — b— 2 ' 


(P. E. 1890.) 


;t' ;r + 4 -^ + 5 

11, 

. 1-1 X x + '^ x +4 

^2 3 -^'“^ 6 — x_i 2 .r+i 6 2x 

3^-4 .r~ 5 ” 3 ;t' + 2 ‘ x-i' 

« x-y^a^b 4 r + 2a4-2//_ 

,r 4- 2a-\-b^ x-\‘ 2a — b 


14. 

15. 


,r^ 4- 2.1-4- 1 , 2 

■f “ 2x 4 ■ 

X 4-2 . 1+3 


X^jrA f 

rr+ f 

x'^ + 2 -r + 2 .?•* f 8.r •h2o_x^-\- 4x +j6 ^ x'' + Gx + 

X +1 -v + 4 .r + 2 X X 3 



lo -v+7^ + w - ~p ~ w ~x_w —p 

lOf - * * * 

,t' +/ x + m X - n 

1 0 ^ 4- bti 4- a b 

/x4-u bx4‘i bv4~(i 


11. Finding a common factor of the two sides ot 
an equation. 

Suppose an equation is reducible to the form P. X = o, where X 
contains the unknown quantity x. 

Now *.* P.X™-0, either F=.-0 orX~0. 

If P does not contain x, then it being a constant quantity it ca 
not be o, and the only solutionis that obtained from X«=o. I’ 
%)th contain a*, we will get solutions both from X«=o and P — o 
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Ex. r. Solve 


( • r+Z V _ q 

x^q) ~x-p^ 2 q' 


Put ;t'+/ = A, jr + $r=B ; then jr-f 2 /-^ = 2 A- B and .r~/ + 2^ 
2 B - A. Hence the equation becomes 
A3_^2A-B 
B3~2 B-.V 
Adding i to both sides, 

A3 + B3_ A-f B 
B 3 ' ~2B-A* 

(A-f B)(A*-AB + B^)_ A + B 
or ~ '“2B-A* 

or transposing, (A + Bj-J j-- - V .= 0 ... (i) 

A-f B = o which gives 2 x p q — o, 


, (A-f B)| 




The other factor in (i) cannot be zero, for 

, A=-AB-fB= I 

then = 

or ( 2 B - A){ A= ~ AB -f B^) - B3, 
or 2A=B - 2 AB^- -f 2B3 - A3 + A=B - AB’=- B^, 
or — A3 + 3 A'^B ~ 3 AlV-f B3-.0, 
or - (A - B)3 = o, or A ~ B - o, 

or i)-~q — o^ which is absurd, for p and q ate unequal constants. 

Ex. 2. Solve - 3 + - = o. (M. M. 1873) 

JT - 3 .V + 9 X - 27 A- - I 5 


Here ^ -f V- ^ A . ^ ^ 

\x~z x-is; \r ^9 .r- 27 / 

. 3(-'^'- i5) + 6fA'- 3) 4( -»--27)-f 5(,r-f9) _ 


(.r-3)(,r- 15) {r- 4 - 

ic ( . 9^: -63 '^=.0 

Vf" - 1 8 j: + 4 5 .r" - J 8.r ~ 24 3/ ’ 

i,c. (qx--6^) I - -- - J — r~-- 1 |— o...(i) 

- I 8a' - t- 4 5 .1'"*-- ib.r- 243/ ^ 


{ rA-()){x- 27) 


(qa — 63 ) = o whence a:= 7 . 

The other factor in (i) cannot be zero, for then 

x^ - i8,r4- 45 x~ - iSjt - 243 * 
or A*— i8A + 45=.r*- i8a'- 243 which is impossible. 
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MATRICULATION ALGEBRA 


[CHAP. 


Ex, 3. 


Solve ^ — - 


X- $ _ x-7 _ .r~8 
x -~ 6 .r-8 ^-9* 


Here 1 4 


i 


I . I 

-I ^=1+ Q 

;r-6 ;r-8 


x — g ’ 


I I 1 I , . 

Qf _ 

x-s -*^*“6 ;r-8 ;r-9 


2A--I4 2,r-i4 

(x - S){x~ 9) ~ix~ S){x - 6)‘ 


Hence either 2.r~ 14 = 0, giving x — 7 or (a'~ 5)(:t'-9) = (,v- 8; 
(a' -6) which on simplification will be found to give no root. 

Note. F tom the stage (i) we might proceed without transposition b> 
simplifying both sides as in art 8. 


, x-a x-tc 

Ex. 4. Solve 4 =3. 

3/;4-5^: 5t'4-a a4-3<^ ^ 


(C. E. 1896.; 


We have ( ^ ^ ^ , 

. x-a - 3/^ - 5^' x~ a - $c x-a -jd -jj __ 

3/-' 4 - 5c sc +a 4 " 3?' ~ 

■■■ 


Hence x -a- - 5^—0 .r «• <? 4 - 3^:^ + 5^. 

Ex. 5. Solve (-r 4-cr)'^4-(.r + /^)3 4'(.t' + cP — 3(x4-«)(;i:4'<^)(.r + r). 

H ere (x 4 * 4 - (.r 4 - <^') 3 4 - {x 4 - - 3 U' + + 0 == 

. ‘ . 5(3 ^ ^ + o{(^ “ + {^' ^ - ^^y\ ~ o 

[See formula (A), p, 142 ] 
3.r 4^«F^4-c'”0, whence x-^ -l{a-\-b + c). 


EXERCISE LXXXII. 


Solve 


1 . 


jr 4* .r - b 
a — h 4- b' 


2 . 


^ i i \ 

-v4-7*^''t‘+5~-v4-8 -r + 4' 


3 . 


X x-b X 4- a-^c'^ X -b- c 

4. J9. ^ 40 __ J 3 . 
.t4‘l6 x^7 x4“5 .r-4* 


4 . 
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61 


6(;i:-9) j: — 4 x -8 6 {;ir— 3 ) 

6 


7. 

8 . 

9. 


+ 2+X 

\x + a-- 2 df x-\-a- 6 h' 

x — a , X'-b , x — c 

4. — 4- =3, 

b-\-c €-^a a-hb 

, x-r3 «/./,. 

b^ -* be + r* - ca 4- - ab -h-b^ " ^ ^ * 


. ^ X -be , x — ca , x — ab , ^ ^ 

10. 7“ — 4 - -— - 4- ~~axb-\-(\ (C. E. 1905.) 

b-\-c c+a ii-\-b 

- - X -a"^ , x — b'^ . x — r'* , , . . . o . 

X+7'^'r+a'^aTr^^'* + ‘^ + "’- 


12 . + 


7>4-^4-2^2; c-\-a‘^2b a->rb-^2t ^ 


+ +3 = 0. (C. E. 1 898.) 


13. -I +--5 = --i- +’ , 

.r4-a x-{-b X'\-a-{-b x 


(A. E. 1894.) 


14. 6=.5f-3(7rJ£l)_, ■ L. (M. M . 867 .) 

5 I4(,r-i) lo 7 35 ' 

15 y-8_.>'-4_ 2-t'-3 ._ J_ 

.tr-3 x-^ x-2 .r-4' 

16 M{i>x+\\ ^ab{cx + ll ^ __ ^ 

^+<' <r+rt n + b ' 


a ^ A. — ‘ + 

x + a x + b x+a — e x-^b-i’ 


11 , 
18. 

19. 

20 . 
21 . 


i3,r-2 


- + 


b^ 

+ ^ + t ’ 
X yx X 16 


9 I7.;i--32 3 ^2 

■^-4 , .r~7 


36 


(B, M 1882.} 
(B. M. 18970 


{x - I )(.r - 3) Ct' - I )(,r - 6) (x - 3 lU' - 6) x 
x^4 x + 6 .r4-5 _ 3 


-3 


. (M. M. 1874 * 


(M, M, 1888O 


22 . 


(,r 4 - 1 Ka' + 2 ) {X 4- 2)U 4 * 3) (x 4 * 3 )(.^ + i ) x~i 
a + e _ b 4 -e _ a — c _ b~r 
X"2b x-2a x + 2 b X4’2a 
2X+ it _ 9'^' ~ 9^ 4-V4- 13 „ 1 5-^ - 47 
^v + 3 


^ + 5 3'^'- 4 '^ + 3 3'’^-io 

23. (x — 2a)^ + (-r ~ 2 )3 — 2 (4' — ~ by. 


(C. E. 1898.) 
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[chap. 


Solve 

24 . . (M. M. 1886.) 

X — a X -b~c 

26 . ^7-— = 1 - (B. M. 1891.) 

O 



20 3j +^)} ^ + b)b'^x _bx _ a^b ^ 
a-\-b aia-i-b)"^ a {a-\-b'Y 


I - 3 

27. 1 ‘^ = JL -.. (P. E. 1890). 

i-x x~i 

28 . (x ~ 3)3 - hix - 4)^ + (-^ - = 3 (-^ -** ” 4 )U' - 5 )- 


29 . 


2;r4*' 


I 4- 


2x -f 1 
3~~2;r 


IQ 

x -^ is ' 


TO 4. „ . ^ ^ 3 

{x-p){x^^q) \x-^q){x-r) x {x-p){^x~f) * 

^ { w + + w -f « 4- _ (w - ??U' ~ 7 ;? 4- « - _ _ 2a 

^ ' ( w 4- ri)x 4- a {m - n)x -a ax-^m + n' 



ANSWERS. 


EXERCISE I i'?. 2.) 


2. 

10. 

3 . 

126. 

4 2 1 7 

13 6- 

5 . 

3 miles. 

6. 

1 5 seers ; 

; 3 l 

7 . 

no. 

8. 

Rs. 

2.3.77). 













EXERCISE II (pp. 6-7 

). 





1. 

46. 

2 . 


3 . 10. 

4. 

*3- 

5 . 

69. 

6. 

67. 

7 . 

163. 

8 

32. 

9 . 

100. 

10. 46. 

11. 

345 

. 12. 

194. 

13 . 

472. 

14 . 

412. 

15 . 

648. 

10. 

4v 

17 . 3888. 

18 . 

12. 

19 . 

27. 

20. 

1728 

» 432* 

21. 

12. 

22 

3- 

CO 

24 . 

1 ? 

1 3 * 

25 . 

4 2 

2 5 - 

26 . 

105 
'i 2 0 ‘ 

27 . 

_7 

1 O ’ 

28 . 

39- 

29 . 

102. 

CO 

p 

31 

61. 

32 . 

3- 

33 . 

4^ 

34 . 

4 « 

35 . 

3 1 V 

36 . 

0, 

CO 

^3 

38 . 

4 ^ 

CO 

P 

7 -,'=. 

40. 

5 i' 2‘ 




EXERCISE 111 (p. 9). 

1 . 1034. 2 . 768. 3 , 13824, 4 . '--7,’’-*. 6. 2448. 6. 608. 7 . 204. 

8. 544. 9 . 3. 10 , SJ, 11 , 20, 12 , 15, 13 , 2, 14 , 8,- 

15 . 69. 16 . 4. 17 . ■ 18 . V,;.'. 10 . V,X 20 . 

EXERCISE IV (pp. 11-12). 

1 . ii, 2 . 145. 3 . 4 . 18. 5 . 6. 6, 6. 7 . 60. 

8. 10. 9 . 18. 10 . 7. 11. 12 . 2S7. 13 . 84. 14 . -'AV 

15 . 4^ 16 . 7. 17 . II, 18 . 14 19 i 8 . 20 . 185. 21 . 405. 

22 . 16. 23 . 298. 24 . 475 - 26 . 8;. 26 . 1325.27. i8o. 31 . (i) 

(ii) iTo- . 32 . (I) (« + <>)-<■. (2) { a ~6 jc + ( i . (3) 4 6 

+ cxj}. (4) (5) { a - ri ) c . ( 6 ) - . 

oy. c 

EXERCISE V (pp. 23-25). 

5. iO'8 ; ii'i ; i 3'6. 6. 6o'8 miles nearly. 8, 4 8 ; 4 ; 3 7 ; 3 2 

9 . 3 4 : 1-3. 12 . 3 13 . 66. 14 . 37. 
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EXERCISE Vi (p.-3o). 


1 . 

7. 

2, 

2. 

3 . 

5 - 

4 . 

5 - 

5 . 

0. 

6, 

-9 

7 . 

10. 

8. 

- 16. 

9 . 

- 10. 

10. 

2. 

11. 

- 13 - 

12, 

19 - 

13 . 

I. 

14 . 

-2. 

15 . 

- 5 * 

10. 

5 - 

17 . 

0. 

18 , 

8 . 

19 . 

- 1 . 

20. 

“ 3 - 

21. 

- 10. 

22 

3 - 

23 . 

0. 

24 . 

- 12 

25 . 

- 10. 

26 . 

10. 

27 . 

10. 

28 . 

2. 

29 . 

- 2. 

30 . 

- 12 

31 . 

6 . 

32 . 

7 - 

33 . 

- 2. 

34 . 

- IY2- 

35 . 

-6/i 

. 36 . 

ifi 

37 . 

— 2 -* 

5 ‘ 

38 . 

7 il 

39 . 

“ S'/a* 








EXERCISE VII (p. 32). 

1. 6. 2 , ~5. 3. -10. 4. 3. 5. 4. 6. -2. 7. -5. 8. -5. 
EXERCISE VJII (p. 34). 

1 . 15. 2 . ~20. 3 . -35. 4 . -4- 5 . 24. 6. -54, 7 . -48. 

8. -21. 9 . 63. 10 . -42. 11 . -63. 12 . 121* 13 . o. 14 . 42 
15 . -90. 16 . -24. 17 . 210. 18 . ~6o. 19 . -60. 20. -216. 
21 . -100. 22 . 2,3. 23 . -2, -3. 24 . -5,2. 25 . 5, -2. 

26 . -5,-2. 27 . 5,2. 

EXERCISE IX (p. 35). 

1. 4 * 2 . -4. 3 . 7. 4 . -9 5 . -7. “9- 

7. -8. 8. 13. 9. -I. 10. o. 11. -3. 12. 4 . 

EXERCISE X (pp. 36-37). 

1 . I. 2. o. 3. -18. 4. 5. 6. 5. 6. -17. 7. o. 8. 8. 

9. -90. 10. 114. 11. 13. 12. 324. 13. 456. 14. 797 
15. A. 10. ;;j. 17 . O. 18 . -8”. 19. 4 . 20. 4 . 21. 144 . 
22 . 9. 23. 44 , 25, 12, 5, 4, 9, 30 . 24. -6*52, -7’o8, -7*68, -8‘32. 

EXERCISE XI (pp. 38-39). 

1 . .1. 2. -2.rj\ 3. 4. - 5. o. 6. o. 7. --fabx. 

8 . 9. Zabcd, 10. 11- is 12. 53 aV. 

13. 14. 2^2 + 3 /'. 15. 4 . 1 '- 5 V. 16. -24: - 53 . 

17. - ii'4- 18. “2a// + 3^:“~4xr. 19. 4/>3™ 

20 , sad ~ 2xy + 

EXERCISE XU (p. 42). 

1 * ab -f S^a, 2 . a -f 2r. 3 . 9^^ 4 . 2rtAr 4 - 3^£‘>' - Sabs 4* 2xys. 5 . 7a — 4b. 
6. 7.1" -j. 7. 8 . 9. 5a + ^-2«:'. 10 . 4r+j-4 4.S’. 



ANSWERS. 


iil 


11. o. 12. 13. 2 x+}^-z. 14. 2a-{'2/? ^ 2 c~ 2 d. 15. o. 

10. -Sx^ + 2 xy-^ 4 v'‘. 17. f^«''+T3^-^+T6-^''+ 18. i4.t*3~ io.t 

-3^+9- 1^* -{- + 2od - 1 4. 20. - vV-r/ ~ . 

21. 22. 8rt" + 6a^^ + 6i6 + 3Z'*4-5/^^--4^- 

23. 1 2^1^ + a^d + 3ad^ + 24. iixy- 7/^ 25. - 1 Ja + } J ^/ /; - 4 . 

EXERCISE XIII (pp. 44-45). 

1. -5.r. 2. -i^x. 3. lla. 4. -X- 5. 6. g-r. 7. 8. r. 

9. ~Axy. 10. 2b, li, a-b-cyd. 12. Ix-y. 13. "^n-hlb. 
14. 2a~2b4‘C, 15. -Iab--lbc4-ica. 10. */r ~ 10. 17. 14^5-2^' 

~ 18. 6,r3-8;tr’-l-i2.r-! S. 19. — 9^?"" ~ 5('?/; + <7 + 4/; - 2/^" 

20. + JfXy 4* -j- yj"’- 21 . — 5^?^ + 1 1 a^b - + 6ab'^ + 

22. 5.1*^ - lox^y+x^y^ - 4-^)'^ + 2j'^'. 

EXERCISE XIV (p 46). 

1. x~ 2 o, 2 o~y. 2. ^-15, J5-J'. 3. io-A',>'-io. 4. b^a^^b. 
5. - 2.r-f 3J/- 2i7. 6. 2^:+2^/. 7. rtr-f />- r + <^/. 8. ~ (.f+jp •+•«)* 

9. (i) I i.r^ ~ 1 3.r^ -h 4.t* - 1 5. (i i) 1 4 - 1 6.r 4- 34.1'" - 1 4.r’ 

10. <i) 46^^— 17<^V.'- 75a/;*4-64M (ii) — 52rt^- 50^/-7-' ■~47a^^4-74/?’'. 

11. 4d~ - ^ab4ryb'. 12. -2/;»4-2r; - b-\- I'-k-d ~ c. 13. 2 a'^- 3 b 

■^2C~ -^bc ~ 2ac-^ab. 14. 2.r=4' 2^?.r — 15. - 1 7a 4- 9/>* 4- 9r. 

16. 10.^- - i4j/ ~ 3r;'. 17. i<^a^ - 5^7; - b^. 18. - 1 5 1 p ~ yy\ 

EXERCISE XVI (p. 52). 

1. — I2ab. 2, -15,19'. 3. 2 (ib-f. 4. -6xy^» 6. - 3-ry" 0. *5.1"^ 

7. 12^3^75, 8* -2^^7^^■‘9a. 9. -36.ry.0’'. 10. -6.ry.:r\ 

11. 24 xy^B'\ 12. 24 rt 7 V. 13. 14. -6/'w'';/ . 15. - >' 7 * 

la. -6aW»"V-. 17. _ 2,/' + '^ + ''/ + '^ + V' + ''’ + '■■ 18.x' 

19. .ry. 20. 8i.ry. 21, 4rtV'''. 22. 23. - - 

24. 6ox^y^2"^, 25. \a^bu-^,25. — 24.r^jV'. 27. 28. Ix'^'z-' . 

29. 30. 31. -A-/". 32. -- io8.r'^/’'.7= . 

EXERCISE XVII (p 55). 

1. lar— 15. 2, ^bc-hSac. 3. - 35x^4- 14 K-. 4. 2 a'^b'c- ^a/rr. 

.5. 9:1'^^'^ — 6.;ry%^ 0. ~ 2 olm 4 - 2 Smn — $n/, 7. %rx:- lov.:' - 5 .7 , 

8, — 4- 1 Oifbx'^ 4- 2a^bc^, 9. - ifb^x^y 4* ab ~ (f^bcxy::. 

10. - f,r7 4- -V-r^ - 4- 4- 2.^:3 - ?2x\ 

11. — 4:ry 4- 8.t'39'3j54x£/® — 4- 2x-'}^o^'w ' , 



MATRICULATION ALGEBRA. 


iv 


EXERCISE XVIII. (p. 59). 

1 . + 2 . 5^-14. 3 . x^- lSx+^6. 

4 . 6x'‘ - i rxf - 3 5 . 3a’ -ab- 30^*. 6. loa^ - zyab + i %b\ 

1 . tac ~ ^ad + jbc ~ 2bd. 8. 2ax — 3ay — Zbx ■\‘i2by. 

9 . iQal—i^a?}i^i^bl-2ibm, 10 . 11. C)a^b'^ — ibc^d^. 

i 2 . - -5 J abxy 4 - j^by^. 13 . 6a^-2Sa^b + /^ta^b'^ - ^^ab^ +15^. 

1 4 . 8,r^ 4 - 1 oxy - 3 4 - 7xy^ 4 - 6 j 4 . 

15 . I ox^' - 4 4- 33.r=j^ ~ ^%xy^^ 4 - 2 

16 . 6a^ - 6 a^b — 2 1 ad>^ 4- ‘^oa^b^ — 39^^^ 4- 30^^, 

17 . 18 . + 

19 . a^~ b- 4 - 2bc - 20 - 6 ;»r 5 4 - 1 7x^ - I ox^ - 9^^ + 34.r - S. 

21 . y.r^ - Ix^ ~ -- ^ 4 - 1 . 22 . Ox'^ 4- 6y^ - 20.?^ ~ 1 3.17 4 - 275- 4- jsx, 

23 . 3 ^^ ~ ^ad) — 1 1 a^b"^ 4 - loab^ - 2/4. 24 . 1 6x^ - 4 - 9^^- 

25 . 9 ^ 1 *^ 4 - 1 6.r37 4- 1 4xy^ - 49xy^ 4 - 1 07^. 20 . 2 jx'^ 4 1 8.r7 --734-8. 

27. 1 5 .r^‘ - gx^ 4'22 x^~ 41 x-^ j~ 39 ;r'" - 34 jr 4 - 8 . 

28 . Sa'' 4 * 2^5 -- 2 1 (i^ 4- 38^ r 3 24(1^ 4 - 1 4<t - 5 . 

29 . I - 6;ir 4 - 1 2 ;t ’ - I jx^ 4- 1 i-V^ - 1 3.1'^ 4 - 6.t^'. 

30 . - 4.^"' 4 - 1 4;r‘> 4 - U.r^ ~ 1 4x^ 4 - 7x'^ + 6x - 8. 

31 . 8 a 3 4 - 1 8<2/;r - 27/4 + 67 32 . i +a'’+A'^+-r^+.rl 

33 . - .r“ + 6.r'7 - i oxy' + 1 6.r‘7‘» - i yxy^ + 7;t7^ -7^ 

34 . -t - 1 i6x' + 1 789^' — 10460.1*5 + 2502.t''‘ - 5382x3 4. 4633.r® — 7o8.r 

+ 1 1 8g. 35 . gx^ + 24x7 + 1 677 36 . 2 5x^ - 20^7 + 477 

37 . 4^'' ~ 1 2ab + 2oar + 9/^^ - ^obc + 2 5^=*. 38 . 8 1 x^ - 1 8x7’“ +/^* 

39 . (i) -13 ; (ii) - n ; (iii) 59 ; (iv) -89. 40 . -61 ; 34. 

i 

EXERCISE XIX (p. 60). 

1 . x 3 + 6x“ + I IX + 6. 2. + 5X-’ - 26 x - 1 20. 

3. 6 ox^ “ 26 x“ ~ 1 6x 4 6 . 4 . 48x3 _ 1 88x7 + 1 80x7* - 2 57^. 

5 . V/ + ab'^ + Ire + bc^ + 1 ' 7 ^ + + 2abi\ 

6 ad' - a“/; + be' - b'c + ea* - c^a. 7 . 1 2X'^ - 32x2 + 3 1 x“ - 1 3X + 2 . 

8 6a* ~ aV; ~ yvb' + 1 1 ab^ — 6/»*‘. 9. — a'7 

10. x^'-i. 11. x^ + x'^ + i. 12. + + 

EXERCISE XX (p. 63). 

1 . -4. 2 . 2x, 3 . —c, 4 . - 5 . — f|a 7 6. — 

7 . 8. 3.^77 9 . - 3 .x 5 /x 7 10 . - 4 ^^?^^x 7 



ANSWERS. 


11. ba^b^cx'^y^z^ ~-2d?b'^cx'*y'^z'^. 


2. ~a^ ^ ~.a^^ b^ c^ , 13. i\a^b^c^^ — 2a^b^c^^-\ 


EXERCISE XXI (pp. 64-65). 


1. 2 x-y. 2. 2 x~'^y. 3. — 3 A-^ + 2 .r, 4. Ix-;^'. 

5. -3/-4«/^ + 5«V3. 6. ga‘x^ ~ 6ax^-\'i2. 

7 . ~ 4 - ^a~b^r - ^a^bY' , Sabr'‘ - 1 2b'^ + 20a'¥c'=^ - 4 - 6 ^i/>V 

- ioa?b'^c^\ 8 . — \abc'^d'' - 2lf^c(b 

9 . -^a + ?aV-'',j3r , f-a'-!‘~‘^a-il^ + ’-a^P. 
222333 

10. - "jx^y^z^ -f ^xy^z^ - 9r3j/^,c'3 4- 1 2xy^z‘, 

11. a'^b{a — b), {a-{-b) {c + d). 


EXERCISE XXII (pp. 67.69). 

1. .^'- 4 . 2. 2 .r— I, 3. ^x-^6y. 4. a-^b. 5, 2 . 1 - 3 / 

6 . 2 + 7 .r. 7. 18 /;- 5 . 8. 6 / 4 - 35 ;;/. 9. \u-\-lb. 10. lx~ly. 

11 3-^'“4.t'45. 12. 5.^'' + 7-v-3' 13. 7.r'+.t'~8. 

14. 2.1''’ -. 1 '^ 4.1.' - 2. 15. ;^ti' — i\ab + 2 b\ 16. 2 a^ ~ + (I - \ I . 

17. + 18. 5/?^- 3^'- 2//4-3. 

19 . I 4 2X 4“ 3 . 1 '"' 4- 2x^ 4- xK 20, 24 - 4 /+ 6d 4- 3 /^ 21. 7 . 1 *' - 7 . 1 / 4 5 v‘ . 
22. 2.1-'’ 4 - sxy — 3 . 19 '=' -hy'\ 23. 3 /^" 4- 4ab - 2b\ 24. /r' - ait 4- b‘\ 

25. a? -k' ah •4- b'^ . 26. 6?*'- 2a/;4 2//’. 27. /r* - a 4- ri V^' — 4 /’\ 

28, if^ab^b". 29. ■d'^b'^ ^idb'- 4- b'\ 

30. I — 2.r 4- 3.r“ — 4.r2 4 S-rl 

31. //7 4_ ^ jr' /; 4. 4. 4- 4. ^ V>: 4- ad- 4 d . 

32. af^ 4 ad - alP' — /;">. 

33. - ad -4 adf - ad"^ Hh ('Z^/^ — 4- d', 

34. 4a=4-6/z/’- lOt24'49<^*-4 i53t-4 25^4 

35. I - 2;i' 4- bxy 4- 4-i'* 4 3 4- gy-. 36. x- - /y 4 .r 4^'" 4^^ 4 r . 

37 . rt'-* - ab 4 ar 4 4 4 r*. 38. /z’ 4 2 ab 4 /■* - r’. 39. ' -V' - ^.r 4 6. 

40. }r^-ixy-hl^y". 41. 42. k-^'^ 4 ^.i>4 ^i/*'4 

43. 5 .r= - 7 . 1 / - 3 /''. 44. 3 ^=* 4 fz<^ - d. 45. 2 .r‘’ - sx^ - 4 .r’ 4 .r 4 2 . 
46. I ,r^ 4 -Z'". 47. 4 4 4 aK 48. 2.r^ - 5x2 - 4,1" 4X42, 

49. X® 4 b, remainder — ab - r. 

50 . (i) 1-7x435x^-175x3^ remainder — 875 x\' 

( 2 ) I 4a'4o. x--2x 3, remainder— -4.r^44x^ 
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V* 

EXERCISE XXIII (p. 71 ). 

I. - 8 . 2- 4 x+,'\>'- 142 -. 3. 4. 2 . 6 . 2 ox~ 2 . 

6. - + 7. 8, 9. 

10, + 20^// + 4 ^" - ^ 11- - 5^2<i>3 + 4<a!'*^^ + 

12. o. 13. a"d^. 14. 6 .r+ 24 . 

EXERCISE XXIV (pp. 74 — 75 ). 

1 . “ 24 /. 2. a-'2b-2c, 3. a + 3 ^- 3 ^:*“^. 4. 2 ;f. 

6 . 6b-7c + gd. 6. - 5;i: 4- 2 ^ - -s'. 7. 

8 . - 9 -r“- 3 y + 8 - 3 '. 9. 2a- b-^7^c~ yi. 10. -- 13^2 + 12 /? - 266 . 

II, - loa-iby^c 12. - I 7 ;i:+ l 2 ^ + S 4 - 2 r. 13. ;r*- 7 . 

14 . I53a+i7<5'. 15 , 6.r — 2j~- 12.^. 10 . -~ 17a -6i^ + 2i:. 17 . 151 

18 . ~68. 19 . + 20 . - 23^4- 21^ -Sr. 

21 . (i) (^:"9)4'(/-7)'1^ + (4-3^M'‘ + (5“^'0'^^^ + (^^“7)-^S 

(ii) ~ (9 - r; - (7 ~ - ( 3 ^ - 4 ).-^’ - (w - S)-^^ - (7 - 

22. - 4- r) - 1 4 jr 4* { 2 c - 2 ). 

23. hx'^ 4 x\k 4-/ - 2 ^ 4- /) 4 .r( 2 w 4- /) “ 2 n. 

24. x%a 4-/ 4- /) “ rib -^-r m) 4- (r - r 4- ^i). 

25. (i) a 4 [ ~ <r “• ( - ^4* - c 4-/—.^)}]. 

(ii) a4[^~ li ~(-^/4-^?-74-^^)}]. 

EXERCISE XXV. (pp. 76 — 78 ). 

1 . .r3(/~^?)4-r*(^”^^)4-,r(r~<:-)4-(^/“X), 2 . 2ax'^ -2bx-^i2a^b\ 

3. i^r-p- ^q)x -yiy-q- ^p)y 4 (/ 4- 4$^ ~ S'*)-* 

4 . ( 6 fZ - 1 3 /; 4- ^r\xy 4- ( 7 « - 1 2 <^ 4- 4^') v,? 4- ( 9 a - 2 ^ 4- 66 ')rx 4 - ( 1 4 f - 5 ^ 

- 4 ^). 5. (6,r-2-sr)a4-(7.^“2j'“ 2,3:)^4(6jir-3^-3^)r. 

^ ~ 3*^ 4- ( 4 (i ~ r 4* i)j:s' - ( 6 a - 2 /^ 4- 2 r 4- 4 )-sra'. 

7 . (-*,?-r 4 -fj“ lz)x^ilx-^^y-^^^~s)b^~ir{y-2^^ 

8 . ( 3 r - 2 ^ - 2 /)/ 4 ( 7 ^ - 5 <? - ““3/4- 7 ^)» 4- ( 8 $r - 4 ^ - 4 /). 

9. ( 3 / “ 3 w - / 1 4 Sr)a.r 4 ( 3 ^ -n- yn)by 4 ( 2 / 4 3 ^/z *- « - 2r)cz\ 

10 . 3 ^ 7 “ (-r4 29'4 2^■)^4(;'-2-cr)^. 11 . x^-(a4^),r4a^. 

12 , ’^{a- b)x - ab. 13. x^ - {a — b)x - ab, 

14* alx^ 4 {ifiiy 4 am)x^ 4 {biy^ 4 2hmy)x 4 bmy^, 

15. plx^ — ( pm 4 qi )a'® 4 ( /fi 4 gm)x — qn, 

16. I 4 (a 4 i).r4(a4/^4 O^r"* 4 (a4^4c).t:3 4(^4r)444c‘x5. 



ANSWERS. 


VII 


1 7 . {a- + 2ad + + (< 2 ’ — + <3 + d)x^ + (a~d‘-a^-d'‘~ 2 ab)x~ 

+ (a® - ~ — b)x + (^^ — b). 

18. x^-(p-r)x-¥^-:pr-^g. 19. x-\-b + c. 20. c-{’(^a-b). 

[In ex. 20 proceed by arranging in descending powers of r]. 

21 . a'^ + ab-ac+b^ + bci-c'^. 22 . c^-c(a-^b)-\-ab. 

23. -a{b+c')i-bc. 24. if+c{a + b) + ab. 

26. - <r^) + — r) ; — c{a + b) + ab , 

20. + + 27. + <:) + 28. a^-ab + b^. 

29. (a + i).r 4-<23. 30. x^- 2 {a-\-b + c)x'' + 2 a{b-{-c)x. 

31. b^q~ap. 

EXERgiSE XXVI. (p. 79). 

1. 36. 2. 12. 3. 24. 4. 5. i6.t. 

EXERCISE XXVII. (p, 82). 

1,4. 2.7. 3,8. 4. -I. 5. -3. 6. 7. 8,3. 

9. 5. 10. -7. IL -“14. 12. 235. 13. -6. 14. SvV 15. 5^- 

10. -6?. 17. i 18. f. 19. 20. -f. 21. -I. 22. 

23. 24. -r. 25. -5. 26.4. 27. 7. 28. 3. 29. -4. 

30. 3. 31. -9. 32. 5. 33. 6. 34. 13. 35. 8. 30. 5. 

EXERCISE XXVIII. (p. 85). 

1. 6. 2. 3. 3. I. 4. 5. 5. II. 0. 7. I. 8. V. 9. 3. 

10. I. 11. -A. 12. -fl. 13, 5. 14. 2. 16. 10. 3. 

17. 2, 18. I?. 19. 20. 21. 15. 22. -51. 23. 4. 

24. -21. 25. M. 20. r 27. 

EXERCISE XXIX. (pp. 86-87). 
bx 

1 . a-tx^y. ^ w(/+jr)-jr. 

4. 2jr+r, 2Jt*4-3» 2 x-k-^ ; 2jr+2, 2.1 + 4. 

y + (y-i) + (y- 2 ) + (y- s)^x. 0 . (.r + i)=-;r’“(;r+ i) +.r. 

7* x-y—s. 8. 5(.r--7)~2;r + i2. 9. 2c(a-j-b)=x, 10. J^~b. 

11. x—b^a \X’\‘€’yy. 12. a-b-c-d^x. 13. ab==^x. 

14. ax^by. 16. 16. 44^ = 11^. 



via 


MATRICULATION ALGEBRA. 


EXERCISE XXX. (pp. 90-92). 

1. 27, 3. 2 15, 12. 3. 22|, 7 h 4, 23, 24, 25, 26, 27. 

5. 13,12. 6 . 50,32. 7. 15 . 8 , 12,8. 9. 15 . 10. 19,20. 

IL 24 feet. 12. £s^, £2. 12s. 13. 9 years. 14. 9 

15 . 25. 16. A Rs. 25, Rs. 30, C Rs. 45. 17. 48 years, 24 years 
18. 60 years, 20 years. 19. 50 years. 20. 6§ days. 21. 60 hours. 
22. 14, 16, 18. 23. 20, 40, 60, 80. 24. 20 years. 25. 58 rupees, 
42 iwo-anna pieces. 26. 4, 24. 27. 16, 10. 28. 30, 20. 

29. 10, 23, s, 40. 30. 12, 35, 5, 75. 

MISCELLANEOUS PAPERS I. (pp. 92—97)- 
Paper I. 

!• (0 3, 0^) ^o. 2. Distance between the ist and 2nd points is 

3*6, between 2nd and 3rd 12-4, between 1st and 3rd ii*;. 

3. -i9rt-6^ + 35r. 4 . ',.r^-UKr+Uxj'--TsJ'^- 

5. 4- 4- x^ 4- .f" 4* a' - 2 , 0. x-^ ~ 4- x'^v^ — 

7. -V'- 8. 22 ; 8. 

Paper 1 1. 

1. 36. 3.-3. 4. - 9/9/ + 2cr, - ^(tx 4- gfy ~ 2 cz. 

6. 4.1' 4- 4/ " 2c\ 6. Product 4- - 271 ^ - <\ab'' 

4" - <)ar - 24/>>*r + 4- 1 2abc ; quotient ~ a- - 4/)' - - 1 2b< 

7. II. 8. 5, 17, 2, 24. 

Paper ill. 

2 ~ 12.1' 4- 120 V- 34- < 3. 13 miles. 4. 6a=4- lo/r 4-6^- - 24f?ii'4- I2a^ . 

5. ~r‘ 4- 5(<^ - I ).r - b. 6 . zbh 4- 2 ca 4* lab - ~ b^ - c~ ; 40. 

7- ~ - l.rr- 4-/^. 8. 18,20. 

Paper IV. 

1. 94- . 2. i 2 fP- 8 ^^"- 25 r ~ 29 ai^ 4 - 45 4 - 5 ra. 

3. 2-D - 5.r3~ 4.r*4’.r4'2. 4. -12. 

6 . -V - • y-.v ~ VV4 “ ^V‘4--^f;^.r4- -*^-''. 6 . 2 -r 4 - 96 A 7 7 . 8 . 96,70 

Paper V. 

1- 34-59‘ 2. -19. 3. “ 3fP4-30C*-40c'*^- I3£j/^4‘23.^r4-23az, tv 

4. 2.1-'' ~ 2 {a 4- b)x 4- ab, 6. 3a® —12^— 961'^ - ^ab 4- 4a ~ 1 2b 4* 5c. 

6. 7.t -~ 27/ + 120. 7. I. 8. 20 niaunds. 



ANSWERS. 


Paper VL 

4 . .! .,w a+i. 6 . 4 (a.v + fy+,-::), 7.13. 8.23,’; 

Papfr vn. 

y . 4 >/ + 4 /'- 5 ^-) •':'' + ( 4 /' + 4 f- 5 .,)j 2 - + ( 4 „ + 4,-_ ,. 

" 4 . 

5 . .t -27,r (>>+/-v+A/^- ; 

6. 7 3 8. /:5oo, /.50 


1 . ,i + 3i + 2d. 


Papkr Viii, 

‘~i-V ! I. 


+ 4. . v < + 2. v -4-3,,-4-4,, 4.5 5 ^ 

■ 7.17 + 5.,-. 7 . -5. o,^. 


I la /'- 4 - '’.j'f/’/j.' 


Paper IX. 

75.-43,-21, -9,- 7, -1.5,.- 35 
+ 6. .r'-h 4 .vr + -r 

i*APKR \. 


3 . - 1 87.Y -f 316/7 t- 33 t . 

8 Rs. 400. 


^ -Siiuare root = r,3,y. 3. 2 o«a- ,,,„ , 4, 3^ 3. .3, 

" ri.i"- 36 ,r+ 16. 6.6. 7 , o 


E X K RClS E X X X I . 
a +(a + 3 ). 7 . ,4 1., -2,.. 

9 . ,« 7 .r+i). 10 . 3„,, ( 

12 . 13 , 


8 . <^7(3 
1 i . 3 -vCi 

14 . 




Ir*. r;, 16 . u^/ - - ,(3., . 4 ,, 17. (.7 , .6^ + , , 

EXERCf.SE XXXII. ipp. 

H. 2 . .{"'‘ + 6.1 -+-9. 3 . 9A'^-f 24r-{- j6. 


E ■r^ + 2.r~hi, 2. .t- + 6.i- 

4 49-i'" + 84x+36. 

Q 4 9.r-’ ~ 1 26,r V -h 8 1 
3 . a\r' 4- 4- 4 

10 , _ 2/^.rj/ -j- 1/ V". 

12 . 4 ^^«*~^o/wV/ + 25w^/r' 
14 . 


5 . + 30.15' -f 25 j' . 

7 . 97/'//^ --24.76 V. 4 r9/>, 
9 . /'.r* 4- ztnt.xy -f 
il. 2 < 7 W + 6 V'-. 

13 , y 77 ' + 7/6 -f- iX 6'*, 

15 . 
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16 , + 17 . 5625. 18 . 9604. 19 . 10404. 

20 . 2470C9. 21 . 63920025. 22 . 1-010025. 

23 . 80 Q46009, 24 . 9980-01. 

25 , (i) 45, (ii) 154, (iii) 274, (iv)- 26. 26 . c^-2ab-\-2ac~2k. 

27 . ’\-2ab-~2.xC'-2bc, 28 . ■\-b'^^-c‘^ — 2ab~2ac-\-2b:. 

29 . 4«® -f i i - d,ab - 4^ 4 - 2<^. 30 4 - 1 2A' - 1 1 -f 25.; ^ 

31 . - 3ar^ 4 - 3 7x'‘ - 2o;r + 4 . 

32 . -- -\kriy + ~ xy- + ty. 

33 . 4- 2 abx^ 4 - {b'' 4 - 2 cic)x'‘ 4 - 2 bcx + 

34 . Xt^ — 35 . (4)481(11)1382. 

30 (i) 1622 (ii) 205. 38 , 4 a= 4 - 4 ^'* 4 - 4 ^'*. 39 . 

40 . (120)" -(105)“ ; (23i)"-(2ioy ;(528^-(496)^ 


EXERCISE XXXIII. (p. 103). 


1. 

— 

1. 

2. 

X-- 16 

3 . 

x'^ — a 


4. 4 Jr. 

-81. 

5 . 

gob' 

-25// 

6. 

- yy 

7 . 

x^~ 4 r 

8. X 

— / y 

9 . 


— ^b^c'^, 

10. 

yxy^-i 

. 11. 

(V - 2 

b. 

12 . 49a 

'^-64. 

13 . 

4 a^ 

-gb^. 

14 . 


15 . 

a'^x'‘ — 

by. 

10 . 

- 

17 . 


Zl^l, 

3 

18 . 

idt'"* ~y 

4 

. 19 . 

1 6,1'^ 

- 72 xy^ 4 'Siy, 


20. 

62 So^b^ - 4SOibb- 

cd^4-Sic*d\ 27 . 

I — 




28 . 

16.5 

r^~62Sy> 

. 29 . — 

n\ 30 . 

- 2 1 

; 6 . 

31 . a'- 


32 . 


- 2 a^/b 4 -d^ 33 . 256^^- 

'2 5920^(^4- 6561/'^. 

6 

CO 

6 

CO 




EXERCISE 

XXXIV 

- (P* 

105). 



1. 

cb - 

■ /4 4 - ibc - 

~ c\ 


2. b^- 

■ r - (V 

^ + 2ai 

, 



3 4/1'*' 9/^’ 4 - 30/A' “ 2 5^"*, 4. .r'’ 4 - 2 x'^ 4 - 9. 

5 , 49<4 ~ 1 6/^ 4 “ 24^lV;- - 9<r‘*. 6 i bn~b* - yirc^ 4 - 1 o8/^c^£Z - 8 1 ru 

7 . ga^x^ - 6(ibx v 4 - b'y — 4 /'*^:^ 8 . ktt'' 4 - 2 /arii 4 - m^b^. 

9. /'.r^ 4 - 2 -prx'z^ \ 7-^s^ - qy. 10. — 2ad — 2hc — c'^ 

11. ii' - b' - — f/* 4- 2 /a - — 2bci 4- 2ai. 

12 . 4.r^ 4 - 1 6.r:r 4 - i6r* - gy- - 3oy7a ~ 2 

1 3 . ga* - 3a2Vr 4 - 2 5//-^ - 4gc^ 4- 1 261'ki* -Zid\ 

14. + .s-"''?!'® + ~ — 2 pxrz. 

15. a^h'^ 4 - 4 * d*a^ 4 - lalP^c 4 - 2a^bd 4- 2abcd — C'tP. 

16. I 4-x''4-.t''‘4-.r* + jt'^. 17. 18. .r'^4.4'^4- 1. 

19. a* 4" 4 * 2a<^. 20. ^ab^-^yd. 

21 . 2X* 4 - 27* 4 - 2^4 - 2 xy — 2/^ - 2 ZX. 



ANSWERS. X 

EXERCISE. XXXV. (pp. 106-107) 

1. ,r’ + 5;ir+6. 2 . .r* 4 - 6 ,r+ 5 . 3 . 4 . if-8i?--48. 

5 - 2y - 63 . 6. - + 1 8r - 65. 7 . “ i?/-’ “ 6, 

8 . 25 -r'’- 5 o.r- 24 . 9 . .r** 4 . -f 3 ^/ 4 , 10. .r- ion- + 247 *. 

11 . x^-2xy- 12. rt''4-^i^+r)rt.r4‘^r.i% 13. if ~ . 
14. 9 + i 2 /;/z- 15. I -. !•■(,/> + (;} + A.'. ^ 16 + J 

17. 9 V’-a;^ 2 '- 22 r'^ 18. 36 .r=- 24 .t:/-in 19. 9 x^+i 8 .r- 7 . 

20. + axy{b + (r)+ biy\ 21. x^ - 1 3.r'' + 36. 

22 . x^ - (ifz* + 576).r'' + 5 76^’ 23 . a\x* ~ cf x‘y\if + f) f ifcy^. 

EXERCISE XXXVI. (p. 108). 

1 . 6,r“ + 7.^ + 2. 2 . 6.r^ + 3 i-r 4 * 35 . 3 . i2.r*~-23.r“24. 

4. 24.r® - 2.r- 15, 5 . 3 .^®+ i8.r- 35. 6. 6.r'-.v--i 

7 . 63.1''*’“ 53.r + 10. 8, 6.r'- 19.1'-- r r. 9 . 8.r' -60.1* -r 108. 

10. 24V‘’ + 22.r-35. 11. 48.1'^“ 106X + 33. 12. i4,r“- i3,r- 12. 

13 , 6a‘--23ii + 2o. 14. 33^^’-S3^'^+ 14. 15 . 35^/'- 78(^427. 

16 . I ox^ ~ $xy - 2 7/®. 17 . 2 4/2: * - 3 4 Z-’ +• 5 . 

EXERCISE XXXVII. (p. 109) 

1. .rH 9;f’ + 26;ir + 24. 2. x"-h J4x'^+6p t-go. 

3 . X^- 2 X^- 55.^4-56. 4. X^~ lyX'-^-hyiX- 105. 

5. x^ 4 - 6xy 4- 1 ixy^ + 6 ^. 6 . x- 4- xy ~ j 4 .rr^ - 24 ^'^ 

7 . a- - 1 5 ^?’<^ 4 - 71^?/^'' - 105^^3 8. ai ~ yfb- loali^ + z^bK 

9. 8.r3-42x4-20. 10. 27a' -('>^(vb + 42 alf 

EXERCISE XXXVIll. (pp. 109-10). 

1 . .1:34-1. 2 . x~-\. 3 . 8. ‘Ei254'“' 4 . 27.r^-64y3, 

5. %x^-y2, 4 . i25.r-^-8/'\ 7 . if-\'2i6b\ 8. 

i 25 -.ryMO. I’-- . 11. .f- 729 . 12.6Ax<’-y. 

O 27 

EXERCISE XXXIX (p. in). 

1' x^ + 6xy-f J2xy^+Sy^, 2. 8,r^ f i 2 i,'’j/ 4 - 6 .r/^ 4 -j^-\ 

3 . 2 yx^ - loSx* 4- 1 44 .^ 1 ' - 64. 4. a^-h^fb + {ab^ 4 - gbl 

5. 2 yx^ - 1 oSx' + 1 44X'" - 64.r’. 6. </ - 6a*b^ 4 - 1 2a’^ - 8/f, 

7 . t |3 _ ^ _ ^3 - 4. - 3<^V - + ^(fa - 3ra=' 4- 6£7^^'. 

8. 8 a 3 4 - - 2 yx^ 4 “ 1 la^b 4 - 6ai^ - 36a=c 4 * 5401:^ - glfc + 2 7^^^ ~ 36«Z>r. 
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xii 

9 . + IP'C^ -f 4- yfbH 4- + '^a^b'^c 4- "^^a^bc^ 4- '^b'^c^a 4- 

4* Mb'^c^ . 10. a'"' 4- <5^ - 4- '^a^b'^ 4- — 3^2 V 4- 

4- ~ 6 a^b^c‘^. 11. 8/^ - 1 2 5 4- - 6 obm 4- 1 So/w* 4- 1 2 bn 

•\-bln^ ■^’]^nf 7 i~ \^mn* ~(ioh)in. 12. 'i']a?~Zb'^— iz^c^- 
4 - '}fyab'* - 1 35 rt"^^ 4 - 22 ^ar"* — 60^ V - i ^obc"^ 4 - 1 ^oabc, 

13. (i) 432, !ii) 259; (i) 72, (ii) 160 20. 2^234-6^^=. 

21. 6 a^b^ 2 b’. 22. 9(-^'4-j)"-27(.r44'). 

EXERCISE XL (pp. 1 12-13). 

1. a^~ b'^ — r3 — yzbc. 2. + i + 2 xj\ 3. x^ -y-^ — i — 3,19/. 

4 8 a '3 - 2 7/3 -f 64-3 4. y2xya, 5. i + ^3 - a^b"^ 4- '^cbb. 

a^b'^-^b^c'^-^chi^ -2)0L‘lbi'''. 7. ^3^-3 - 1%3 4- 8 4 

8. ;r*4-45-r3-8. 9. 1548. 10. 3676. 12. -^-JL 

EXERCISE XLIII (p. 122). 

1. ab'iyi— lob). 2. 2 xy(a~^v)> 3. 2abc{4.a - c). 

4, a^bc'b^ iab'^ — 4 /)r 4 5 a). 5, ^x^V^'xy - 3 /'' 4 4 -f '). 

6. ^a^b'U''"d'{ii(' - ihdy - i,a}bd). 7. (a''-a)((2Z>--^7/). 

3. {y^y-%v^~~2yz). 

EXERCISE XLIV (p. 123). 

1. {i-~i{){ayl>), 2. {cyd){a~b). 3. {x-a){xyb). 

4. iayb){ayc). 5, U‘^4- + 0. 

7. 1 2.t +y)i2x ~ ?//). 8. (.r - 2v)(t/ - /;). 9. (.r-h i ){yx-^ ~ 5). 

10. (i +j)(3a + /''). 11- C?— i)0f'‘4- 1 K 12. Cr 4-/)(.i''' +/-). 

13. (.r 4rU'')C?.r4jV 14. (b/f yi 7 (/)fa/j + b(/). 15 b{yi - 2c){b ~ c), 

15. (.r 4- 3>'K-/^ “ 3^/)’ 17- {X -- y)[a -- b + n 18. (a 4- b)(dx + // 4 c). 

19. (/^ 4 C»(f/<'^4X'4«'0- 20. {a ~ c]{/ y 77 ib). 21. Cz 4/^ 4r)(.r4/42r)- 

EXERCISE XLV (pp. 125-26). 

1. (.r4iK 2. (r-2)\ 3. (3.r4i)C 4.07-5^)=. 

5. (3-2.r)' 0. (3r-4r)C 7. u 8. x^{x~-^y)\ 

9 . («= - k-Y. 10 , - Y)'- 1 1- ( 3 + y 12 . 9(<^' - ky. 

13. (rtx-^v)\14. (4^'~3rt)C 15. (2,rj'.?~i)L 10. (5.r4y44)’. 

17. (4a - 6/; - I )“. 18. 44r“. 19. {a 4 /6(a 4 ^ 4 2i'). 



ANSWERS. 


20. { 2 x- 3 }>){ 2 x~sy- ly 21. i 2 ~a){ 2 -a~dy 

22. {5x-j)(5.r«i+4 23. i. 24. loo. 25. o. 

26, 144. 27. 49. 29. Sia^ ~ 30. ()oo.r ~-66o.xy+ i 2 iy\ 

31. 30. 4. 37 38. 

39 . -t?- 40. 41. ^ 

EXERCISE XLV^l (pp. 127-28). 

1 . (i-Hy(2r~l), 2 . (.1' + 2 )(.r - 2 ) 3 . ('-r+ i)(ix- i). 

4. (53-4){S« + 4). ,5. (-t;i'-(-7i;iT-7). 6 ('W" + <') {<;/!'= -r’). 

7 . (.r’-fj ]tx‘~yj. 8 . (aJ + 6 )[a<~ 6 ). 9 . i t»l.r=- 11). 

10. (6a»-H3)(6a“- 13) 11. {5,vH-.ir)(5,r-4v). 

-Sy( 7 x + Sj‘). 13. .r;>'''(i -I- loilli - lor), 

14. 4>i‘i^(2a + yA( 2 a~ 3 />\. 15. 4,. 5I1 2 - 5). 

le. {/m + 3 a’)i/w - 17 . (na-Q,)(ua + 9.r). 

18. 3(,j4.3*)(,z_ 37,). 19. .i(2V4-32)(2.)--3rj. 20. 3>i{2f> + )(2^- ;(). 

21. {ap + bq)(ap~l)q). 22. to 24 Apply 

25. x-(y=+.r’)(y+x)(r-.i). 26. ,r{9-f .1^1(3 -f-.t-'jlj -.jr-). 

27. (a* + b9(,i’ + b-){a + /')[■!- ei). 28. r ). 

29. {,i-i, + r){a-b-ct. 30. (</ -1- /.+ (■;(,; -<), 

31, 32. (1 +.i+_r + 2j(i - .V -y- sj. 

33. {3x-43'+2a + fi)(3.r-4j'-2.i-M. 34. (ii.r-i- i.iK3,r-f4). 

36 (.j- + 3 . 3-2,41 (.r 36. ( 7 « + /';(./ ■ 4 - 7 / 0 . 

37. (. 1 - 4-9,)=(.r -/)■■. 38. 31 5 r - 1 913 (.r + yv). 

39. (2.1 -f 3vji 2,1' — 33/— i). 40. [u-r 2/f)lf( - 2 /' + zr). 

(l'* 4*/j(3^ ~ ^ ~ 4), 42. (i.rfcjOir 

43.43/'. 44. I2.r(43'-72i. 15. -2o«;9//- u,). 

46. (83 4-iii4-i2f)(4,/4-7/9. 47. - 8;3 4-2i-V AZ-f :,/) 

48. 8«c 

EXIlRCISE XL\'iI. fpp 1 29* -50). 

1- (.r-t-^-t-OI.r-^,-!), 2. iy-^/ + 3 ^Hx+y~ 3 y. 

3. {.r-2)'.j-r);,f-2f-rj. 4 . (.t-- jV4-5)'.r-3y-5;. 

5 . i 2 a- 3 d + 2r}(2,i-3/>~2n. 6 . '334-5/4- iod(,:;«-f 5/.- loO), 

7. (x+j'-:Xx~_y+x) 8 . ( 34 -/ 4 -,' 4 - 3 ';( 6 (-|-/- 

9 . (2.r-.v-t-7rX2.r-v-7.~). 10 . (234-4/- l)(2a- 4/4- 1). 

11 . (33 -(- 4/ - 5,r - (',’(33 - 4/ - 5.r 4-9-). 

12 . (23 - 2/ 4 - 36 - 3 ^) 1 2a - 2/ - 3 <- 4 - 3,/) . 



XIV 


MATRICULATION ALGEBRA. 


13. ^ - r-y), 14. (a’ + 2 a + 2 )(^j''- 2 a + 2 ). 

15. (jr“+ 4-1 4 ' 8 )(;i’-- 4.r4-8). 16. (<:)a'^+i2ab + 2>b^){()a^- i2ab-\-2ib''). 

17 . ( 4- 6 .ry + 9 y'')( 2 X‘ - 6xy + 9 v"*) . 

18. 9 (.r’ + 2xy -h 2y^)(x'‘ - 2 xy + 2 /“) . 

19. ( 32 + 24 ^- 1 - 9''^')(32 - 24 ^ 4 - 9 '^z''). 20. {a'^ + a+ ~a + i).' 

21 . (.r* + Sx 4- 9 )( v"' - 3 .r 4* 9 ). 22. 4- 2 ab 4- 4b'‘^){a^ - 2ab 4- 4 ^^). 

23. ( 4 .^'" -4* 6.17 4 - 9 j'’)( 4 .r-' - 6xy 4- 9 >''^) . 

24. (r* - .t"* 4- 1 )(-r^ 4 .r 4- 1 )(.r'' - ;r 4 i ). 

25 - a^b" 4 b‘^){a'‘ 4 ab 4 b^a^ ~ ab 4 b'^). 26. 5 ( 2 ;ir “ 4 1 7 /^ 4 ()xy). 

27. - 34>' + 9 j"' 23. (.r -_>9’ 


EXERCISE 
1 . (.r4 ~.r4 i). 

3. (34 2^?)(9 -6«44<?''')- 

6 . (yx ~y){ 4 x'^ + 2.rK4r'). 

7. (a 4 ^b){(f - yib 4 

9. (ry» 37)Lr-r4 3.ij.:'49j’). 
1 1 . .v( 2 r - 4 ) ( 4 . 1 -' 4 2 ly 44 * 0 . 

{X‘ - xy 44 ''X-r' 44X(-^'^ “ 

14. 4 b' - 2 r j'*)(//^4 4 2 ( 1 ^ i 

15. 2j b{<)u^ y yib y y b'y 
17 . ( ^? -- b){jr -yah 4- b- 4 w ) . 

1 9, (.r -l-.rjCv" “ xy 4j'* 4 2 .v 4 2 j 
21. (.r 44’)'^ 4 ( 4 ' 44')2^‘‘ 4 4-** 

23 . ( yr ~ 5 r 4 Oy 4 i 3 .r-’ - 5 . 1 ' 4 

24. 2(a4/'’).^'. 


XLVIII. (p. 131). 

2 . (.r- i)Cr"4:i'4l). 

4. (3 - 24>(9 4 6a 4 4 ^^*)- 
6 . ( 3 ^* 44)(9.r'' - i2,t'-4 16 ). 

B. {2a ~ 4 2 ab'^ 4 ^). 

10 (/- 6m){I^ 4 6hn 4 367H‘). 

12. (x +y)ix ~y){x‘ 4 xy 4/®) 

'■ 44"* ') . 13. yi 1 2x^- 4 6xy 44 ^"*). 

Y 4 2 ^/lr- 4 '''' 4 2 ()\vy'^- 4 4.r'yX* 

10. { 12 /'- a){ 37 ^^ - 6ab 4 361 ^^). 
18. (3.t'4<'^)(9.r* - 3ajt'4^?''4 3). 

'). 20 . {x- 2y){x^ y2xy + 4 y'^ys)' 

22 . 4(i9^^"+5W + 39/1- 
6)(2.r‘ 4- .!■ - I ) 4 (2.r" 4 - 1 )* 


EXERCISE XLIX {p. 134 - 135 )* 

1- L^ 4 i)(.r 43 ). 2. (.r4i)ir45)- 3. u-45)(v44)* 4. U-- 3 )U'- 5 ) 
5. (.1 4 5)(.r4 12 ’). 0. (.r- 7 )(,r~ 4 ). 


8. <.r~8)(.r~ !), 

11 . (r~ 4 VX' 4 - 3 '). 

14. (r 4 12 X^ 48 ^. 
17. Cr~i 2 K.t'“i)* 

20. (.i-4 r4)U ~ 13 )' 

23. U*4io)U4 3)‘ 
m 0 -- 8 )X 47 ). 


9. (.r 4 4 ,n-v 4 6 ). 
12 . U-4i8)(r~i). 
15. (-1*4 I2}(.r - 7 '). 
18. (.r - 20 ) 91*4 19 ) 

21 . (.r 4 8 X.i'- 5 ). 
24 vr 4 2o)(.r~ 12). 
27. (a- 26 )(a 4 3 ). 


7. (.r- 3 )(.r- 2 ). 
10 . (.v- 4 )U'-i). 
13. (.r-9)9r4 8 .) 
10. (. 1*4 io)(x- 7 ). 
19. (x- I5)(.r4 5 ). 

22 . (//- io)(ii 44 ). 
25- (/4i 6)(/43)* 
28. (.r4 5T)(.^-j)* 



ANSWERS. 


XV 


29. Cr - Sy){x + 6f), 30. (x - i ^v)(x -f iqr ). 

31. (;r + 2oy) {x - 1 2y ') . 32 . {;tr + 6a) Lv-~$a). 

33 . (a-f 34. + 2 ). 35. 4 - 1 2 ^)(;^ - 2 //). 

36. 37. ic- 

38. {/i + 1 i^yj! - 10/’), 39. {a ~ 27 Inia - 2/>). 

40 - 1 4w)(?/2 4* 6/7). 41. {a— 3Cx]ifJ + 2.r l 

42 . + 5/q. 43. (.r “ i 6 i')(x + 1 5 r). 

44. (.r"-Mi){V4"6;v, 45. (;/7"' + 9)(/;7‘-f-7). 

46. ff + 4)(^'“4)(^^ + 5')^^'-5)- 

47. (a — u — l>Y,a' + ah -f /^*). 

48. {,r-’-9)(;c3~ 6). 49. 4 

- - b){a^,± M:h_ 51. 2(r4 2)(2.t +5) 

52. ' r ~ 9/ -I- 20)( 5,r - 99' - 4^ 53. (.r" 4- ; r ~ 24)1 r 4 \ )t .r 4 ‘ 

54. { 2 gh~ \yi){ 27 ^h-ga). 55. + 

56 xb. 57. (/* 4 I I 777" 4 10779(^’ " 8/77 ■ gjf), 

58. ~ 25^51/ 4 27^)^^ 4/?j. 59. (7? 4 7'.'){<r7 4 /M" I )• 

60. (.v46/->)(.t* — 77 4^') 01. (-r 4^7'H,r-“f7 4 i). 

02. ! v43f2JU' ^ 5^^ ““ 2). 63. (,i'4 5c’-97/H'-r ;r4 i07i). 

64. 4 (a---'- 4 Vx- 3)(.r- i)(.r- 2). 65. 25 (a' ~ 2)(.r4 i)(.i' ■'■ yx-^- 2 \. 

EXERCISE L 7p. 1364 

2. (.r-2)Lr4 0- 3. 5'.i44}f-^‘- 3)* 

5. {a - 1 2;(^7 4 4). 6 {x - i o;f r 4 3) 

8. 97-97^7 “3^- 9. ('7 4 9)^V7 4 3). 

11 . \c-+ 2 (fir~i/\. 12 . 9 )(/^ “ 8 }. 

14. a-4 73'>-i'“ 4‘‘i- (-v~9/)(.t*4 53'). 

EXERCISE LI i'pp. 138-39). 

L (3.r”4v)(.r 4 r) 2. (.r-5)(3r44L ^3. f4.t4 3)f.r- 10) 

4. (4r-3)(3.r4i). 5. (2x ~ jy'isx x 7y)^ 6. 4 2/9(6./ - 5/^. 

7, (i5^/~8)(472-3)- 8. (3.r44)(2-r43). 9. (5/421X2/ - i). 

^9. <3^- 2)^7^ “ i). 11. (5a4 6;(4r2 4 5j. 12. (7^/74 2)/ 14^/7 - 3) 

13. (2a-7)(7a -S). 14. (x49'<'i6.r 4 i). 15. 4 5)(47i'49f. 

16. (63.1- 4 64)';.r - I ). 17 . { 7 x - 1 2 »(4x - 3 ». 18. six 4 i )«' 5.r - 24 ; - 

19. (4^45)114.!'- u). 20. 44X15-1'“ 7}- 21. Lr"4 3)(2.r"4 25j. 

22. (.r3 - 2 )( 3 -r > ~ i). , 23, (a^ - 2)( 2a* - 3 ). 


1- {.r f'7)(.r- 2 ). 

4. (.r4i2)(,r-3). 
7. (.r -■ 9)(.t'4 5 ^ 

10 . (a- 5 / 7 ) 67 - 4 / 7 }. 

13. (a46/7)(a4 S/') 



XVI 


MATRICULATION ALGEBRA. 


24. j)(3r^-|-3<5»- 2>. 25. 5<^ + 2) (i5^-25(^ + l). 

26 . 291 ■! + 1 ^y) 27 . — ( i oa — 3/;) (a + 2 5 . 

28. 29. 49(A'-3)(;ir+2)(jr+ i)(:r4-4). 

30 . 25 (a' ■” 4 )ix + 2 '/ (.r 4- 1 ). 

KXERCISE LIl (p. 140). 

1- <5-^'-- 3V'3-^‘~ 0* 2. (x4-3)(4A'~ i). 3 (.v + 3)(3a: 4- i). 

4. (4X'- 3)(2.r + 3). 5. (2.r+5)f2.r- I}. 6. (3.r 4-7)(2x- 3). 

7. {3JI' - 2 > 9 ( 3 .r+j 0 . 8 . {x + sa)(2x- ^a). 9 . (.r- 3)(2;f + 31 

10. (2f4-3)(4r-h5). 11. (3/?-4X8«4- i). 12. U - 3^(9.^- 4). 

13. (3.r + 4)(i5'»'- 7 ). 14. (4.r+5)(i4-v- in. 15. (i 8 a'- i 3 )( 62 .-~ 

16. ( Sx + 2 j(3.r 4- 1 ). 17. ( 2x - 5 )(7.r - 3). 18. {x 4- i)(3.r 4- 2). 

19. (x i-2){2x~ i), 20. (a4-2)(5x 4- i). 21. {jxyi7)ix- i). 

22. (2^?4- 5 / 9 ( 2 ^?”/^). 23. (A'-6v)(5.r4'j'). 24. ( 3 .^ + 2 >')( 5 ,r- 9 ’). 

25. (3^n~7)(2.i4-5). 

EXERCISE LIII. (p. 141) 

1. (2.V4-I)-'. 2. (.t'-4)\ 3. (.V 4-5)2. 

4. (4^?- 5^')“. 5. i8.rri 2.r + 3j). 6. ~ ^oa/^isa - 2d). 

7. ” 3,r(.r 4- 1 )"(.r ~ i P 8. ~ 3(2.t' ~ 3v)(3)' ~ «)(2,r 4- 

EXERCISE ElV. (pp. 143-44)- 

1 . ix -f K - I '/(.r' 4- 1 - xy 4 x E r). 

2. {x -y - ! X.r-' 4-.rv + .r ~y + i ). 

3 . (.r -y E r) (E‘ 4-. v" E E xy yy t-l- r) , 

4 . (x E>' - r \{x‘ yy^ Ex.' - .r i ' yyjj X'.v ) 

5. ( 2(1 •“ h - DU^^"’' 4- d' E E 2al> E 2uf - dr ) . 

6 . ( 3 ^- 2 /; - T)(9aM-4/>'' E I E 6 rt/>E 3t« - 2 ^). 

7. (<^- E/'' Er ''('I** EiV'^ Er^ -- ff^d^ - d^y - ya'). 

8. {.xy E.vx E rx){xiy E/^E E r 'x- - xy^s ~yz - cxy). 

9. 3(/;^ - n(<* - a){a - d). 10. 31 r - 27M, 2y - x){x - x). 

19. X' -f 4 v''Eux' - 2.rvE3.v'E6v':. 20. ayzdyy. 

21 2ay2dy2r. 22. o. 23. i. 

EXERCISE tv. (pp. 149“ 5* >• 


1 . ( a * Ej' 6^91' yy E 3^ • 
3 . 2 (ji — d){a ydyry d). 


2. {yt - 4 /y - I o}( 3 a - 4 ^^ E 6 ) 
4 . 212a ~ iX2a''EaE 2). 



ANSWERS. 


XVII 


6. {ac+bd-^-ad- bc){ar + bd—ad-{-ln'). 6. + + /’- 3^ - i). 

7. 2 {a- 2 b){a^ - ab + ^b^). 8. + ioX^i^-2a-r 10). 

9 {2a~^b-{-^c- ^d){2u- y-^'^d). 

10. u* ~ I )tr + 3)(.r + + B). 11. -x~i )(x^^ 4- 3 -r + r ) . 

12. Ct'+ i)(r- 3j(.v'' + 3). 1'*^. (.r+ 2)(x* “ .r4-4)- 

14. (.r- 4'3-r4-4)(x''' + 3.r-- 1). 15. {a + b)(cz - b){(d + b^ 

16. ((/ 4- /» + t){a + 2 b- c). 17. (a -r 2 b).y)(r - 2ah 4- 4/‘"). 

18. (.r - 2 ) [x^ ” 6 r 4- 4) . 1 9 . (.r ~ 3' 4- .c) (.r - 7/ “ - ) • 

20. (i) x^ 4 - 2 5 4 - 44 - - 2X 4- 1 OK. I ii) - ^a%:-fybY\ 

( i i i ) ,r^ 4- 2 vy + r^ 4- 2 xr 4- 2 .:.y 4- 4-'' . 

(i v) a^x^ 4- by‘ 4 - b^i^ -y dy- 4- 4^//’r y - ^tbx^ - a ■' r r - h'^ xy - aby\ 

21 . (ax 4 - by 4- czf ~ {ax 4- by 4- r.r' [bx 4- k 4- ad) 4- [bx 4- r 1 ' 4- ^^.2) ^ 

22. (x~a)(r-b). 24. yr + a + b-hf. 

28, (i) (-^'"4- 5a‘4-3)Cr=+ 5.r + 7 )- '.'a- - v ~ !6)(r .r- 10). 

(ill) (.r - 4)i.r 4- 2)(.r’ - 2.r - 1 9), (iv) 4 - -f - i ■! o.r* 4 - gx - 7). 

40. 9^4'^4-r}. 41. ^ (a - bj(b - < )y~-a). 

43. (a - b)'b — < )(f - <;). 44 ( a ■■ r)(b - a'(r - dy 

45. ~ (^^ ~ /;)(/-' — <:■)(<.• - ^/)(3-r 4- <2 4- /-' + c). 40. {a 4 b , (b 4- i’) (r 4- a) . 

47. (a-i-b + r)(ab + br-h('a). 48. (x - 2j4-2tf.r - 39^-17). 

49. (2^7 4- 39'4-42'4- 1 j(,2-A'" 39-'- 42). 60. 3(^^-y/.' - ^■)(2i^ f /»4-<:')- 


EXERCISE LVI. (pp. 153—541. 


1. 

(i) 4, 10. 

(ii) 

8. 

liii ! 

^5 


(!V 

) I. 

2. 

xy', ,r'3v-\ 

3. 

4.r^v ; gx'\v-. 

4 

. 2 ab 

-ddd ; 7. 

r 5. 


0. 

4dx\ 

7 

a~b; x-y 

. 8 

«’ — 

2 » 

9. 

3.r 4- 2 y. 

10. 

xy- 3 . 

11. 

ay b- c. 

.2 

2X ~ 


13. 

X - 5. 

14. 

x~ l. 

16. 

xy 2 . 

16- 

aU- 

‘4--y 4-1). 

17 

.r 4-9' 4- ,3. 

18. 

a~ 2 b. 

19. 

8(r-//lr4-i 

20. 

.r ~9'. 

21 

.rM-A^4-l- 

22. 

2.r4-lvE.£' 

. 23. 

ax y by. 

24. 

4-n2 


25, 

ax 4- c. 

20. 

X~-2, 

27, 

aybyr. 








EXERCISE L\ 

11. 

(pp. 

159-60). 


1 

x~~i. 2. 

X - 2 

. 3.x- 3 

. 4. 

.1 ““ 3 

5. 

r ~ A 

0. 2X - l 

7 

I. 

8. 

2(3.!'- 2). 

9. 

x" - 

.r4-i. 

10. 

x^ 4- xy yy^ 

11. 

xyixyy). 

12. 

2.r^ - xy yy\ 

13. 

(.r- 

1/4 14. 

2r(2. 

r- I 4x4 2] 



MATRICULATION ALGEBRA. 


xviii 

15. 5^7-7;/’, 16. + 17. 

18. 2^-^ 4- 3^- 2. 19. 2x^-x-2. 20. {x-a)\ 21. ^x^+2xi^], 

22. ax~\-i?. 23. ax'^-i-^y+c. 24. axi-dy-\‘C 2 . 25. x-y, 

26. 3.'r*“2;tr + 4. 27. ;r^+A:+4i. 28. x^-\-x-3. 29. 2.r~-i. 

30. .r~ 2 . 31. ;i:~ . ; i. 

EXERCISE LVIIL (p. 162.) 

1, x^~ 2 .r+j. 2. No common factor. 3. x- 3 . 4 . x^- 3 x + 4 . 

^r~J. 6. 2x-t3. 7. x~2, 8. x^-\-x + 3. 

EXERCISE LIX. (pp. 163—64). 

I. 2. 72 xy^z\ 3 . 48aV;V5. 4. 72 oaH>^c^. 5. ab'‘[a^^rx) 

X (rt - .r). 0. 2x^{x - 2y{x 4- 2 ). 7 . xj'( 2x 4- 3y)(2.r *- 3 y ) . 

8. (.r~6)U'- i)(.r~4). 9 . x^3x-7j')(^+J'X3'^'-^^J')> 

10. x{x 4- 4)1-^ + 3)U‘'* - 4.r 4- 16). 11. ab(a - 2b){a^ 4- 2ad 4- 4^^}(a - 3b). 

12. (.r4-y)(.r*4-j''’)(.v-j). 13. {x'^ - a^){x^ + (rx~ 

1 4 . ( 2 . 1 * 4- 3/ -4- 2.r - 3;.' - z){3y 4- 2.r - z) . 

15 ('^ " 3)(-^' ~ I I- -)C + 4)- 1^* I +.r"’ 4-.r'^. 

17 . 1 6 .^’ "'6561 (f'. 18. 24 o(.r - I )‘'(.r 4- 1 fix^ 4- 1 )( 4 '" 4- .r 4 - 1 )(.i''‘' ~ x 4* I ). 

19. i)(3r"- i)(3'^'' + i)- 20 (,r- iH.r 4- 1). 

EXERCISE LX. (pp. 165—66). 

1 . 4- 2.r -f i )(3.r > - 2x - i ). 

2. (a'^4*.i'-- 10). 

3. (.r^ ~ .t I )(.r ' - I )( ,r 4- 1 ). 

^7.t'-3.rX3^^" - 2.ij4-.rL«3-L- 5'0'~2y). 

5. i.r’ - 2.t ^ i)(.v4- 5)v.i"’ - 5-^' + ^)* 

6. (41'-^ 4 - 1 1 y.i' ~r 8 i.r-’)(3.r- ~ 2xy 4 - 4.91'= - 2r'), 

7 . t .r" - 2.1 •> -f .r" “ I )U ‘ -r .f 4- 1 ). 

8. (.V- i)( r-2)i.r-3)(.r4-2){.r4-4j' 9. (9.r= - 4)(4.L - 9). 

10. ( 5 .r- I i)(7.r^ - 2,1 ^ - y.r - 2 ). 

II. - lYiyt^-x-i iX3-C"4-r-i). 

12 . (.1-3 4- -r' 4- .r - 6) Lr-^ - i ^ 4- 4 " ~ 53-^' + 2 1 - I o.r-' 4- 33x ' 

-44XA-20). 

13. (r- 3 )( 4 .t" 3 -- 2 ar' 4 -i 7 *v- 4 ) 

14. Cr* -j 7 (x~ 2i9X-r 4-4r)(-r4- 5/)(,L - 5^7. 



ANSWERS. 


EXERCISE LXI. (p. 167). 

4. /// ~8, ~ 2J. 

EXERCISE LXII. (pp. 171 -72). 


1. 

2 

* 

3 r‘ 

SJ y-' * 

3 . 

3 ^?Vp'' 

41 

4 . 

_ 

6 . 

x"* 4 -ji 74 - 3 '^ 0 

X 

rt 

«r/(<^ 4 -A) 

8. 

.r -yz 


y 

1 • 

A 

yz- 

9 . 

d 

¥ 

1 

4 

a — h 
~ ab ‘ 

11 . 

(V-fAK^’ - A) 
('r' 4 -< 2 A 4 - A )== ‘ 

12 . 

2X ~ 3J-' 

2X 

13 . 

<?4-2A ■ 

(f 7 -j- ^ 

<r2 4 - A - 6 ’ 

15 . 

'■*■-''. 16 . 

■’■ -/ 4 .r 

“■ 3 
“ 3 ‘ 

r 4 - 2 

17 . ^ 

3.r~ 1 


18. . 

a¥2b 

19. . 

2X-3}’ 

20 . . 

X- < 

21 . 

.t' - ry 

22. 

23. ‘'-’--."l+A . 24. 3-''-+ ‘ 
'2x¥j’ 


26. 

5 r E 2 

27. 

28. 

4-r4-/ 

39, ""1 ''' 

— cr 


— (yah - 3A^ 
£^- “ 4^j'A - 2iy 



X-\-7 
.r t () ’ 
a — 2 /' 
a 4 4/'’ 


31. ^[4-72£+Jil-)_32, 


34, 

2X 4- 5 1' 


2r--.+ .^._5 

7 -r -- 5 


33. 


3 r'-rK rM- 9 .r 4'2 

3.r'”- ioi" + 9x~ 2 ' 


^ 4- lO'zV^ 4 - 4 - 27 rt/?' 4- 6 M 

2 ii* 4 - 6 a 'A 4- 1 /y 4- ' + 1 3 /A 


EXERCISE LXIH (p. 17 1)- 


1. 

Af,ir acy ah 7 

2. 


3.9\ ^'9 


abc ^ (the ' (the 

r2A£ ’ ^/Ar 

• £?A,-' 

f/A an ab 

4. 

{a¥bY 92 — A 4 


cai y- 

n ah{r.-x) 


a^ — b^ ’ a^ — b- 

£/Ar ^ 

abc 

’ abi 


0 a%t-{-a) x^Lv + a) axix — a) ^ 

ax{jr 4 -a) ’ ax(,r 4-ci i ’ ax{x -¥<11 * * 4 ( 4 - 1) ’ 4(.r 4 - 1 ) ’ 4f.r 4 - 1 J * 

0 xHx-2y) 2xy^ ^ 3 -t' 4-4 3^-'i:4-2i ^.r 

(.r - 2 yf * {x 2/ ) ' ‘ ’ ji'Cr 4- 2} ' r\x i 2 ) ’ ,r(.r -f 2) ‘ 

^ ^ M^a - A) $a(a 4 - A) 2izA' 

aV-A-I’ A(/ 2 =^~A 9 ’ 

^ "t ^ J + 2 ) ^ - .r 4- T ) - 0_ 

.r(x^ 4- 1 )(x - I ■* ’ ..r(jr^ 4- 1 Yx - i) * xix- 4- i/x - i )’ 



XX 


Matriculation algebra. 


(^-SY 


12 . ^ - 

.4i6*37«,, 

exercise LXIV’. (pp, 178-80). 


1. 2. 

6.V 


6 . 


()a 


a* - 


a 4. ^ 

9^'~25^‘‘ ‘ ' 


, ,, tr-cr 

, - . 7 — I i.v ~ 8 2jir^ -4- r *7 V -i_ nC 

/• T^TTwV '.r • 8. -±i^±3« Q 


(.r + 4)(;v-2) 

I 


10 


- ■ / + ^' 

16. 4x^-4x-+7 

2 ^ (3-t-+i,)14.i-5)u.v-2r 

(.4 <■ + 1 )i 3.r - , , • 30- .,tVrr,r,:r-° -21. 


')(-<^ + Sr 

• 14. I. 15. o. 


22 . 


2(.t- +,.»-)...»■) 


•4 "f r I I 


•'■f-r-3A.i--4)’ 

. 23. o. 24. 


(.-V u)i^x -f- d) 


25 •>+'■ . '+v + i), 5 ^+,V 

(.r--,),-,:+Tr 26. .27.- ^+<’ 

^ '^-3)<.<^ + 2)(.t- + 4)(^ + j,- 

28. o. 29. ,*' * .T^n .>'(•*" + I o.rv+ ? 3 v”^ 

4/.)- '::.tj;^3v;u-4)(W)- 

SI. 3(., ■+.,). 32 33. ,. 34 . ,. 35 . ,. 


30. 

40. 


(f* ~ 1 6?^ 
i6,r 

I - * 


. 37. 


a* ~~ .r^ ' 


38. 39. ^ 




a 


E.VtRCISE L.W. (pp ,g2_g,j 


1 . 

a' 

b^' * 

2. I. 3. 

.r®r 

2 r*,i y * 

7. 

2X^Z. 

O a X b 

®- ;t7/ 

. 9. ’ -r. 

10. ^+- 



4-5 

jr + 3' 


25 Q i6xY 

J‘~ ' 25^5*! * 

11. r. 12. 

(a-d)^' 
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EXERCLSlil LXVII. (pp. 190-92). 


1 . 

b{a~ X) 

2 . 

.."+^ a 

, 2(1 !^r-l- 3 .r) 

4. 

2(7.r-4:;<fv) 


a 


a 

5 ^ 2 

x + yvi 


9!4.r)’- 3^7) 

5. 

ad -f be 

6 . 

7, 

2a b 

8 . 

6 

9. 


ad - be ' 

ax^by 

a + b' 


-4) * 


10 . 

x^-j-ax-{- 

•ex — x + ae— b 

11 . 

a^ ~ bd 


12 . 


O'* •+• ax -f- bx -p X H 

\-auy<. 


at ybd 


u-yb' 

13. 

ab 

14. 


15, 

. 10 . 

2a 

, 17. 


a'^->rb- ' 


9,r - I * 

a 


I - a- 


18. 

X. 

19 

20 . <r 

- 3<2 + J. 

21 . 

u 22 . r 

t 

23. 

2b^(a 

-b\ 

24. 

t'-* - 3 

f 

25, 

.ri 3 r -f 2 ) 


a\a^ — ab 4* 2b^\ 


X’ — 2. 

r 


4 f.v^- .r - I) ' 

26. 

7X-2 

27. 

.r* 

28. 

2 . 

31. 

5-’' + 5 


3 .r-i * 

x-’-yr-^ i ' 





T 

-TX +73 ■ 
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EXERCISE LXVIII (pp, 200-03). 


4. 0 . 5. 


(<2 -f ^ -r c)" 

ah' 


6. -r-'-r-T-rT-^rr”; • 7 . 


3 9 

;f 4'2 ' ' {.r- i)( 2 .r - 1 ) 


+ j oa>b + ‘ 

10 . 


12 . 

17. 


13. 


Aa'x 
~ a 

“E- 18. .v“ + 2 . 19, 

a~b 


14. a~b. 15. 


a + ^ + r * 
2 a^ 


11 . 

10 . 


a 

ah 

a + b‘ 


(«»+*”)» • 

v-rE- 20. I. 21. -(«+/» +4 

22 . lia-^b-^c). 23. «+^+r. 27. 12 , 28. 2 (^z+^+^). 29. a + b+e, 
30. 6 , 31. o. 32. o. 33. i. 54 i. 35. a + b + c. 30. - 1 . 
ab-\-bc-{-cci 
a'^b\'‘ 


37. o. 38. 


39. 


abt ’ 

42. a-\-b + c^i. 

fn{a - - r)Cr - «) 


40. ;i-. 41. 2 . 


(/> + i')\C ■^a){a-\- b) 


44 45 o 


1 

abc ’ 


48. bi' 4* ca 4" ab . 
52. i. 


49. 


46. c. 47. 

50. I. 51. 1 . 


br-^ca+ab 
{<i 4* byb 4- -{-a) 

63-/4-^. 64. i(a + ^4*i’)4-/. 


MISCELLANEOUS lElPERS II. (pp. 203 - 09 ). 

Paper I. 

1. 41 ^- 51 ^. 2, 4’i-r“4-2.r- ' 6 . 3. (.r“4-2,ry4->0*- (-r^- 2a:74-y'')E 
4. (i) [x- 4* 2 .rp 4- 2r){x " ~ 2xy + 2 x) ; (ii) {x - 2 /){ x^ 4- 2xy 4- 4^!r“ 

4-8.t73 4- i6j4) ; (iii) (/){pq -x^), 

6 . (3r + 2 )( 3 r- 2 H 3 .r- 3 )( 2 .r 4 - 3 ). 0. 

3 ,i'’( 2 <« 4 ' 5.r) 




8 . 240 . 


Paper II. 

1 . (i) |.r3-~5z> + J.ry4-9y. (ii) 2. 4;r“/*, 

3. (0 (jr-2)(.r»4-24:-8); ( 2 ) {.r4- r)’(3^"-9jir4-8). 

{ 3 ) (9fP4'6a4-4M9‘*'‘“6«4-4L 4. 133 . 5. x-- 2 y. 

6 . 7. - i. 8. Rs. 735- 
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Paper III. 

2, i6(x* - - S(x^-yj'^)a^'ha*. 3. x^i2x + 1 )(jx - 2)(7,r - i )» 

5°> 5‘- 

Pape.. IV. 

1. C^'+S). 2. X +jy + r-y-x_ys. 3. (l)(t r7' ''r 4- 

X (x^ -ax + a%i » - a^x^ 4- ^?*)(.i'‘ 4- a') (2) {x -y}(y - - s) 

X (.r4->'4-.':;. 6. See ex. 21, (i) and (iij. p. 119. 

r, / V 2.r r, x~ -z ^ 

7. (a) y ; 8 . 7. 

Paper V. 

1. .r®4-2.r4-3. 2. (^ - 4- 2^:)^ 4. ■ - a')i ~ a'/A + (c 

7. ._£!±kv±.v: 8. ?o, 

.r(4.T^ 4 - 1 3.^4/ 4 - 64'" ) 

Paper VI. 

1 . (i) (37? 4 - 2j')(3a - 2 v)(x - 3f^)(.^'" 4 - 3^/.r 4 9 ^^*) : ( ii ) (x - a)( r-lA. 

3 Cy.C.J/. .* a.t4*^' ; : (a.i'4*/^)(/>.r 4-rXr.r4 4-ajiy.t'~- />}' 

5 . (i) ; (2) (T 4 ^x 7 j(r- 7 c 9 (- 2 ~x)<-:’Pj)- 

1. X— 2m + 1 . 8. I. 

Paper VII. 

1 . 4 * (a 4- ^)x‘ 4 " 2adx 4 - 1 . / 

3. {x^ ~ ".r)(r'' ~ xf), Ur 4- 2al^ 4- 2/^- )(«* ~ 2ab 4 2//)(73:’ 4- zb'^) 

X (a' - 2^’). 4 . a — 4. 5 . x - 2 a . 6. i 4 4 a- - 1 6^3 ~ 32^4 4 64^*'-'. 

7. a^-pa^^qa-r^o. 8. ^ , + • 

Paper VIII. 

2 . (i) (Ar4 !)(8.r®-* 8.r43) ; (ii) {ab + be -U ca){a b ^ c). 

3. .tr* 4 2jr 4 3. 4. (.r“ 4 1 )(a' - i )3(> 4 I fix ^ - at 4 i ). 

6 . Sx^y-hioxy*- iox^y+S-r^y-y°> 8. (i) l, (iij 



XXIV 


MATRICULATION ALGKBRA, 


Paper IX. 

1. s. {X ~d)(?x~ay ; {2) + 

5. i7x-T2)x. 7, p~i6m\ 8 (i) I, (ii) 4 . 

Paper X. 

3. (.r+i'+ ~)(3^P V ; (2a^ + 2ad + d^){2a^~2ad + d^){a^ + 2ad 

+ 2/f^}(a^ -~2ad+ 2/^^), 4. x+y. 7. (1) (ii) j, 

{a-bf 

Paper XL 


2 . .r ~ I ; (.r^ - 4,1* ~ 4.1* - 4 )(a'-'^ - i ia-+ lo). 

3. ^abcd~ a* - d* - - r-* -h 2a^If \ 2aV= + 2(fd^ + + 2b^d^ 4- 2C^d\ 

6. (i) (3A'™ i)(.r--2; ; (ii) (7^* + i ra +6i)(l9a‘ - 3^ + 2 1) ; 

(iii) (;»r--rt+ 2)(3.t'+3<^+ i). 6. See ex. 23, p. 119. 

7 . fi) X. (ii) 2 (^f 4 -/; + r) 8. . 

5 

Lapkr XI I. 

1 . (i) Uf y - ar)x'‘' + 3by"‘ 4- ( a" 4- r" - ac)d^ + sb{a ~ c')xy 4- 3b(c - a)ys 
+ { 4 cu--a''‘-('‘)xv ; (li) (.t'*- .t' 4 - i)(/a- 4 -^^). 3 . 2 a** 4 ' 5 a~ 3 . 

4 . {.r~i)(T- 2)(.r4-3)(T + 4)(A'-5)('^* + 6). 5 . i. 6. i, 7.1. 


EXERCISE LXIX. (pp. 212-13). 


1 . c)d’//^ ; 2 j(i’b'\ 


3. i 

d'x^b^y'' ; 

yct^X^’df'v''. 


5 . 

4<7'’ ^n‘‘ 

. 6 ; 

xy' 

27 fJ’'b'^ 


b^c* ’ bv'- 

xy'^ 

a. 


- -7 "'' 9 

a’-'b ^ '. . 




2 . 4 .x\}'^x'- ;-Sxy^ 2 :^\ 

4. a*b^c^d^ (dd'c'hi^^, 

10. 11. a^''b^^c^^. 


12. a> 


13. 




14. 


* 


EXERCISE LXX. (p. 214). 

1 . .r< + 8.r-H24-i‘* + 32-^ + 56 . 2 . jr^ 4 - 5 .^ 4 + io.r^ 4 - iar" 4 ' 5 A* 4 - 1. 

3 , jr’--Sx 3 + 24.ir»-32.i 4*i6. 4. i ~ 5 ;r 4 * ioa*"- 10,1*34- -a'S. 
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5 . a* + + 24a® 4 - 1 6M. 

0. 1 6a* ~ S2a^x 4 24a^x^ — Sax^ +x*. 

7 . i6a* + g6a^/^ + 2i6a^4-2i6alf’ + 8i^, 

8. I - WX+ 40x^ -~ 8o.r3 + 8 o.i-^ - 3 2x^, 

9. 8 T - 432a: 3/ -f 864 ^-=*^® - yOSxy^ + 2 56 ^'^ 

10 . 4 I oa *3 4 4 Zoa^b^ 4 ^oab* 432 

11 . I 4 7 .r 42 iA ‘^4 35 Ar 3 4 '' 5 r» 42 i ,‘^4 7 A'® 4 .V', ^ 

12. - 8a'" 4 2Za^ - ^6x^ 4 yo-r^ -- 56 a''*4 28 ,r^ - 8,r 4 I. 

13 . 1 6a* - 1 6oa'^b 4 6 ooa‘^b'' — x oooab-^ 4625/4. 

14 . 4096^;*=' - 1 8432.r' V 4 3456oA'y^ - 34 560.1-';^' 

4 19440.14'’'“^ -* 5832.r’945 4 729 v' . 

15 . 2 a* 4 1 2 a^b^ 4 2 b** 1 6 . i Ga*b 4 20<fb ^ 4 2//\ 

17 . ^ 432.-c^4'^ 4 1624^. 18 . 2 4 3 o.r ' 4 30.r^ 4- 2 r'\ 


EXERCISE LXXI. (pp. 216-17). 


1. 4^?'-* -hgb'^ i- 1 6 n 4 2 5 ^/^ — 1 2ab 4 1 6 af - 20 aii - 24 bc 4 '^obd - 40 cd 

2. I 6a'^^ - 24 Ar 5 4 2 54 ^ - 204- 4 1 04^' ~ 44 4 f . 

^ a- , 2a 2b 

5. I 4 £2® 4 h' 4 r® 4 - 2^? 4 2^^ - 2c 4 2d~ 2ab 4 2ac ~ 2ad - 2b^ 

2bd ~ 2 cd. 

6. 44' ~ 1 24 " 4 1 3.4 - 1 44^ 4 2 54* - 2 24' 4 I OA*® -124 + 9. 


4“ 9-v' 3'^' 3 


7. 


274 ® 

649^^ 


8 - 


a^— ^ 


r 274®_^^4 

87 +^j,- 

b^ 3 ^ 4/4 3a^ 


^T. 

c 


9. 43 — _ - 64 4 

43 4 


10 -"i _ + 1-" + 3 i _ + 3 ^-’" _ 6,. 

( 5 J 6‘ ^ d «” ^ a ' 

11 . 843-2 743 4 542-3 '^ 6 xy 4 5 417'' 4 48.1'®:: 4 964 r® 4 I o8/®2 

- I 442 r= 7 - 14447^. 

12 . r - 64 4 2 14 ® - 44r^ 4 634^ - 544^ 4 2744 

13 . <3® 4 sa^b 4 6a*b^ 4 ya^^ 4 6ad^ 4 ^ab^^ 4 b^\ 

14 . 274^-1 084^ 4 1 98^'' - 23 54^' 4 2040 - 1 3 2A+ 4 6543 - 24.1® 4 6 1 

15 . -146. 10 . 63. 

17 . 4 8a"/> 4 iZa^b'’ 4 56^5^3 ^ ^oa*b* 4 S6a^b^ 4 2%a^id 4 Zalf^ 4 /' . 

18 . 4 6^?^^ 4 I 4 zod^b^ 4 i 4 6ab^ 4 
iS 



30CVi 


MATRICULATION ALGEBRA. 


EXERCISE LXXIL (p. 218). 


t 

Sa’A?, 

2. iix^yz*. 

3. ^abc\ 

4. 


5. 

yii 

6. 


a 

^yyj 


^xr ’ 

ya^z 




[In the Answers from i to 8 the signs may be both-f and -] 


9. 

2a¥ 10. — 

♦ 

11, 5/2Lr3. 

12. 

- 4^3^®, 

13. -=1^. 

5a3^ 

14. 

6aLt:3 - - — ab* 
bf ' ' ic^ ' 

16 

17. 

ycf. 

la 2a!y5. 

19. 

20. g 

21 

22. 

2zy‘ 

"ix^' 

23. 

3 ^ 

24. 

26. 

(^V3 ^3 

In answers to 

sums 17,20,22,23 and 28 the 


signs may be both positive and negative. 

EXERCISE LXXIII (pp. 2i9»2o). 

1. 2. 3. 5;r4*2j'. 4. 

5^ 6. 2j/)(jir-h3^). 7. (.r- 1)(4:- 2)(ji'4- 0* 

a ^’+-'- 3 . 9. a/>-ac+6c. 10. i +-^'*1. 11. 

Jr* a -’0 

12. — <5* 4* i"® — nT*. 13. 3a’~a^4-5^®. 14. ax'^by-^c::. 

15. + " + + 17. .r'' + 8jr4- ir. 

18. x^^ ir,r + 2r, 19. ;r^4'8,v+io. 20. by-^-cs-ax. 

EXERCISE LXXIV. (pp. 223-24). 

1. .tr"4'2r-3. 2. 3Ar® + 4x-2. 3. + 

4. i4-24r~3r®. 5. 6 . + 3 ^’ - 42 : ~ 8 . 

7. 4.r3-5x®y4*6.rj’>-7>'3. ^ + 


10. Ar34'A4-2-~ 


, ^ a'^ 3<t 3^ 


12 . 

’ 2^ 3 ^ «? 


18 . 14 . (t) (ii) x~ 2 . 

16. (i) t+^-ix^ + j\!Xi-rhiX*. Oil O") l-f’ 

+iJf + -r'sJf’. (i) l+x-7xf‘ + 2 x\ 16. Ax-ia+ty. 
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EXERCISE LXXV. (pp. 227). 


xxvii 


1. 2a -3^. 2 . 4 ^ 3 /' 3 . 2a- I. 5 . ^--4. 

3 

10. .r’-.t+l. 

Xl. \x‘-y:y + 2y\ 12. x’+.vy+y’. 13. *-!+-. 

4 -t 

14 .£j_^+ 3 . 16 , (i) i+i;r-j 4 r*. (ii) 16 . .r=. 3 . 

17 . (i) + (ii) 18 . ( 5 ) .r+i (ii) X"\ 


1. d-^a. 

,5 


EXERCISE 

2 - ab 

(X-C ' 

6 . yn-k‘2. 


LXXVI (pp, 229-30), 
Q nf-imnArpn 

• 

7 . a. 


4 . a. 

8. 2(a-f((!^). 


EXERCISE LXXVII (pp. 230-31). 


1. 3. 


2. o. 


Q ah-cd Q 

^ y 

r-f- a - 


3 . I. 4 . 2. 
10. o. 11. 


5. £ 6 .-:. 

a* — ^ 




12 


7 ? 

• • H* 

_ - 


EXERCISE LXXVIll (pp. 232-33). 


1. 4. 2. 7. S. 9. 4 . 5. 6. i 6. 9. 7 . 19. 8. -J. 9 . 44. 
10 . -3i. U. -|. 12 . 20. 13 . 1^. 14 . J&fs. 15 . 7, 16 . 5. 


17 . 4 ‘ 16 . <*+^. 

21. «-*>. 


19 , 


22 . 


4a 

^1^2 -f* -f a^aj 

l-{-fn4-n- Im^ - 

I — /;« - w/i — in 


2a 


^V4 - ^ r^-fr^a-f ra ^-f a^b-^a b* 
-iibc’^ca^ab) 


24 . a + ^. 


20. JOf? ^ 24//. 
nP 


26 . ?(a-fn. 


EXERCISE LXXIX (pp. 235-36). 
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8. I. 9. H ‘ 10. 11. 72 . 12. 10. 13. 2. 14. i*. 

15. 3- 16. • Ml- 17. 3- 18. si 19- 2|. 2g. fr- 21.-^^. 

EXERCISE LXXX. (pp. 240-41). 


1. -S. 2. 4i. 3. -52- 4. 

*fl4 R _^2T fl 4 7 5? 

7 3* ‘a'ag* -Sq- »• T-y 

8. ~ ^lm{b -h tf). 9. -4". 10. 

-55. 11. 12. 13. 16 . 

14. I, 15. 16. 7. 17. 

t. 18. A 19. -II. 20. 

21 . 2. 22 . 2. 23. 

a + b 

Od. 

a4Z» 

^ ^ 4 ab"^ - bV 

ac “ zab 4 be. 

2WW - mp - nip 
zlmp — — In 

4 c - 2a 

27. 2(f-a-^). 

EXERCISE 

LXXXl (pp. 243-44). 

1. 2. 2, 3. 3. 13. 

4 . -It. 5. . 

im-n-k'C 

7 . 8.4-.. 9 . ;fa+/,+3). 10 . 13. 11. -li. 

ma-^nb 

12. 13. -A14. 

15. 2 ’. or 0. 16. - 17. - 


18. 


f>n (;7 -/) 4- mn{ m — n\- />ml p - in) 


19. 


ahc ~ abd - cad — car 


2n(p — 111) . ^ 

EXERCISE LXXXII (pp. 246-48), 

1 . -< 1 . 2 . -6.3.'^'-". 4. -9- 5 . - 3 J. 6 . - 3 ;. 7. 

8 . a-h^ + r. 9. 10. bc^ca^^ab. 11 . + + 

-1- 2a/> 4 2i7(; 4 2hi\ 1 2. - - r, 

/>r 4 ca 4 ab 


13. -f±-^ 14. 4. 


15 . 3 ;. 10 

20. -H- 21- - 


abc 

2ab 

c 


25. i. 


26, 


ab 

a-\-~b * 


22 . 

27. 4^. 


17. oor,-|(« + ^). 18. 4. 19.2. 


I 23. a+k 24. 


30. 31. 


28. 4 . 


29. 


__ _ 32, . 

4 ///’« - 4. 4* ^ - r - (/ * 



CHAPTER XIX. 


PROBLEMS LEADING TO SIMPLE EQUATIOxNS. 


X. The subject of problems was considere.! in Chapter XL 
We shall here add more iilustrati’'e examples. 

Ex. I. A farmer bought equal numbers of two kinds of sheep, 
one at each, the other at each. Had he expended his money 
equally in the two kinds, he would have had two more sheep than 
he had. How many did he buy ? (A. K. 1891). 

Let .renumber of each kind of sheep he purchased. 

Then 2a^’ = the total number of sheep bought. 

Hence, the total sum spent on tw / kinds ~ + — ,^7u-. 
If he spent his money equally on two kinds, then the number 

he would have in all— + “ •-^4. 

By the question therefore + = 2.1 + 2. 

0 o 

Multiplying both sides by 24, 28jr+2iu' — 481 +48. 

48. 

/. The total number of sheep bought - 2.v — 96. 

E.k. 2. A person finds that if he invests his money in the 4 per 
cents at 98, his income will be Rs. 39 less than if he invests it in the 
5 per cents at 112 ; what is the sum to be invested ? 

Let Rs. ur^^sum to be invested. Then his income from invest- 


ment in the first kind— Rs. and his income from 
98 

in the second kind — Rs. . 

1 12 


investment 


, . 5-r 4u- 

By the question - ^ - ^g==39- 

Multiplying both sides by 784, 35ur - 32.r — 784 x 39, 


or 3^ — 784 X 39, whence x 


784 X 39 


- 10192. 


The sum to be invested = Rs. 10192. 

P.— II.-.1 
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Sx. 3. ,A man selling mangoes gives away half his stock and 2 
more to one person, y of the remainder and 8 more to a second, 
then ^ of the rem ainder and 2 more to a third, and finds that he 
has only 2 -eft. Bow many mangoes had he at first ? 

Let be the number of mangoes he had at first. He gives 
^ 4-2 mangoes to the first man. He has ;tr- 


to 

28 


( ;r \ . X 22 

^-21 + 8 z.e., ^ " mangoes 

( V A ^ V 

2 / V6 3 / 3 3 

( V 28\ 2X 38 

• 1 + 2 Z. €. - - 

3 3/ 9 9 

, , (x 28\ (2X 38\ . ;i- 46 , . 

mangoes ; he has ^ ^ ~ ~ V / 9 "9 


By the question 


.r 

9 


4b 

9 


18, or, .r — 64. 

.'.He had 64 mangoes originally. 

Ex. 4- A person walked out a certain distance at the rate of 
3’ miles an hour, and then ran part of the way back at the rate of 
7 'miles an hour, walking the remaining distance in 7 minutes. He 
was out 35 minutes. How far did he run ? A. E. 1890. 

Let X miles — the distance the man ran while returning. 


In running back this distance at the rate of 7 miles an hour he 

took ’ hour, or, X 60 minutes. 

7 7 


While returning, in 7 minutes he walked miles z>, 

miles. 


The total distance, he ran and walked while returning — (a' + 
miles which is also the distance he walked out at the rate of 
3* miles an hour. In walking out this distance he took 

V + - "* ^ 

^ ‘ ' ' hrs. ~ (a* + i+D;- x 60 minutes. 


X 

7 


. The total time he took in walking 
<7 X (So 

X 60+ 7 +(.V+ A':;)*'- ^ - minutes. 


By the question we get 

.1- X 60 , / . 49 \2 X 60 


out and returning back 
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Multiplying by 7, 6o.i'+494- i2oa'4'49 = 245 or iSo.r- u; 

180 60 

The man ran 55 mile. 

Ex. 5. If 19 Ihs of gold weigh 18 Ihs in water, and 10 II >5 of 
silver weigh 9 Ihs in water, find the quantity of gold and silver in a 
mass of gold and silver weighing 106 li»s in air aiml 99 Ihs in water. 

(B M. 1888). 

Let .renumber of pounds of gold; then 106 - number of 
pounds of Sliver in the mass. 


Since 19 Ihs of gold weigh 18 ihs in water, /. x Ihs of gold 


weighs X 18 l])s in water. 

19 

Again since 10 Ihs of silver weigh 9 Ihs in water. 

of silver weigh - — ~ x o Ihs in water. 

® 10 ^ 


. Ihs 


The total weight of the mass in water -the weight in water 
of gold in it + the weight in water of silver in it. 

_ i8;r (io6--V)X9 
19 10 

,, , • 1 r . (106 ~x) xg 

By the question therc:fore 

Multiplying both sides by ’ we have 20.r4-20i4 - 191 - 2090, 
whence x — yO. 

Thus there are 76 Ihs of gold in the mass and hence (106- 76) 
or 30 Ihs of silver. 


Ex. 6. A and B can do a piece of work in / clays ; B and C in 
y days ; find in how many days can (' and A do the work, supposing 
that A can do r times as much worn as C in a given time. 

Let iv denote the proposed work. 

‘-- — the work done by A and B in one day ; 

P 

and — the work done by B and C in one day. 

Let X days — the lime in which alone can d^ it. 

HJ 

\ - =the work done by C in one day ; 


and ~ —the work done by A in one day. 
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IV f'W I 

Hence - or =the work done by A and C 


in one 


day. 


*. The required number of days 
.r r-h I 


Also 


7xy rw w w 'u, 


+ or ^ — {r- i) = work done by B and C in one dav. 

P X X P X “ 

.. — {r-\)~ , whence .r = ir~ i)-— . 

P X g ' q-p 

Hence the required time in days= V 

^ r+i r^rl\q-pj 

Ex. 7. Two passengers have together 7 maunds of luggage and 
are charged for the excess above the weight allowed Rs. 5 and Rs. 7 
respectively ; had the luggage all belonged to one of them, he 
would have been charged. Rs. 13. How much luggage is each 
passenger allowed to carry free of charge ? And how much luggage 
had each passenger ? 

Let X maunds™ weight allowed free to each passenger. 

Two passengeis get an allowance of 2 x maunds and hence 
they have to pay for (7 2.1) maunds. 

'Fhe charge for j ~ 2x maunds ~Rs. 12. 

The charge for 1 maund— (i). 

^ 7 - 2 X 

Again if the luggage belonged to one person he would have to 
pay for 7 -~x maunds. 

The charge for 7 ~x maunds by the question = Rs. 13. 

/. The charge for i maund ™ (2). 

I Ot J 

From ( I ) and (2) ^ ~ _ , , or, 84 - 1 2.r ~ 9 1 - 26^ . 

7 2 a 7 a 

141-7 

/.t\, the weight of luggage allowed free- I maund. 

/. Now charge for i maund of luggage from ( i ) 

12 12 

Ks ^ Rs.^ — Rs. 2. 

7 ” 2.1 7 ~ 1 

Since one passenger had to pay Rs. 5 for the e.xcess luggage he 
Rs K 

had maunds plus I a maund (allowed free) /. r., 3 maunds. 

The other had 7 - 3 or 4 maunds of luggage. 
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Ex. 8 . Two vessels contain mixtures of wine and water ; in o.ne 
there is twice as much wine as water, and in the other three times 
as much water as wane. Find how much must be drawn off from 
each to fill a third vessel which holds 1 5 gallons in order that its 
contents may be half wine and half w^ater. ( Ih E. 1890). 

Let .r= number of gallons to be drawn off from the first vessel. 

Then 15 - = number of galloi s to be drawn off f 10m the second 
vessel. 

Now the quantity of wine drawn from the first essel 


2 r 

= gallons. 

and the quantity of wine drawn from the second vessel 

- -illegal Ions. 

4 

'fhe total quantity of wine in the third vessel 

( 2a* 

'3 4” / 


„ , 2a- 1 1; ~ .1* 15 

By the question — + ■ ^ 

342 

8.r -h 4 5 - 3-1' ~ 90, or — 45 whence x ~ 9. 

Therefore 9 gallons must be drawn off from the ist vessel and 
therefore 6 gallons from the second vessel. 

Ex. 9. A garrison had sufficient provisions fur 30 months Vjut 
at the end of 4 months the number of troops w^as doubled and 3 
months after it was re-mforced with 400 men more, on which 
accc ints the provisions lasted only 15 months altogether. Required 
the number of men in the garrison before the augmentation took 
place. (B. M. 1872.) 

Let ar— the number of men in the garrison before the augment- 
ation. 

Then 30.1* the number of me . for whom the provisions 'luould 
have been sufficient for 1 month (i). 

Now the provisions wliich were used by .1 men for 4 months-- 
provisions of 4.r men for i month.. Jff). 

Again, after 4 months the number of troops was doubled /, e. 
became 2;i', and in 3 months they used provisions which -pro- 
visions of 6,r men for 1 month (3}. 

Lastly, remaining part of the provisions lasted for I5~l4 + 3j Lc, 
8 months when there were 2.1+400 men. Hence this remaining pro- 
visions —provisions for 8 X (2;r + 400) men for one inonih (4;. 

Hence from (2), (3}, the provisions would have been suffi- 
cient for 4:r + 6x+ 8{2 ;c + 400) men for i month. .....(5). 



6 


MATRICULATION ALGEBRA. 


[Chap. 


From (i) and (5), iox~4x + 6x-\-S{2x + 40o) 
or 30;ir- 26 a' = 3200 whence .r = 8oo. 

There were Soo men in the garrison before the augment- 
ation. 

Time and distance. 

Ex. 10, A who travels 5^ miles an hour starts 2j hours before 
/>’ who goes the same road at 4|- miles an hour : where will he 
overtake A v (A. E. 1889). 

Suppose the place w'here 7 > overtakes A to be .r miles from the 
starting point. 


Then A travels for hour before he is overtaken and B for — 

3i 

hours. But by the question A travels for 2-^ hours more than L\ 
since B starts 2 1 hours after A. 


X X 2X 2X 

H ence — ~ = 2 .i or ^ , 

41 7 9" 

Multiplying both sides by 136. we get 

3t'/ r - 2H.V = 315, or 8.r = 3 1 5 . 



The place where /> overtakes A is 39I miles distant 
from the starting point. 

3 Race. 

Ex. 1 1 . Two persons started at the same time from A. One rode 
on horse bach, at the rate 7* miles an hour and arrived at /> 30 
minutes later than the other who travelled the same distance by train 
at the rate of 30 miles an hour. Find the distance between A and B 

Let X miles — the distance between A and /A 


T 

Time taken by the first person to travel the distance— hours. 

Time taken by the other to travel the di^tance== ^ hours. But 
the first arrived 30 minutes or * an hour later. 

. .r __ X , 2x X , 

■'7^ 15 30”' 

4.1 or 3x- 15, .r-5 

The distance between A and 7?=5 miles. 

Ex. 13 A hare is 50 of her own leaps before a greyhound ; and 
she takes 4 leaps for the greyhound's 3 ; but 2 of the greyhound s 
leaps are equal to 3 of the hare's ; how many leaps must the grey- 
hound take to catch the hare ? 
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Let 3.r== number of leaps the greyhound takes :g overtake the 
hare. 

Then 4;t' = the number of leaps the hare takes in the same time. 

Hence the distance covered by 31* leaps of the greyhound — the 
distance covered by (4.r4-5o) leaps of the hare, for she was at the 
start, 50 of her own leaps before the greyhound. 

Now 3 leaps of the hare — 2 leaps of the greyhound. 

4.r4-5o leaps of the hare 
— (4a' rSo) X } leaps of the greyhound. 


Hence (4a' + 50* x | = 3-v or 8x4- too — 9 r whence a ~ 100. 

Hence the number of leaps the greyhound takes to overtake 
the hare — 3.r -^-^300. 

Percentage. 

Ex, 13. A person bought an article and sold u at a prohi 01 o 
per cent. Had he bought it at 4 per cert, less and sold at i'e. 1-3 as. 
more his profit would have been 12 per -..ent. Lor how mm h did he 
buy it ? iP. K. 1891 1. 

Let Rs .r — cost price of the article, d'hen the price he soUl 
it to gain 6 per cent. 



If he purchased it at 4 per cent. less the cos^ price would 



Hhe sold for Rs. i. 3 as. /. c. Rs, more, the selling price 


would = f^s. \ ~ i , 

( 100 16) 


Since by the question this price would linng a gam of 12 per 
cent. 

lo6.r_^ I9__ 9^a- 
100 16 100 


9. '4 

53f + 19^y:q,+ _3l , 

50 16 25 ( 2S| 


Multiplying both sides by icooo we get 

lo6oo.r 4 11875 = 10753-1' or J52,r= 11875 

153 8 8 

The cost price = Rs. 78- = Rs. 78. 2 as. 
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Ex. 14. Of the candidates in a certain examination 45 per cent 
passed. If there had been 30 more candidates of whom 19 failed, 
the number of succ essful candidates would have been 44*8 per cent 
How many candidates were theie? (C. U. 1890.) 

Let ,r be the number of candidates. Then candidates 

100 

passed. 

if there were 30 candidates more, the number of candidates 
would have been .r4-3o, and total number of candidates passed in 


4 ^ r 4 r 

this case would be— ™ 4-30- 19= ' +11. 

100 100 

Since in the second case 44'8 per cent, of the candidates would 
have passed we have 


45 ^ 


+ ii="^^_V' + 3o). 


Multiplying by 1000, 45 o.r+ 1 1000 — 448.1' + I 3440 » 
or 21—2440 whence 1220. 

/. The no. of candidates— 1220. 


5. Digits. 

Ex. \ 5. A number consists of two digits of which the digit in 
the unit’s place is double of the other : if the digits be inverted, the 
new number exceeds the original number by 18. Find the number. 

(C. U. 1896). 

Let the digit in the unit’s place — 2.r. 

Then the digit in the place =^.r. 

Then the number ~i x io-i-2.v— I2.r. 

If the digits be inverted, the new number will have 2 x in its 
place and .r in its unit’s place and hence — 2.rx iO'f.r- 2 i.r. 

]>y the question, 2i.r— 12.1 — 18, or 9.1—18, .r - 2. 

The digits in the unit’s place = 4 and that in the tenx 
place -2 and the number^ 24. 

6 . Clock, 

Ex. 16, At what lime are the hands of a watch together be- 
tween 5 and 6 o’clock ? 

Let x-^no. of minutes past 5 when the hands are together. Now 
the minute hand is at the 12 o'clock mark when it is 5 o’clock and 
hour hand is at the mark 5. In .r minutes the minute hand moves 
through .r divisions from 12 o’clock mark and by the time the hour 

hand moves through divisions, (the hour hand moves through 5 
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(isvisions when the minute hand moves through 6o divisions^ hei.cc 
;ts distance from 12 o’clock mark when it is x minutes past 5 -on* 
-inal distance from 12 o’clock mark to 5 o’clock mark re. 25 

viivisions plus divisions*™ ^25 + divisions. 

Hut since the two hands are together the distance between 
them=o. 



Hence the two hands are together at 27™ minutes past 5. 

N B. The motion of two hands of a clock may be considered 
10 be analogous to the motion of two men in a circular palh. Two 
hands are at right angles when they are 15 du i^ions ap »rt and 
opposite when they are 30 divisions apart. 

Ex. 17. A man who went out between 5 and 6 and returned 
between 6 and 7, fouud that the hands of his watch had exactly 
hanged places. When did he go out ? 

Let jr minutes past 5 be the time when he went out t.e , 
the distance of the minute-hand from 12 o’clock mark then was 
1 divisions. By the lime the hour hand moved iV m 5 o’clock 

mark through divisions ; hence its distance from 12 o’clock mark 
■25 divisions + divisions -- ( 2;+*^ 1 divisions. 

12 V 

When he returned between 6 and 7 the d;st.mre of the hour hand 
Irom 12 o’clock mark was .r divisions ~ the distance of the minute 
hand from 12 o’clock mark at tlif* time of going out. the hour 
hand moved through a - 30 division, from the 6 o’clock mark when 
he returned, in that time the minute hand moved through (x~ 30) x 
12 divisions from 12 o’clock mark. the distance of the minute 

hand when he returned was (a* -30/ 12 duisions from 12 o’clock 
mark. Hut when he went oin, the hour hand was at the same place 
as on his return was occupied by the minute hand. 

( r- 30)12= 25 + ^ or i44-r- 432o= 3cx) + 

. , 4620 4 

I43.r”4620 whence .r= -32 

M3 M 

He went out at 32 ™ minutes past 5. 
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7. Arrangement into rectangles and squares. 

(1) When a number inen is arranged into a solid rectangle 
with a men in one side and b men in the other side the total numbei 
of mcn~~£4//, for there are b lines of men, each line containing a men. 
If the arrangement be into a solid square with a men in each side 
{a men in fronl) the number of iTien=a^ for the same reason. 

(2) If the men be arranged into a hollow rectangle d deep 
with a men in one side and b men in the other, the number of men 
■^ab- (a — 2 d)(b~ 2f/), there being a hollow rectangle which if solid 
would have contained {a ~ 2d)(b — 2d) men. If the men be arranged 
into a hollow square d deep with a men in each side i^a men 
in front) the number of men = £2'* — — 2^2^)% for there would be 
a hollow square within, which might have contained {a — 2 dY men. 

Ex. 18, A number of troops being arranged into a solid rect- 
angle with 4 men in one side less than in the other, it was found that 
there were 60 men over ; but if the number of men in the smaller 
side be increased by 3, the troops would have just sufficed to form 
the rectangle. Find the number. 

Let ,r=- no. of men in one side of the rectangle. 
Then .r-q— no. „ „ the other „ „ „ „ 

Then the total no. of men — .r(,r ~ 4) + 60 = 4- 60. 

Again if the number of men in the smaller side be increased by 
3, the toial number of men 

ata- - 4 4- 3) = a-fr - I ) = a*" - a'. 

Hence by the question, -a*~a'^ •~4a*4-6o 
or 3a — 60, /. a ==20, 

The no. of men x' - a~400 -- 20—380. 

K-\. 19. An officer can arrange his men into a hollow square 
8 deep and also into a hollow square 7 deep with 2 men more in the 
front. Find the number of men. 

Let X be the number of men in the front of the first arrange- 
ment. Then a 4- 2 is the number of men in the front of the second 
anangernent. 

Since in the first arrangement the square is 8 deep, the total 
numlier of men -- a* — (.r - 1 6)-' — 32a - 256 ( r ) 

Since in the second arrangement the square is 7 deep, the total 
number of men — (a x 2)- - + 2 — 1 41* 

=^{x + 2 y~ (a - 12)*=^ 28a - 1 40.. .,.,(2) 

Hence from (i) and (2), 32,1' - 256- 28a - 140. 

4a — u6or .r =29. 

y. The number of men — 28 x 29- 140 — 672. 



XIX.] 


PROBLEMS. 


EXERCISE LXXXIII. 

1 A sum of ^200 was contributed by A, li and C. A con 
iributed ^lo more than A? and C less than A. How much 
did each contribute ? 

2 . A bag contains 258 coins some of which are rupees and the 
rest half-rupee pieces ; they amount altogether to Rs. 179. How 
many coins were there of each kind ? 

3 . A person had a sum of money to divide among A^ J>\ C. 
He gave A one third of what he had and 2 \s, 20 more, />' one ^.hird 
of what remained and Rs, 30 more, C one third of what was left and 
Rs. 20 more, and nothing was left to him. Hovy much did A, />\ and 
Cget respectively ? 

4 . A person bought a pictine at a certain piice and paid the 

same price for the frame : if the frame had cost less and the 
picture 15.?. more, the pric e of the frame would have been half that 
of the picture. Find the cost of the pi( are. (C. ic. i860,) 

5 . A workman was appointed for 28 days at Rs. 2. a day, 
but on days he was idle he was to pay A’c. i a day instead of receiv^- 
mg anything. He received A’^. 52. Sas. ; for how many days was he 
idle 

6. Two passengers are charged for excess of luggage Ab. 2: 
m all. Had the luggage all belonged to one person he would have 
been charged Rs. 23. They had in ail 12 maund' of luggage. 
What is the charge for each maund of excess luggage : 

7 . A person distributes Rs 40 among loo people, giving lo 
some as. 4 each and to the rest as. 8 each. How many w'crc there 
of each class 

8. A person bought a certain number of eggs; half of them 
at 2 a penny and half at 3 a penny. He sold them again at the 
rate of 5 for 2d. and lost a penny by the tramaction. What was 
the number of eggs ? 

9 . A boy spends his money in buying apples. Had he received 
5 more for his money, they would have cost a half-penny e.irh 
less ; but if 3 less, half a penny each more. How much money did 
he spend ? 

10 . A market woman sells 1000 oranges, some at a gain of 2s 
per cent, and the rest at a gam of 1 5 per cent, and thereby gains jH 
per cent, on the whole. How many of each sort does she sell ? 

lb. M. 1897.- 

11 . If 19 lbs. of gold weigh 18 I);s. in water, and 20 lbs. of 
silver weigh iS lbs. in water, find the quantity of gold and silver 
in a mass of gold and silver weighing 137 lbs. in air and weighing 
126 lbs. in water. 
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12 . A ship was sold at a loss of lo p. c. If the ship was sold 
for Rs. 2000** riiore, the gain would have been lo p.c. ; what did tht 
ship cost ? 

13 . A sum of money was divided equally among 24 persons ; 
had there been six more, each would have received a shilling less. 
Find the sum. 

14 . A person mixed 24 gallons of spirit at 95. a gallon with 
40 gallons at i i.f. a gallon. Fmd what quantity of spirit at 13.;. 9^/, 
must he add, so that the whole may be worth 12.?. a gallon. 

15 . The length of a field is twice its breadth ; another field 
which is 40 yds. longer and 20 yds. broader contains 4880 square 
yds. more than the former ; find the length and breadth of the field. 

16 . A and B start together from the same point on a walking 
match round a circular course. After half an hour A has walked 
three complete circuits and 7 / four and a half. Assuming that each 
walks with uniform speed, find when B next overtakes A, 

(P. E. 1892). 

17. A number consists of two digits, of which the digit in the 
unit’s place is thrice the digit in the tens’ place ; if 36 is added to 
the number, the digits are reversed. What is the number ? 

18 . Three persons can severally do a work in 6, 8 and 10 
days. • Find the time in which they can perform the work if they 
work together. 

19 . VV^hat is the first time after 7 o’clock at which the two 
hands of a watch are (i ) directly opposite, and (2) 10 degrees apart ? 

20 . iV cask A contains 24 gallons of wine and 36 gallpns of 
water. Another cask B contains 18 gallons of wine and 6 gallons 
of water. How many gallons must be drawn from each cask so as 
to produce a mixture ot 14 gallons of wine and 14 gallons of water ? 

21 . A person rides a distance at the rate of 12 miles an hour 
and walks the distance back at the rate of 4 miles an hour. He 
takes 2 hours in all. Find the distance. 

22 . A person looks at a clock between 3 and 4 but mistaking 
the hour-hand for the minute-hand reads the time 56 minutes earlier 
than the real lime. What is the time ? 

23 Of the candidates in a certain examination 35 per cent, 
failed in mathemaucs and 55 in English. 40 per cent, of the boys 
passed m both the subjects. Find the percentage of the candidates 
who failed in both the subjects. 

24 . A man wished to distribute a certain sum of money to a 
number of beggars. He found that if he would distribute 20ff. to 
each, his money\vould fall short by 9 </. and that if he would give 
iM, to each he would have 9^/. left. What had be at first and how 
many beggars were there ? 
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25 , A walks one mile per hour faster than B and three qna'ilcts 
of a mile per hour faster than C. To walk a certain distance /> 
takes three quarters of an hour more than C and two hours more, 
than A. Find the rates of walking of A^ B and C. 

26 . A garrison had provisions for 6o months. At the end of 
8 months it was doubled, and increased by 400 men 6 months after- 
wards, and in consequence the provisions were exhausted in 30 
months from the first ; find the original number of men in the 
garrison. 

27 - The sum of the ages of tvvo men ib 90. The age of one i> 
,Ub that of the other. How long is it since one's age was three 
times that of the other ? 

28 . A hare is 80 of her own leaps before a greyhound and takCb 
10 leaps for the greyhoimd’.<S 8. But in 3 leaps the greyhound goes 
a distance for which the hare takes 4 leaps. How many leaps must 

^ach take before the hare is caught ? 

29 . A cistern can be filled by one pipe in 32 rn unites and 
emptied by another in 40 minutes : .-iipposing it at first empty, 
find the time in which it will be filed when both the pipes arc 
open. 

30 . How many maunds of rice at Rs. 5 per maund must be 

mixed with 1200 maunds at Ks. 6 per maund in order that there 
may be a gain of 20 per cent, by selling the whole at Rs. 6. 14 as, 
per maund ? (C. E. 1875). 

31 . A and />* have the same income ; A saves -dhis income, 
but B by spending Rs. 900 more a year than A, at the end of 4 
years is Rs. 2000 in debt ; what is their income ? 

o 2 . A merchant makes a mixture of 200 gallons of two kinds 
of wine, one at lo.^. a gallon and the other at ip. a gallon, and sells 
each gallon for io.l gd thereby gaining y/. for each gallon. How 
many gallons of each kind must he take ? 

33 . I bought 25 yards of cloth for Rs. 223. 8 as. ; for a part I 

paid Rs. 8. 8 as. a yard and for th* rest Rs. 9. 8 as. a yard. How 
many yards of each were there ? (C. E. 1859). 

34 . Some engravings at 35.V. each and some books at i6.y, each 
w'ere purchased by a man. The total cost was ^33. los and the 
number of books was 10 more than the number of engravings. 
How many were there of each ? 

35 . A^s monthly income is 5/4 of B'i, and a third of A's income 
exceeds the difiference of their incomes by Ks. 80. P ind their res- 
pective incomes. 

36 . Two persons A and B start at the same time from the 
same place to travel round a circular course 72 miles in circumfer- 
ence. A travels 3 miles an hour and B 2} miles. After how many 
hours will they come together for the first time? 
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37 . Two towns -T and F on a railway are 64 miles apart. 

Coals at A" tost i8i’, per ton and at V i6s. per ton ; they cost two 
pence per ton per mile to carry on the line. Find the distance from 
X of the nlace, at v.hidi it is immaterial to the consumer whether 
he buys coals from X or from V. (A, E. 1896). 

38 . The number of months in the age of a man on his birth-day 

in the year 1875 was exactly half of the number denoting the year 
in which he was born. In what year was he born ? (A.E.1898). 

39 . A^s present age is 6/5 of />’5 present age ; 24 years ago 
A’s age was 4/3 of />’s. Find their present ages. 

40 . A paity of travellers coming to a hotel find that there are 

a too few bedrooms for each to have one. If they sleep two and 
two in a room, there are empty rooms. How many rooms are left 
empty, if they sleep three in a room ? (M. M. 1894). 

41 . Two passengers have together 7 mds. of luggage, and for the 

excess above the weight allowed free, one of them is charged Rs. 3 
and the other Rs. 5. If all the luggage had belonged to one pas- 
senger, he would have been charged Rs. ii. What amount of 
luggage is each passenger allowed free of charge ? (B. M. 1900). 

42 . A composition of copper and tin containing 140 cubic 
inches weighs 42 lb. ^oc. How many ounces of each are there if a 
cubic inch of copper we.ghs 5] oz\ and a cubic inch of tin, 4|- 0:;. ? 

(M. M. 1891). 

43 . Two vessels contain mixtures of wine and water ; in one 
there is twice as much wme as water and in the other three times 
as much water as wine. Find how much must be drawn off from 
each to fill a third vessel which can hold 15 gallons, in order that 
us contents may be half wine and half water. 

44 . An officer, on forming his troops into a solid square, found 
that there were 100 mm over ; he then tried to form them into a 
column with 10 men more m front, and 5 men less in depth than 
before and found that too men were wanting. Find the number of 
troops. 

45 . A greyhound finding a hare at the distance of 20 yards 
from him pursues her. He makes 4 leaps for the hare’s 3, but he 
covers as much space in 3 leaps as the hare does in 4. How many 
leaps must the greyhound take to catch the hare (Greyhound's 
one leap covers 1 foot). 

46 . An officer can form his men into a hollow square 20 deep 
and also into a solid column, with 10 men more in front and 32 
men in depth. Find the number of men. 

47. A bag contains 160 coins consisting of half crowns, shill- 
ings, six penccs and four penccs, and the values of the sums of 
money tepresented by each denomination are the same ; how many 
uf each are there 
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48 . A can do a piece of work in 20 days, but after he has been 
iipun it for 8 days, B is sent to help him and they hnisa it together 
n 4 days. In what time could B have done the whole ? 

49 . How much must be taken from each of two bars of metai, 
:he first containing 28 02. of silver and T2 oi tin and the second 
containing t6 02. of silver and 24 of tin to form a bar of 20 o., 

! ontaining 10 02, of silver and 10 on of tin ? 

50 . A train 234 ft, long luns at the rate of 24 miles an hour : 
and another 294 ft. long runs on a parallel rail (ii the opposite 
tlirections (ii) in the same direction, at the rate of 30 miles an hour. 
How long will they take to pass each other ? 

51 . A person rowed down a river a distance of 18 miles in 
hour^ with the stream and rowed bark again in 4* hours. Find 
the rate of the stream per hour. 

52 . When are the liands of a watch (i) it right angles (2) 
>n the same straight line (3) 10 divisions apart, Ui) between 2 and 
3 o’clock (/f) between 9 and 10 o’clock ? 

53 . Find a number such that whether divided into two equal 

parts or into three equal parts, the product of the part.s shall be 
i he same, (B M. 1894) 

54 . A person has a number of rupees which he tries to arrange 

in the form of a s(}uare. On the first attempt he has 1 16 over ; when 
he increases the side of the square by 3 rupees, he wants 25 rupees 
to complete the square. How many rupees has he ? (B. M. 1875). 

55 . A ship left Tlombay on a voyage of 3 weeks, with provisions 
for that time at the rate of i seer a day for each man. At the end 
of a week a storm arose which washed 4 men overboard and so 
damaged the vessel that the speed was reduced by half and eacJi 
man could be allowed only 4 of a seer per diem. What was the 
<iriginal number of the crew ? 

56 . A peVson bought an article and sold it at a profit of 6 per 

cent. Had be bought at 4 per cent, less and sold at A\\ i. 3//. 
more, his profit would have been 12 per cent, for how much did 
lie buy it ? < P. K- 1 891 

57 . If the cost of maintaining a family be Abe 50 a month, when 
rice is 12 seers a rupee, and is AV. 4^’ when rice is 14 seers a rupee 
(the other expenses remaining the same;, what will be the cost when 
rice is 16 seers per rupee ? 

58 A regiment was drawn into a solid .s({uare ; when, Sfrme- 
time after 1 16 men w^ere removed from it, it was auain drawn up 
into a solid square with 2 men less in the front. Find the original 
number of men in the regiment. 

69 . An ofificer can form his men into a hollow square 30 deep, 
also into a hollow square 20 deep, the front h/ tlie latter formation 
containing 10 men more. F'ind the number of men. 

00 . I went out between 3 and 4 o\ lock and returning between 
7 and 8 o’clock found that the hands of my watch have exactly 
changed places. When did 1 go out ? 



CHAPTER XX. 


SIMULTANEOUS EQUATIONS. 


1 . Two or more equations, which are satisfied by the same 
values of the unknown quantities they contain are called eimul 
taneouB equationB. 


They are simple when the unknown quantities occur in them 
in the first power only. 

Thus the equations x-j'-=2 and — 8 which will he 

simultaneously satisfied when .r~5 and 3are simultaneous 
equations of the first degree in x and r. 

An equation, like x~y^2, containing two unknown^, 
is satisfied by infinite pairs of values of x and j', c.g , : 

\ .r=i \ .r = 3l 


Similarly another equation like .r +/ = 4 U also satisfied by an 
infinite pairs of values of a and r, e.i ^. : 

-:0\ 


r 

y.: 


4j 


'-■'1 = etc 

-3J ,v=0 /=ij’ 


If now the second equation is to be simultaneously true for the 
same values of and y as the first, we find that both the equatioms 
are satisfied only for one pair of values viz. r. 

Hence to solve for two unknowns we must have two equation^ 
in them. Similarly if there be three unknown quantities, there musi 
be three equations in order that they may be solved for. 

Thus the equations x-\-y-^z~b and 2.r-l-3vq-4.c = 20 are true 
for several sets of values a, y and e.i^. : 

X “ oi X n ,r ~ 2 ’I .r - 3 I 

y^ 4 1'=^ 2 y ' y^- -2 etc. and hence cannot be 

: ~2) ^ 3 1 .7-4; s - 5 j definitely solved. 

Hut if there be another equation x-y + z—i^ only one set of 
values of .r, 3', c will satisfy the three equations 77^., x- 1, y = 2. 


Generally to solve simultaneous equations we must have as 
many equations as there are unknown quantities. 


3. Consider the two equations, .r~r~2 and 2 x- 2 y — 4 
They are satisfied by infinite pairs of values of x and e. g. : 

-2; - I ; x^2,y=^o ; x=^}^y=^l ; etc. ^ 
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xx.-J 


Here the equation 2.r— 2^ = 4 is derived frou- the equation 
- v = a by multiplying it by 2. The two equations are ihereioie 
one and the same equation. 

H^nco, to solve equations in izco there ’lust re ' 

i ruations in the unknoivns^ unct these equations niusl be ine/ehentir/r 
rf each other. 

Again the equations .v Hm' - r 6, 2.r-, 3V-I-40 •'oand .r -i- gy-i- 3 
14 are satisfied by several sets of values of a;, r and t’ ,r- o. 

4, 7 = 2 ; a* = I , j = 2, r = 3. Here the equal ion .r zy -{- 3 : i » 
derivable from the first two equations by subtraction and virtually 
there are two equations. I'hus to solsfe equations in 3 unhninrr^ 
there must be thf'ce independent equations. 

(ieneraliy to solve simultaneous equations n seveial unknown^ 
there must be a« many equations a.s there are unknown tiuanlities 
and these equations must be independent, that «s, no 'ue mu^t 
he derived from any one or more of th-. others. 

Simultaneous equations : tv/o unknowns. 

We give three methods of solving simultaneous equatiosu' 
ontaining two unknowns. A// simultaneous equations in tzec 
rniknowns must be brOiiyht to the standard from x before 

diey are solved, 

S- First method. The following examples dustrate the 
method. 


Ex. I . .Solve yr - 7y 4 Ot -h yr 

^ P>om ( r ) - 7 d' 4 • - 3'" • 


' ”7 

hrom (2) 5j~22-2.v. 

22 - 2.r 


-4 


■ • y--^ 

/. from (3) and (4 j 


14 ) 


3 :^' “_4 „ 22 - 2 a 
7 ' 5 

Multiplying by 35, 1527 ~ 20= 154 - 14a ; 
transposing, 29.1 = 174. /. a =6. 

From (3) by substitution, — ^ = 2. 


we have m = 6,y=2. 
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Veriflcatiori. Substituting these values o(x2ir\d}% the two 
sides of eac/i equatim will be found to be equal. 

Ex. 2. Kolve = {\)y (2). 

From (I) i,v:=r.-a,x, (3) 


From (2) = Z. (4) 


iTom (3) and (4), > 

or biCi ~ b^a,x = bx^ - b^a^y 
or .r > ” b.,a^ — IhC-i — bx ^ , 

_ - /V r 

b^a.-ba^' 


hx. 

c . - « ^ ■ 

Substituting this value of in (3), j — — — ^ 

. ax, -ax- 

Simpnfyng J- • 

From <he above we deduce the first method : 


■ b,c, 
b.a, 


From each of the two equations find the value of one 
unknown quantity in terms of the other and then equate the 
two values thus obtained. 


EXERCISE LXXXIV. 


Solve by the first method 


1. 

4 . r 4 jj/- 1 1, 

5 , v~- 2 ^- 4 . 

2. 

3 . r-j= 4 , 

4 . t- + 3 /=i. 

3 . 

I 3 ,v- 7 ^ = 23 , 

8.V-f-2_>' — 52. 

4 . 

5.v™3v---i6, 

4 -v + 7 / = 4 I* 

5 . 

^ 37 , 

3 "T“^’ 

0. 

3 X- 2/+ 17 =^ 0 , 

^.r 4 - 3 /-- 7 . 

7 . 

3 .r + 4 V-- 7 ^^“^^ 

5 ,r- 7 _y-r - 2^/ 

6^). 

94-4-1 17 — 76. 

a 

X +_y ~ a -^r by 
ax + by ~ a- -f b 


% Second method. The following examples illustrate the 
method. 

Ex. I. 3.v-*7j^^4 (0i 2.r+5_>'.= 22 ( 2 ) 

Tv — 4 

From (i) we get 7 T"=K‘* 4 i ox .. 

Substituting this value of y in (2) we get, 

5CU~4) 


-(3) 
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^9 


Multiplying both sides by 7, i5-r~ 20= 154 

29.r=i74, x= 6 . 

Substituting in (3) we get - --^2. 

Hence — 2. 

Ex. 2. Solve + 

From (l) .(3; 

Substituting this value of r in (2), 

a-jc+o . — ; ~c . 

' b: 

b^a~x^b£, ~ b.aiX~b,r,. 
or x{b,aj - bja,) — by ~ by, , 

_ l\c^~by, 
b,a:-~b,a, ' 

Substituting this value of .r in 13) and simplifying, 

__ ay, ~ay^ 

' b,a~_ — b,a, 

From the above we deduce the second method : 

Find the value of one of the unknown quantities ‘n terms of 
the other from either equation, and substitute this value in the 
other equation. 

EXERCISE LXXX\'. 


Solve by the second method 


1. 

Tr-8/-5, 

2. 5 -v 4 2 j'-“ 45 , 

3 . 

5.r + 2,'=i7, 


1 

1 

1 

3r-2.r= r. 


6/= V- 

4 . 

4^ + n>' = 6, 

5 . 5.r~7r + 9-o, 

0. 



fx-j)' + 4 ==o. 

6x4 I i.v — 0 , 


u +-':j'+3 - 0. 

7 . 

x + my — n, nix 

— ny ~ L 



8. 

. ^ 

m 4- /I w - n 

x~ V 

irn^ ' — I. 

\mn 




7. Third method. The following examples illustrate the 
method. 

Ex. I. Solve 5 ^^= 46 ...(i), 8,^-7/ =*34... (2.1 
Multiplying (i) by 4, z^x-\r2oy~ 184.. .(3) 

Multiplying (2) by 3, 24.^ — 217'- 102. ..(4) 
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Subtracting (4) from (3) x is eliminated and we get 
41^- 82, /. 

^Substit Ring this value of ^ in either of the two equations. 
equation (i), for example, 6ji' + 10 = 46 or 6.r=36, a;=6. 

Hence ;r =='6,^=2, 

We might determine ,r by multiplying (i) by 7 and (2) by 5 an j 
adding the results. 

Ex. 2. Slove a,x + djy— Cj,..{i) + — (2) 

Multiplying equation (i) by a., and equation (2) by a, we get 

a,a,~x + ~a-x^ (3), axiiX + bXi}’ = (4) 

Subtracting (4) from (3) so as to eliminate .r, 

^ b.a. — b'jti 


Substituting this value ofj^ in (i), a,.r4-/A 


or 


n/\ — b^C’:‘(i^ - cjy^aj 


b^a -b.dy 
,__bx~c\b. 

From the above we deduce the third method : — 


Multiply the equations by such numbers as will make the 
co-efficients of one of the unknown quantities the same (at least 
numerically), in both the resulting equations. Then add or 
subtract as necessary, to eliminate this unknown quantity and 
form an equation in the other unknown. 

[This method is most generally used.] 


EXERCISE LXXXYI. 

Slove by the thiul method 

1 . i6a + 133. 6-r+ i(2 ;^ = 67. 

2. 6u - 1 7y - 2 7, 4.r + 5 \y = 109. 

3 . i5.v + 57J'-"^89o» i8.r-“23v=-“ -280. 

4 . 5V“2r = 26, I2,v-j'= 18. 5 . 6.r + 2j' = 23, 5/ “a'= 17* 

6. 90A -lay— 200, 56J' - 50.V = 1 3. 

7 . 104.1 - 197= 3856, i9.r+ io4.y- 2424. 
a 7i.,r-45.>'^M3^ 37*^’ - 239 '= 757- 

9. bx 4- dy ™ 2ab^ ax - /y; = «= - b^. 
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Solve by the third method 

10. +^' = rt + 7 + -' = 3 + 

a c o a 


11 . {a-{-b\x-V\a-b\y~'in^ 

( a - b)x 4* (a + b^y — 2b 


j A. E. 1891. 


12 . 


{a + b)x + {a- b)y = 2ai, 
(/'' + c)x + (b - cl't' — 2bc 


]■ A. E. 1895. 

J 


3- We add illustrative examines in two unknowns 

Ex. I, Solve 4i.r i 37j~i97 (i) 

37.r + 4U’=l93 ( 2 ) 

Here we have the peculiarity tha* ne co-efriclcnls of ( 
he two equations are interchanged. 

Adding (i) and fe), 

7S,r+73>'=39o, 

or (3) 

Subtracting (2) trom (1), 

4;r~4;/ = 4, 

or .r I (4) 

From (3) and (4) by addition .r~3, and by subti action 
Ex. 2. Solve 4(5.1' - 7) ~ i6f-r - 2y) 23(7 +1), 

(.r~3)(/-f i5)^(5^ + io)(9/-f 7I -- ioO. 

From the first ^uation 

20a - ^8 i6a'-r32/ — 23_)''k23. 

4.r-}-9/=5r (r) 

From the second equation, 

xy +XS^‘- 3J'~4S^ -V'' + 7'” -M 03^ 4- 70 - 1 06, 

/. 8.r-i3j-r9 (2) 

Multiplying (i) by 2, 

8 .r 4 - iSj™ 102 (3) 

Subtracting {2) from (3), 

3U' = 93 or 9/^3. 

Hence from (i) 4.1-4-27-51, or, 4.r=:24. 
a: — 6. 

^ Thus 3. 


and 1 ;n 
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K>r. 3. iio'' >/G 

4(3^ - 2j'; + 7(5*^+y)=62 (1) 

2 lsx - 2j/) ^ 3(sx 4 -j/) + 8 = 0 (2) 

Here we need not reduce the equations to the standard form 
but proceed thus : 

Put 3,r - 2 / = 5^; -\~y = v. 

Hence (i) and (2) respectively become 

+ ==62.... (3) 

22.'-37y = ~8 (4) 

To slove (3) and (4), multiply (4) by 2, 

then 4u~67/- - 16 (5) 

Subtracting (5) from (3), 137^ = 78, 
v — 6. 

Hence from (3) 4^ 4- 42 -62, 

4/^~2o, or, u~$. 

Thus we have 3.r~2/— 5, 

5.r+/=6. 

Solving these we get x~ [ y- ~ 


Ex, 4. Solve 

..r+ 

4 '7 


2J-;S, 


(0 


I i.r + qy 3^4-4/- f ^ ^ 

Multiplying (i) by 28, 

7Cc ->') 4 - 4 (7 + 2) = 28(2/ - 8) 

or simplifying, 7.r - sq/-™ -232 (3) 

Multiplying (2) by 6, 

ua:4-9/~3(3^ + 4>- 0=^6 

or simplifying, .....(4). 

To solve (3) and (4) multiply them respectively by 2 and 7. 
hence 

140: - n8y«: -464, i4.r~2ij^«2i. 
subtracting —97/= -485 or/ =5. 

Substituting this value ofj in (4), 

2.r-i5 — 3, 2 a:~ 18 or .r=9. 

Hence .r«9,/*5. ' 
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Ex. 5. Solve 

~ ^I± ' _ 5 3:^ -3 _ -r - i - 

xr+^v-2 "*9 3 ‘'****'‘ 

'x~jy + 4 ^ £jf I ^ xr - 3 ^ 

5 lo ^ 

From (1) 

^ 2.r-f3'~2 9 3 

_,3-^-5-~3-r+3 + S^ 
9 

-*• 3'^-~9F + 3==2,r4- y- 2, 

or.r-iqv=--5 l3) 

From (2) '-’' + 4_:-v-3..r+. 


3/-51 + 1 10 5 

_ 2 x * 3 - ? r — 2 


2.v- 2/ + 8= -3j + 5.r - I, 

or 3 '^ “>'=^9 ( 4 ) 

Multiplying (3) by 3, 3,r-3oj= - 15 (5) 

Subtracting (5) from (4), 

29/=24 or 

Substituting in (4), 3-r- 2j-9. 

, 24 285 95 

.. 34.-94- -= ^orA — 

29 29 29 

Thus.r=^,>> = y . 

29’-" 29 

Ex. 6. Solve 


ii-s <■) I 

J 


C. E. 1870. 


Here we may regard ^ , 9' as unknown quantities and solve the 
equations in these. 


Multiplying (i) by 45, 9 - + S.>'=225-(3) 
Multiplying (2) by 6, 2.j.+ 3.>'«84...(4) 
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To solve (3) and (4) multiply them respectively by 3 and 5 
hence 

27 - I 4 - 10. ^+i5./ = 420 . 

. . by subtraction 17 ■ ^ =255, hence 15 or.r = — . 

-r X- 17 15 

y V 

Substituting^ in (i), 3+*^ = 5 or '^ = 2, whence/— 18. 


Thus v~-- , 

15 

1 C ) 9 4 ,. 18,20 . , . 

h\. 7. Solve ~ - + — ^^16 (2;. 

X y ’ X y ' 

Here vve suppose^ unknown quantities and 


solve the equations in them. 

Multiplying (i) by 2 we gel, — ^ 


Subtracting (3^ from (2) wc gel 
28 


T 


..(3^ 


f 


I -O' - 38, 


Substituting m [ij tins value of 3' vve get 


9 4 


or -- o. 


I : or - ; 

x 


Thus .1—3, 


Ks, 8, Solve''* t'' "t ..37...(2) 

i _) ' r / 

Mere we proceed by regarding \ j as the unknown quantities. 
Multiplying (i) by and (2) by // we get 

4 ...(3}, (4) 

Subtracting (4) from (3) wc get ^ " --am-nl\ 


\jv): - }ib)x - ■ - n 


m- - n- 
aril ~ nb 


Again, multiplying (r) by n and 12) by vve get 
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Subtracting (6) from (5), ^ — ~~ 

y 

, y (an - bm) — n~ - ni^ or y 
Ex. 9. Solve 


— a?t “ hm, 

__ if - nf 
an — bn: ' 


I 4 A'+I 3 /-= 35 X/...(l) 2I.r-f 19/^' 56,17.. .(2; 


Dividing (l) hy xy, fj =-y^...'[y 
Dividing (2) by xy, -f 56.. .(4) 

Equations (3) and (4) are ofSie type of examples 7 and 8. 
Solving these, 

Ex. JO. Solve 


Put a- 4-29' 4 - 1 
■espcclively become 


3 

-i 4 - 29 ' 4 I 

5 

i E 29' + I 
3.1 '-/-- - 



4 - I 

y - 3.r 4 2 

. ' ; then the 


fii 

equations (i) and f 


Solving these in the usual way, 

u --- \ I 

.i ;7 29'+ I ’...(3), 3.r - 9'- 2 i ..,..'4) 
f rom (3) 5.1*4- 109^4-5 - I or c *■+ \cy 4..J 5 ' 

ALo from (4) 3/1-9/ -2 ^-- 1 or 3./ -7^-- 3 (61 

From (5) and (6) we find //=-- "A ?'■ " T- 


EXEKCISja LXXXMI. 


Solve 


1 . 

3 . 

4 . 


5 . 


I S-r 4 - 2 39' 61. 2 . 69.1- - 499' ^ ^ 2 , 

23,r 4 - 1 59/ -53. 49 -- --121. 

(x 4 - 7 )(.y 3) 4 - 7 -- (> F 5 )^. ' IH- 5 , \ p p ^,,,0 

K,. 1 ^. I -. 00 . 

5.r-ii)- + 3 ;=o. j 

6(2.1- 3/) - 5(.r +_>')= II, I 

212.f-3/) + 3(.V+>')“27 j 

J, 3 -L+.’' ^8 “ ?/' + ? '■ + ; 
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yolve 


0. V 8_;r-2)/_,r j/ 

3 ’ 3 12 ~6'*'9 • 


7 . ,- 31 ^- 53 ' 

5 2“’ 

2 + 3 ~ 2-4 + '^' 
p 7~r.r 2.r~y 

^ 'r- , = 3 ^- 5 , 


P. E. 1 888. 


SV-? ^- 3 _ 

2^6 


5-r.J 


■ C. E, 1880. 


9. 1 v+i: 


14 

3 10 


« 4 

- 5 C'»'+ 0 

7 


10. 2A ~. 


4 J ■ 


“-“^7 I 


5 - 2.r 


C. E. 1882. 


C. E. 1873. 


11. ^ . II 

IfV rr ~ .r. 


lo’ 15 9 

363 


-I- - + 7 

15 6 90 -^45 ’ 

+ 7 ^. 


12. -t’’ + 7 = , , + 5 , _ „ V - 7 .>-+ 8, 

3 

13. -4 5-^' 4 - 3 / + I ^ 3-r + 4/4-5 

13 14 15 

14 3^^4-7~4/^.5 2_r_3v 
5 (» J5 10’ 


3 20 2 15 lo 6* 


15 . 


'02J' + '05 '035,r ~ 05 

3 

72-r - • I 


'^5 
44 :>-r 4 -’ 64 / 


j '-± yo ' 


-I ‘ 6 ^ 4 -' 

5 *25 


1 0. ax — Af — /j — A -f ^ = 2 : - * _ 

2a 2d tz4-A’ 


[Chap, 
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simultaneous equations. 


Solve 


17. 

aj' rir 

a -0 Cl + 


(M. M. 1S98). 


I-* 

00 

X ~ V X + y -v - y .r + V 

a b h a 

:r. <M. M. 1S95L 


19. 

a b -a b a- b 


(M.>^ 1891). 


20. 

{a + ^ ).r + by - ax + {a + b)y 





=r J - b \ 


(B. M. 1896). 


21. 

(a - b )-r + (a 4 - b) y ah ab{x 

-y) — (r/'y - b^x') 

M. 

a‘ - a - b 


2 ab‘ 


22. 

3 ,r+ J,^ 4 - 3 -*-+" - 5 . 


(A. E. 1898). 


23. 

, b \b 

a\ 4 - ~ 2 s ~ 2 a I. 





/ y 




24. 

3 - 23 

2,r"^3y x^y ' 


(M. K 1881). 


25. 



(C. K. 1879). 



f 20 * 



26. 

I ' r t 12 





ax by 3<n- 6 by 3 




27. 

a 4 -b ii~~h ^ a 

a ~ 

'''-3/'. fA. 1;. 1804- 


.r ■ 3' ’ .r 

7 


28. 

a b a b 





r _y ’ V .V 




29. 

1 + 1 = 3 ^ + 2>' = 2-y. 

(A. 

E. 1899), 


30. 

4 - by — cxy^ tnx -ay - (try. 



31. 

32. 



29. 


.O’ 

3-r 

~ 5 /-Ei .v-y2y--3 




5 , „ _ 6 

‘ 2 


xy 

3^ 

“ 5 y+i A'f2_y-3'' 


33. 

-- + *’ = 14 , 34. 

2.r 

- 6y 4 - 5 1 6.r - 8^y 4 - 3 

"4* 


Sx yy 2x -y 

X 

“ 3 / + 2 3 -^' "■ 4.V I " 




3 -^' 

I2J + 7 

--6 


3 ,t* 4 -.y 2x--y 

X - 

- 3 J '+2 ■ 3.ir-4>'+i 



8 2x-f-i-4 ' 8*6 j+j-fi 6 


35. 
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0. Method of Cross Multiplication. 

Given ax4-by-fcz»0 
a’x : foV-fc'r^O 


To prove lhat r 7 == w /. * 

be -b'c ca'~c'a ab^-a b 

Multiply (i) by c’ and (2) by then 

L * ax -f c hy + cc l — o, cdx 4- cb'y 4- cc' z = o 

hence subtracting x(cn~ca) -^-y^bc -b'c)^Q. 


(0 

(2) 


' . - /a) "y {be - b'r) or 


be ~ b' c 


y ^ 

cd — c a 


Ajjain, multiply (i) by a and (2) by then 

aax 4- bay + ra'z ~ o. aax 4- ab'y + ac'z — o ; 

hence subtracting - ab') + z{ca - c^a) ~ 0. 


, y{ab' - ab) a - ca)^ or 


r_ ■ 

'(I — c'a ’ a// 


......(4'* 


/>("' -/>'i ((I -I'tf'al) -aiy 5 

T'hc above result (5 ) called the rule of cross multipli- 
cation IS very important, and the student can easily remember it 
thus. Write down the co-elhcients x, y\ z in order as below, 
beginning and ending with those of y and form products as 
indicated by arrows, i*.Then subfrnrting each ascending product 




tVoLu tiie conesponding descending product we get the three ex 
presbions /X -/A , ra-ca, ab' --ah which are the denominators 
of.], j, ' respectively in (5). 

If we make c - i in equations, (i), (2; and (5) we get solutions 
of the bimnltaneous equ,itions in two unknowns nx +by + {' — o and 
a’x yby y i' -ofrom 


111 is gives 


— i\r *■" a// ~ (ib * 

b/'-b'i -c\i 

ab' — (iv ' ab' - ab * 


M \ . Sol ve 4x 4- $y - 3 — o, 

r " 2j' -P 6 - o 
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By the rale of cross-multiplication, 

■} __ .,r _ I 

s X 6 - 1 - 2) ( - 3 ) ^ - 3 ; X 7 - 4 X 6 " ' 4 { - 2 : - 5 >: 7 


24 ~- 45 ~- 43 ‘ ' ■ 43 ’ ■’ *43 

This method of cross-muluplicatlvm is highly useful in Mathe 
inatics and it readily gives the soludons of simultaneous e(|iiat m> 
:n two unknowns. 


Simultaneous equations ; Three unknowns, 
xo Solution by tiie method of C’'oss-muftiplication, ot 


simultaneous equations in three unknowns two of which are 
the form ax*f by-f cz — 0. 

Solve j V + -f- Vj c o t I'l 

a,x^(\ o (2) 

r/ ,. t' -i“ ' • -f r a; ( 3 ) 

From (2 ) and (2) by the methu 1 of cros^-inultipli Uion 
.r 

/ 9 (‘. -OxT '' X' ' d/' - i\ii 

Supposing each of the.se fractions v, we have 

a' = (/',4_ bxi) ^ ; y-~{cx - a.t-.) k ; , - {(i;b - h,<i ) k,,:> \) 

Substituting in (3) we get 

a.idX’.- bj\)k + b --(ti -b‘'*)k-i^ 

or — 02i'b/'\~b (( — b.^t 


a -- b_.\) •+ b (CM " <( -r '' F?./- - b.jt ) 

Substituting- in (Aj this value of F, 

(/.,f ~bc)<i 


.r- 

(1 [bx - b i ,}Xb {i (1 ~ 


) + i [X h - bji ) 


Similarly j/ 

- >i 

a^b-.' : .U 5!^ - 

• /■ 

(I, 




(fZib. — /' 

’/j 




C 7 ^[bx. ~ + - 

a. 

F)-r V,(^^ /' “ b a ) 


Ek. j. 

Solve 6 jr- 9 j + 4 -=<^ 



■0 


8,r-f 5 j~6.: =o 



(2) 


3.1' + 49' 4 - 5 - = 26 





From (i) and (2) by the rule of cross-multiplication, 


( - 9)( - 6) - 4 X 5 “4 X 8 - 6( - &/■ 6 X 5 -V 9/x K ’ 
tx _ y_ _ _r 
54 - 2 o“ 3 : + 36 ~ 3 o +72 ’ 
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. .r J' r X y ^ 1. , ^ 

~=-=-=iC (suppose). 

34 68 102 1 2 3 j 

:. x^A\jy~2A-,::--^3i (A). 

•Substituting in (31, these values of x,y and s, 

3/’*f 8/.’ f 15/"— 26 01 '^6^ — 26. 

/ ~i ; heur^ substituting in (A) this value of 

P-2, 2' = 3. 

Ex. 2. Solve 

;ir+3' + .2’ = o ... ... ... (i) 

l>cx-\’Cay + ad::—o ... ... ... (2) 

ax + /fy-{-C3 + {d~c){c-a){a — d)—o ... (3) (C. E. 1896.) 
From (i) and (2) by the rule of cross-multiplication, 

~ ^ ~ . c=k (suppose). 

ao — ca he — ah ca — he 

\ x~k {ah- ea) ~- ka{b — c)\ 

y =. k {he - ah) ~ kh(e -a)] (A) 

- k [ ca - be) = kc {a - h) j 
Substituting in (3) 

k{a'{b - i W h'{e - a) + e^(a “ /^)} + (h ~ e){ c - a){a - //) = o. 

.*. k{b - e)(e - a){a - h) ^ (b ~ e}(e ~ a){a - /'), k~i. 

Hence from (A ), .r ~ a{h - r), y = h{e - «), n ~ f{a - b). 

Kx. 3 Solve 6.r -f j = 5^' ( i), 7/ 4- - - 6x. . .(2) 

,648 , 

and + "" 3 --(3) 

From (i) and (2) we get 6.1 4- r ~ 5^ — 

6.r 

Hence v , . ^ , -- , . , 

I x( - !)-( - 5)x ( - 7) 1 - 5 )x 6 - 6 x i - 1) 





S^ilve by the method of cross-nuiUiplication 


1. 

3t 4- 2)' -8 -0,1 2. 

5.t 4-64'4-3 -0, \ 




44' - 3 J - 5 ''~o* J 

2 X- 84 ' 4 - 22 ~ O.J 



3 . 

4x4-54' -2, ) 4 

-- 7 1' 4- 84' 4 * 3 " - 0 , 

1 



3.r - 2y --- 36. j 

5x - 6y 1 . 

.1 


5 . 

MX ---34^ II, i6x-34--- - 

-I. 0 . 5 x-Cn’ 

- 0, It;; - 

- 9 .V- 15. 

7 . 

I (x 4 -rj 4 -K'^'~r)=- 4 > 5 -'i' 

~ 7 .l'=^o. 



8. 

y{x 4 - 3) - rO' 4 - 4), 5 ''*^ + 4 = 

- 4 J+ 3 . , 



9 . 


! 4 '-x 4 - 6 *. 




19 " ' 3 




10 

(x 4 - 4 )( 4 ' + 5) U' - ?-) 0 ' 4 - 8) 4 - 48, 




2 x 4-7 = 3.r + 2. 




11. 

X ~ 2 y-hc=^o, eyv-Sy + ^z 

r^o, 2x4- 34^4“ 5.: 

- 3 <>- 


12. 

X - 2 v 4 - r = 0, 52 ~ 3x - 44 

'~o, 7 x 4 - 84' 4 * 9 .: 

-98. 


i 3 . 

■f“-2(34 ~2:r) = o, 24 ' 4 - 3 ('^ 

'-2)^- 0, 5 x 4 - 74 ' 4 ' 9 ---^> 7 ‘ 


14 . 

X 4 - 24^ - 42 - 0, A -y 4 - : -- 

0, 




4 10 6 , 





.r y 2 




15 

3;r=-4J="br, 2x -3j4-.:^ 

i _ 



10. 

ax — by — iT, x{b ~ f) 4- y{^ ■ 

- ii) 4- zi a - b) ~ ^ a 

-b)ib-c}{a-~t'). 

17 . 

X 4 * 4 ' 4 - - -- 0, (7X 4 - by 4 - rr - 

^ 0, a^.i 4- by 4- C'z 


~a) 


(a - b) — 0. 


(C. 

E. 1904). 


18. .r -f 4 - w = o, (a + b)x -f + c) v + {h 4 - 1 ) ~ o, ribx 4 - my 4- be :: i 


19. ax 4- by ^c:: — o^ 

(// 4- ^ -f (<r 4- a)}> 4- ( a 4- 1^)2 = o, 

a^x 4- by 4- C '2 4* (/^ -* t‘// - a\{a - b) --- o, 

20. ax-\-by -^cz — Q, 

a^x 4- by 4- c^z ~ o, 

-r 4-/ 4* - = - cY\C - a)(ii - b). 
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Solve by the method of cross-multiplication 


21 . 


22. 


X'i y-rr- o, 

o, 


a 0 c 


ar + by -p t : -P {a - ()){h ~ c){c — d) — o. 
ax • h by -f- cz -- o, bcx + cay -f- abz ~ o, 


h~c c--a li 


, ~ab-\-bc-^ca. 


23 . 


24 . 


25 , 


f yyy;,-^ O, (a - b )x -\-(b~ c)y + (c~ a),- 


b + c- 


V 


y ^ ~ a + b~ 2 C 
- X 


Til 2,8 6 

y . -p _=:= 0 , -P 

-r j' ,r j - 

a b i 
y-y-^o, 

X y ■■ 


:-o, x+yyz--= 6 . 


I I I 

- + - + ==.0, 
-f y 


26 , 

27 . 


(//' “ ( ' j-i -f iV’ rt‘)y -f [a'^ - b=)z ™ 2a -f 2b -P 2/ . 

>‘1Z *2' .J± ^ , 

.t'-., r 3.1 '3.i--_r + i 

t' 2 r + 3.1' yj' ~ /, 2x - 3 V -P 5 " 
2 xyy y- 2 ^ "" z--^x+'^~^'" 


11. Solution of equations in three unknowns of the from 

ayybyy: y ^-xb, (i) 

/r.t'-P AjH-c ( 2 ) 

a v b V y c z ( 3 ) 

First method : 

(t) Eliminate as in art. 7 one of the unknown quantities from 
any two pairs of the given equations and get two equations in the 
Other two unknowns. 

(2) Solve the two equations in the two imknowns thus obtained 
by any method, preferably by the method of cross-multiplication. 

(3) Then substituting the values of these two unknowns in one of 
the three original equations, we get the value of the remaining un- 

known. ^ 

Tluis, multiplying (i) by a, and (2) by a, we get 
a..a,.x -P r yc^a a, ax -P a Ay 4- ayy: = a A . , 

Subtracting, (/’..j, - rf, a, - a,d. ^4) 
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Similarly multiplying (i) by and (3) by , and then subtract- 
ing we get, 

(^x«3 - + (^i^3 ■ (r ) 

From (4) and (5) by the method of elimination or cross-multi- 
plication we get y and r. Substituting these values of j and r in 
(i), (2) or (3) we get the value of a-. 

Second method 

(1) Eliminate as in art. 7 the constants from any two pairs f ^ 
the given equations and get two equations w' S zero constants 
(/.<. of the form ax-fby + C 2 wO) and then by the method of 
cross-mnitiplication tmd the values of the unknowns from these 
two and any one of the original equtions. 

Thus multiplying (1) by and (2) by cl^ and subtracting we gel 
( . / , ^ -- -f {d , ds ~ 4- (r j - c/f, )r = o . . . ( A ) 

Similarly multiplying the equation (i) by and (3) by ^4 
,\nd subtracting we get 

{a,d^ - aj^dr)x + (d,dj - 3^/,)/ + (c, /. - .\d , - o. . , ( B ), 

The equations (A) and (1>) with of the given equations may 
now be solved by the method of cross-multiplica^tion as in art. i5. 


Ex. I. Solve 5.r-t-/ + - = 17 (1) 

2x^Sy + 4^-^29 (2) 

+ (3) 

Multiplying (r) by 2, and (2) by 5, we have 
io.r + 2j-f 2c~34, 

and ioa'+ i5j/ + 2or= 145. 

H ence, by subtraction, 1 3/ 4- 1 8.c = 1 1 1 • • • (4) 


Again, multiplying (2) by 3, and (3) by 2, we have 
6;t' + 9v4- 12.7=87, 
and 6x - S_y 4- 4^ = 4~ 

Hence, by subtraction, I7j-f8ir = 83 (5) 

Now from (4) and (5), we have 
i ^- hiSs — III =0 

and i7/4-8ir - 83 = 0. 

Hence . = 

i8(-83)-8(-iii) I7(- III)- 131-83) 13.8- 17.18 

}f 2 \ 

^*’-14944.888 - 1887+ 1079” 1^4- 306 
-808“” -202 


P— II 3 
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Therefore =3 and — - — =4. 

- 202 - 202 ^ 

Substiititing the values of y and ^ in (i), we have 

^ , 5^+3 + 4 =« 7 , 

whence 5;rs=io and /. Ar=2, ^ 

Thus we have 4r=2,,y~3, 2=4, 

Ex. 2. Solve 2;r~3y + 45'=6 (i) 

4x-2yi^ (2) 

6x-4y+22=7 (3) 

Multiplying (1) by 5 and (2) by 6, we have 
lo;r- I 202'= 30, 
and 24X — 1 27 + 6^ = 30. 

Hence, by subtraction, i44:+37- i4-2'=o...{4) 
Again multiplying (1) by 7 and (3) by 6, we have 
^ I4 a:~ 2I/+28^=42, 

and 36x-24v*f I22-=42. 

flencc, by subtraction, 22x~3/- i62'=o (5) 

Therefore from (4) and (5) by cross-multiplication, 
X y _ 5 ' 

-48-42^ - 368 + 214 -42-66 ’ 


or. 


_ X __ 
-90' 


^ ^ 

-84*“ - 108* ih 


Supposing each of these fractions = 4 ?, we have 

x^iSl\y^i 4 ^, 3-= 

Hence from (i), ^(30 -42 + 72) =6, 

or, 6o/^“6, /, 

x^hy^i, i?=f. 

Ex. 3. Solve ys 4- 2sx + Sxy^ 20xy2f 
yyz 4 - 32X 4 ^ 4xy = 2 sxyz^ 

^vs 4-2x4- 6xy — 2 pry 2 , 

Dividing the given equations by 


«+? + 5. 

X y 2 

Z+3+4= 

X y 2 

3+1+6, 

X y X 


=20, 


=25, 


' 23 * 


iZk, 
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Solving these in 


AT / 


as in ex. i or 2, 


.III 
we have~ = i , -=2 , 

X y z 

12. Simultaneous equations ; more than three xxn- 
knowns. 

Methods similar to that applied in case of equations with thice 
unknowns may be applied to equations wita more than three 
unknown quantities. Thus if there be four unknown quantities 
say X, 2', I/, from each of any three pairs of the four equations 
necessary to solve for them, we eliminate one unknown quantity, 
say, X and thus get three equations in three unknowns^, u which 
we can solve as shown above. 


EXERCISE LXXXIX. 

Solve 

1 , 2^- iy -f 65- « 13, 6y 4 - 2:? - 6-r ^ - 4, ^ 4- 4J -.t* - 24. 

2, x+)f-s==2,2x+3y-3i=-3, 4x+3^-Sz=-g. 

3. 2 x - 8 j '+ 55 = s , jx+y+s^iA, 2 x + ly - is 

4 . I 4 * 3 '~ 7 /- 5;r = 25, 2 ;ir 4 - 7 j“* 6 .s'= I, S-r + 6/ ~ 2 * 5 ~ 20. 

6. .r+i27-9ir=7, 4 jr-j'+ 4 ^= 5 o, 9 x 4 * 32=97. 

0 . 8-r+4>^4-S2=69, 5 ;r + 3j'4' "= 34 , 5;r4‘2/4-42"'=46- 

7 . i.^ 4 *jy- J 2 = 3 ;, r 5 - 2 = 51 . 

8 . i( 24 ->') 4 -i(;'-f. 2 r)- K^ 4 -«r) = 6, 2 jr 4 - 3 /- 3 ^=* 0 . 

22 ^ 4 * 3 ^= 224 - 6 . 


a 

10 . 

11 . 


2y-~3 32 44: . 42 y . II 

r^ 4 -~ =-^ 4 -— , 4 r+j + 2= ir. 

7 4 ^ 5 8 2 10 

5 4* 2/- 2|2_ 44:4- 2J - 2 

5 " "6“ 


^ n-r+ 5 ^~* 62 = 54 r-f 7 y~ 42 - 8 ^ 


iQy 4 “ 4 /- 52 ^ Zx'-2y'¥ ^ x-k-y+z 
10 ' 3 4 ‘ 

34r+>'-62 44:+/-- 72^54; - 6/4-2 

572 

4^-” 3/ 4 - 22 ^ 2x+y-2z _ jr-f-5/- 102 ^ 34: -2/ 4 - 3 2 


Xr~/4-32- r_4r4-2/- 52- i__34r+/-72 4r-|-/4-2 

1^. 4 5 ^ 6 8 

li. 4r-f/4ir«ni4'^ + £‘, ^4:4'0'4'a2-r4r-f<r/4-^2 
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Solve 


14 . + 

X y z X y :is X y ^ 


y z X y z ^ X y ^ 

15 . J-A+J -=38 I.+ i+i=l\ « 

ir ^ A At 0> !'» 


I ^I_i 6 i 

X I5[y 3 . 3 - 15’ 6.;jr ^y z 12’ 5 ;ir 8/ ^ 40 * 


4 +i 

Z X 


16 . -+- 3 -=S, ^+-^=6, ^+-=2. 

X y y z 

17 . 2 ;r~ 35 r + 2i^ = 3, 

3 P ~ 2^+ ««8, 

SD'-S" ==2, 

4r+22r =22. 

19 , 2X + 3 ir~ 27 ^=i, 

5 w~ 6 ^ — 8 .^= 0 , 

X + 5 ^ = 6, 

2 y- 4 z+ X- -5. 

21. -*-+-=5, -+-^=18, 5 - -^=4, 

X y ^ y z ^ ti z 

67 8 10 

— ' » -.XI . — -~«20. 

u V V X 

22. A' + 3 j == 5;o^ 4 / + 5 S’ = 6^2', 2.r + 32- = 22’x. 

23 . 3;i72' = 2j/2r+32,r + 4x/, sy 2 + 3 ^x-Sxy=^^xyz^ 

yxy ~ 6.r2r -f = f 

24 . jr/s* ^a{yz- zx - xy) = ^{zx - jr/ -72*) = c{xy -yz-> zx). 


18 . 2«~3;r=3, 

Sy-6x==2, 

4 «- 32 '= 9 , 

42 r-- 3 i/ = 2 . 

20 . 24 r+ 3 y + 42 '+ 5 «~ 62 /=i 3 , 

44: - Ss- + 1 2^/ - 67 * 1 6t 
127-- iow + 67/=i3, 

97 ~ 10.^:= 6, 
y-x^i. 


13. Miscellaneous Examples. 

Ex. I. Solve IS (i) 

2 r+;t'=i 4 v 2 ) 

x+y==ti ( 3 ) 

Equations of this class may be solved thus : 

Adding up, 2jr4*2 7+2.ff'«40or Ar+7+S'~20.,....(4) , 
Subtracting (i) from (4), x=5 
Subtracting (2) from (4),7«6 
Subtracting (3) from (4), z^g 
Thus ;r«a5,7»6, #*=9. 

Ex. 2* Solve 

i+l «5 (i),i+i=. 7 {ii),i+i- 6 (iii). 
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These are equations in - , ~ ^ of the type of ex. i. 

Adding the three equations we get 

\x y sj X y 2 ^ ^ ^ 

Subtracting (ii) from (I) we get i =2, /. r=| 
Subtracting (iii) from ( I) we get^ = 3, J = } 

Subtracting (i) from (i) we get ~~ = 4i ^=1. 

Ex. 3. Solve 

(i) (iii), 

xJry y-k-z ^ ^ ^ 


x+y 

I 


I . f 

i 

••(i) 


- ' — ■ 

or, 

~ 4-- _ 

' " tin 

xy 

C 


x y 

c' 


I 

or, 

*+‘ = 

I 

,..( 2 ) 

yz 

a * 


j' j 

a“*' 

2^X_ 

I 


I . I 

_ I 

■•••(3) 

2X 

'V 

, or, 

X 2 

“■7*” 


1. (>'•) >• .. --- j, or, ^ ^ (3) 

Equations (i). (2), (3) are of the type of ex. i, the unknown 

quantities being , - , - . 

X y 2 

Adding (i), (2) and (3) we have , 

\x y zf a b c 

i-fi) (4) 

X y 2 ^ \ a b c J 

Subtracting (2) from (4), 

X 2\a b c/ a 

« * /I4.! - }\r^ ac^ab--b€ . _ _ TLahc 

^ ^ \b € a) 2 abc * ^ ac^f ab-bc 

Subtracting (3) from {4), 

L=ai/l + I-iV- 

y 2V b cf b 

~ * If * I ^ ^ ^ 

^ \ a b j tabc * ^ ab^bc-^ca 


“ ac^ab- be 


ab^bc-'ca 
2 abc * 


ab-^bc^ca 
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Subtracting (i) from {4). 



/i f _ j\ 

^ d c)^ zabc ’ ' * bc-^ac—ab 

Ex. 4. Solve* 

2Ar-'3>' + 2r=n:I2 (i) 

2>'*-3^4-2j:=s 2 (2) 

^^-ylc^r'ly^ ~3 (3) 

Adding (1), (2) and (3) we get 

— 2x4-2^ + 25 ^ =22 (4) 

Subtracting (3) from (4) we get 5;ir = 2 5, x^S- 
Subtracting (i) from (4) we get 5^=10, /. y=2. 
Subtracting (2) from (4) we get 5^=20, 2—4, 

Ex. 5. Solve 

X‘^ay 4 ’a’ 2 ^a^'*'{i) 

x-bf 4 -b^s=b^'*'{ 2 ) 

;r-“C/+c“^=c^..( 3 ) 

Subtracitng (2) from (i) 

— (a ~ b)y + (a* ~ b^)2=a^ ~ b^f 

or ~^ 4 *(^+^)<S'=a* f (3) 

Subtracting (3) from (2) 

-(b-c}y-h(b^-^)2=b^-c^, 

or ^y+(b+c)sssb^ + bci- ^ (4) 

Subtracting (4) from (3), 

(« ~ c)ir a* a’ - c* 4*^^ — 

s= (u — c)(<2 •f'c) + b(a — c) 

=:{a-c)(a + ^+c). 

.0 /, JS'«<l + ^ + C* 

Substituting the value of z in (3) 

4 (<* 4* ^)(<» + ^ 4- c) = ii* + 
whence on simplifying /«^c 4 ca 4 ^^. 
Substituting the value of z and>^ in (i) . 

X — a(^+ Cl* 4 4 <**{<» 4^ 4 c) « a3, 

wheiK^ on simplifying x^abc 
Thus x^ak^ y«Af 4 cii 4 a^, J?»rf4<^4c* 
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Ex. 6. Solve X’jry-ts^a+d+c (i) 

a+i +?=3 . W 

ax^dy-^cs—a^ + d^-^’C'^ (3) C. E. 1907 

From (i) + {4) 

From (2) ( 5 -.)+ 0 -, )+(?--, )=o 

x-a 'y-~b z-c 

or 4 .<_™_ 4 . aso 

a 0 c 

From (4) and (5) by cross-multi plication, 
x--a y~b s-c 
1 i“ I 

c b a c b a 

X “•a y-^b 


..(S) 


or 


-k (suppose) 


aQ) — c) b{c — a) c{(i ~~ b) 
x--a'^ka{J}-c) y y--b—kb{c^a)y z-c^kc{a-^})) 
Now equation (3) may be written 

a{x ~ a) + b{x - + c[z — r) ~ o. 

Hence substituting from (6) 

k{a\b - c) 4“ b\c - a) -f c\a - b)} = o, whenr k^o 
from (6) x~a=Q or ;ir 

y-^b^o or y—b^ 


..(6) 


.sr-c=oor z=^c. 

Ex. 7, Solve 

x+y^z^a-^-ib-^^y ... (i) 

bx-\‘Cy-\-az^ab-k-2b'-\r3a^ ...{2) 

fiax{b ^by{c - a) + 2cz{a - ^) = 6ia - b)(a - r)(^ . *(3) 

From (i), (x-a) + (y^2b) + (z-3c) = o (4) 

From {2)fbix—a)-\-c{y—2b)-^a{z-3c)—o (5) 

By cross-multiplication — 1-1^ 

c^b ’ 

Suppose each fraction then 

{x--a)^{a--c)k,y-2b^(b-a)k, {z-^)^ic>-^b)k (A) 

Again, equation (3) may be written as 
6ax{b r) ^ = 


6€I*(^ — c) + — a) +6^(<* — ^). 
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Transposing and re arranging, 

Mb - <“)(;r - «) + 3 ^{r- c^(y - 2 b) + 2 c{a - b){z - ^c) =» o. ..(6) 

Substituting the values of (x-rr), {y-2b) and (s' - ^c) obtained 
above (^4), in (6) we get 

6 a{b - ^)(<3! - c)k + 3b{r -a)ib — ci)k + 2c(a - U)[c - = o. 

k—Oy being common to each term on the left. 

Putting in i^A) we get 

;f-£l = 0, /. X~a . 

y-^2b=o^ y^2b. 

/. z—ic. 

Ex. 8. Solve_;'js'=:20...(i) 
zx— IO*( 2) 
xy= 8.. .(3) 

Multiplying (i), (2), (3) we have 

1600 or ;t7.2'=40...(4) 

Dividing {4) in turn by (i), (2), (3). 

;r=: 2 ,/= 4 , 

Ex. 9. Solve 

a7+io(;i'+/) = 56 (i) 

>'.s'+ io(y-!- 2') = 32 (2) 

zx+io{z^x)=: 4 S (3) 

Adding 100 to both sides of (i), (2), and (3) we get 

(;i:4-io)(v + io)=I56 (4) 

(y+io)(r+io)=i32 (5) 

(5'+io)(^+io)t=i43 .(6) 

These are equations of the type of ex. 8. 

Multiplying (4), (5), and (6) 

(Ar+io)“(v+io)“(5'+io)*=i56x 132 X 143 

= 13 X 12 X II X 12 X II X 13=11®. 12®. 13®. 

(,r+ io)(y+ io)fs + !o) = 1 1 X 12 X 13 (7) 

Dividing (7) by (4) we get .?+ 10 = i r, /. jg^= i 

n « « (5) >» M ^+10=13* .^==3 

»» » 1* (^) n ^4*10=12, .. ^=2. 

Ex, 10, Are the following equations consistent ? 

4 x-sy+ 6 s ^2 0) 

8.r+7/-S^»2 (2) 

7Jr+8/4-9^«l (3) 

Sjr + 2/-8.s'=2 (4) 

Here there are 4 equations connecting 3 unknown quantities. 
Three of the eqations arc sufficient to determine the unknowp ' 
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quantities, and if the roots so obtained satisfy the fourth equation, 
then the given equations are consistent. 


Now from (i), (2) and (s] we get as in art, u, v - 


" ~ 4 3 ' 

Hence for these values, 5^ 4- 2/ - 85^=5 M = 2. 

Thus (4) is satisfied or the given equations form a consis:ent 
system. 


A simple equation or an equation of the first degree in 
one unknown cannot have more than one root. 


Every equation of the first degree in x can be reduced to the 
form ax~c. If possible, let it have two roots a, /S. Then we mpst 
have aa—c^af^^c\ whence by subtraction /ra~rt;8=*oor a(a-/3)=o. 
But since a in not zero, we have a-i8=o ora = /8, i.c, the two roots 
are one and the same. 

Again simultaneous equations vf the first degree in two or more 
unknowns cannot have 7 nore than one set of solutions. 

For, let there be two equations in x and^, inz. and 

Then eliminating jrw'e get (See ex. 2, art. 7) di simple 
equation (k) to deitvmmt y and hence has one vqX\xq, Similarly 
.r must have one value. 


EXERCISE XC. 


Solve 

1. 12, ^4-.s'= 16, 2'4*.r=6. 

2. 32 r + 5v=8, + 7 s + 3A'=4* 

3. ax '{-by— 2c, by'{‘cs— 2«, cs + ax — zb. 


4. 


5. 


0 . 


7. 


8 . 

0. 

10. 

11 . 

12 . 


3 + 5 = 3,54.5=7. ?+^=6. 

X y y z 2 X 

ah be c a 

-4.- =2, ' + -““2, -4-” = 2. 

X y 'y z * 2 X 

xy = 4{x -{-y), xz — 6 {x 4 - 2), yz = S(y 4 - 2). 
x-{'y:=:S^y,y'{-2^3yz, S'^x=4zx. 
x+y y+2 24 -x 2 


xy yz xz 3 

32:4*8=0, 2’4-2r~3y4*4=o, jr 4*/ -35' 4* 6=0. 
12, 3[y~4.ff4*3^==io, 3^3: -4^; 4- 3/ =8. 


2r4-qy4*^C5r=»a*, X4rby4rcaz^b*^ x^cy-k^atz^d* 
;r4'V4'2:=rt4-^4-c, ax-{-by'{'Cz^ab-k-bc-{rca.^ 

4 - O' + =* «* 4 * ^ 4 * 
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Solve 

18. 

kt'^cy'has^bC’{‘Ca‘¥ab^ 

(b-c)x-\‘^'--a)y-\’{a-b)2^o, 

14, £^t’¥by'^cz^a'\-by bx+g^+az—b-i-Ct cx-hay+bz—^r+a, 

. (M. M. 1879). 

lO. x+y-i-z^a+b+Cf 

Ar + + ^2- = «* 4* 
a^x+by+{fz^a^+b^+cl 
16 jr+j^+^=a’+^*+r*, 

ax+by+cz^a^'j-b^-i'C^^ 
ax(b^ ~ ^) + by(^^ - a*) + ^z(a^ ~ 

4- (a - - c)(c ~ a)(a^ 4- 4* C£i) = o. 

17. ^4-^4-^=a4-3 + ^, 

bi:x 4- cay 4* abz == ^abc, 

(a* - bc)x 4* (^* ~ ca)y 4- (c^ - ab)z = iz3 4- ^ 4- - 3a<5(;. 

18. 

ax-i-cy+bz^^cx+by^haz^^^bx-hay+cz^^a^+b^+c^-- - 

19 c^X'hby+a^z-^j clz+by-ha^z^^a+b+c, 

c b a b^ c^ * 

20 I +*^4.-i-=^ -i4.i.4.JL==i + i + i 

.r V . r II 1 

.X*' - 4 »* «« .^ ^ 

<5=* r* a3 b3 c^ 

" 21 . jr^sK 12, - 20, 5'4'« 1 5 . 

82, ^/4*;i:4->'«29, ‘ 
j^4-j4'5-«4i, 

-y;r4-ir4'jir=34. 

Are the following equations consistent ? 

23. 3:r4*3v— 8, 34r~2/4-i— o and6jv4-5^=i6. 

24. jr4-2>4'35'«=i4, 3^+4y-*2r=5, 

= li AX’-y-i'iz^B, 

25 2.»?4-a>'«5f aP+4J>f-7t 2^4';ra^3, 24r4*3/4*5^= ii. 


J7Jf + 3 .> z_ 
10 ^5 3 


26. For what value of i are the following equations consistent ? 
av4*^/««<i4“^, fy“^czmb+Cf cz-^ax^c+a^ kx-^by^hcz 
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IS. Method of Indeterminate Multipliere. 


Let us consider the equations 

(2) 

Multiply (2) by / ; then’aJx^^Jjf-hcJ^o (3) 

Adding (i) and (3) we get* * 

Let us take / so that 
or / — - " ‘ . Then from (4) we get 


or, 


(^i, + aJ)x + (Ct •¥cJ)"Of 
- ~h r?/) 
a 1 4 - aj 



substituting for /. 


*■ 1^2 ““ ^X‘2 “** ^2^1 

a A- a * 


Similarly taking I such that we gel /= 


c^a.^ 


a A 


ajbt ’ 


The method may be extended to more than two variables. 
<'onsider the equations : 

aa-^rb^-itCtZ^dx (1) 

( 2 ) 

a^-irb^’\‘C^^d^ (3) 


Multiply (l) by /, then, aJX'^'bJy-^Ctls^dil (4) 

Multiply (2) by then, a^Hx^b^my^c^nzvsd^,„{%) 
Adding (4), (5) and (3) we get 

(a,/ 4 a^m 4 a^yx 4 {bj 4 b^m 4 ^3)/ 4 (cj 4 c,m 4 c^)s 

ae</,/ 4 //a^« 4 n!^ (6) 

Choose / and m so as to satisfy the equations 
bfi 4 bifH 4 o.* • • » *(7) 

A/4r'3»r4C3=o (8), 

50 that equation (6) reduces (a,/4<*3^^4n3)jr»//,/4</3»r4<i'3 


dJ-hdtM'^^2 
or x^=»—n < 

ai/ 4 rra^i 4 n 3 


( 9 ) 
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Now from (7) (8) we get by cross-muitiplication 

m I . 

— diC 3 -T * 


or 

b^Ca 

Hence from (9) 


ijlff 

" b^i bfC^ ”” b^i 


V2 , ^b^i-brC ^ . j 


g,-i6.~ V" j. ^ Mzif 3 , 

. ^3^a) 4* d -SJ^-^Cj “*• bxC^ "P ii^biC'2 ~ b^^ 

^1(^3 - V2) + Vi - '^1^3) + - Vi) ’ 

The values of/ RR^i -sr can be similarly found. 


^ Noto. It appears from the above that we can always multiply equa- 
tions (i), (2), (3) by suitable constants so that the products being added 
together the resulting equation may have the co efficients of any two of the 
unknown quantities zero, and hence this resulting equation immediately 
gives the value of the third unknown. In general the proper constants 
are not evident on inspection j hence the above process is necessary. 


Ex. I. Determine ;t: only from tho equations 

24r + 3/ + 44r=38...(i)) 

3;ir-2/ + 5^=26...(2)P (C. E. 1901.) 

4^+6/~32'=2i..,{3)j 

Multiply (i) by /, (2) by m and add the results to (3), 
then x{il -h 3//; + 4) +/(3^ - 2 w + 6) -f ^^4/ +5^-3) 

— 38/+26 z« + 2i...(4 ) 

Choose /, m so as to satisfy the equations 
3/“-2;^i4*6«=o......(5) 

4/+5w-3«o (6) 


Then (4) reduces to ;ir (2/+ 3w 4- 4) = 38/+ 26^ + 2 1 


or^=38{+26,^ 

2/+3W + 4 

F rom (s) and (6> by cross-multiplication, 


/» -If. 

Substituting these values of /, m in( 7) 
T- -38x|H-a6x||+3i 
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Ex. 2. Are the following equations independent ? 

3;r~2j+4^=5 (i) 

2X+ >^- 5 ^= 9 — -*(2) 

12X ->'-75r=37 ( 3 ) 

Here we are to see whether any one of the equations is dedu- 
cible from the other two. 

Multiplying (i) by / arid (2) by m and adding, 

x{-}l + 2 m) -f /{ - 2/+ m) 4* 5^4/ ~ 5 w) =» 5 ’ f qw (4) 

Now choose /, m ^0 that coefficients of in (4) may be the 
same as those in (3), that is, 

"iSr.*"} »-3- > 


With these values of /, w, (4) becomes 
i2.r-y-7:?=37, the same as (3). 

Hence equation (3) can be obtained hy multiplying (f) by 2 and 
(3) by 3, and adding the products. 

Thus the equations are not independent. 


N.B. The student is advised to apply the method of undeter- 
mined multipliers in solving the examples 1 to 6, Exercise LXXXVI 
and the examples i to 6, Exercise LXXXIX. 


16' Problems Leadiag to Simultaneous Equations. 


The method of procedure in case of prebieras leading to 
simultaneous equations is the same as in the case of problems 
leading to simple equations and is illustrated below. 

Ex. I. Find two numbers such that, three times the first added 
to four times the second gives 180 ; and twice the second subtrac- 
ted from 5 times the first gives 40. 

Let X and y be the numbers. 

Then by the question we have the equations 
3x+4jr=ci8o.... (i), 5^-2v=40... (2) 

To solve the equations, multiply (2) 2, 

then iOLr~4^«»8o (3) 

Adding (i) and 3, i3jr=26o, /. 2:=20. 

Hence firom (i), by substitution, 3 x 20+4/* 180, 
or4_y«i2o, /. /*«30 
Therefore the numbers are 20 and 30. 

Ex. 2, A nnmber consits of 3 digits whose sum is 14. The 
middle digit is equal to the sum of the other two ; and the number 
will be increased by 99 if the digits be reversed. Find the number. 
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Let ;r, y, j? be the digits in the hundreds’, tens’ and unit's, place 
respectively. 

Then by the first two conditions of the problem, 

(2) 

Now the given number =100^4-10/+^, and the number 
obtained by reversing the digits « loo^r 4* io/+;r. 

Hence by the third condition of the^ problem 
( 1 00^ 4 * I qy 4 * ;r) - ( I oojT 4 - 1 0/ 4 “ =s= 99, 


or 995r-99ar=99. 

or (3) 

From (2) we get,;r4*3r-^==o (4) 

Subtracting (4) from (i), we have 
2v=i4, 

Substituting this value of.y in (2), we have 
^+-8r=:7 (5) 

From (3) and (5) x-s. 

Hence the number is 374, 

Ex. 3. A sum of money is divided equally among a certain 
number of persons. If there had been 8 more each would have 
received J^e. i. 5/2J, 4/. less than he did ; if there had been 10 fewer 
each would have received J^s. 2. loas. 8/. more than he did. Find 
the number of persons and the sum of money divided. 

Let X be the number of persons, and y the number of rupees 
received by each. Then the sum divided xy. 

Since jRe. i. f and Rs, 2. loas. 2| 

« jRs. we have from the conditions 



4:^=U+8){/-f) 

....(I) 


;ry=(;r--io)(^4-f) 

....(2) 

From (i) 

xy^xy+Sy-^ix-^ 

• • • ‘Cs) 

OT^X-Sj^--^ 

From (2) 

xy^ xy - 1 qy 4* -* 

••••( 4 ) 


or iqy--^-.... 


Solving (3) and (4) we get x=40,7~8. 

Thus the number of persons *40, each receiving Rs» 8, and the 
sum of money (4ox8)«^r. 320. 

Ex. 4. In a quarter of a mile^racc, A gives S a start of 22 
yards and beats him by 2 seconds' and in a 300 yard*race he gives 
him a start of 2 seconds and beats him by io| yards. Find the 
rates of each. * (M. M. 188S). 

lMt,xyds, per second-rate of A 


If > » 


M 


ft n 
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In the first race the time taken by A to run 440 is 2 seconds 
less than the time taken by B to run 440-22 or 418 yds. 


Hence by the question 2 

200 220 
or — ^ =1,. 

y X 


.(I) 


In the second race the time taken by A to run 100 yds, is less 
by 2 seconds, than the time taken by iff to run (300- io|) or yds. 


Hence 


8^ 30 


Multiplying (i) by 15 andj (2) by ii, we get, 
3*35 3300. 


=‘ 2 . 


.(2) 


= 15. 


-(3) 

>.(4) 


22 , 

= - 3 -= 7 |. 


= 1. 


= 8 . 


,9559 330o„^^ 

Subtracting (3) from (4), we have, 

154 154 

3 y 3x7 

Substituting in (i) this value o{j\ 

209 X 3 220 
22 X 
57 220 

or ^ 

’ 2 X 

Thus ,^’s rate— 8 yds,, and iff’s rate^y- yds. per second 

Ex. 5. A boat goes up-stream 30 miles and down-stream 44 
miles in 10 hours ; it also goes up-stream 40 miles and down stream 
55 miles in 13 hours : find the rate of the stream and of the boat. 

(C. E. 1880). 

Let the rate of the boat in still water miles per hour, and 
the rate of the stream miles per hour. 

Therefore the boat goes x-hy miles per hour down the stream 
and x-y miles per hour up the stream. 

Hence by the question. 


220 cc 

-j or — = — 

’ .r 2 


"! 20X 2 

"Is 


30 j 44 
x-y x+y" 
40 / 55 ^ 
x^y X-hy" 


13. 




Multiplying (i) by 4 we j—s 


'40 m 


'.( 3 )‘ 
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Multiplying (2) by 3 we have J^+~^'= 39 "'--( 4 ) 

Subtracting (4) from (3), i) or. i (s) 

Substituting this value of x+y in (i), we have 

^=10-4=6, x-_y=s (6) 

From (5) and (6) x=8, ^=3. 

Thus the rates of the boat and of the stream are respectively 8 
miles and 3 miles per hour. 

Ex. 6. B and C sit down to play every one with a certain 
number of shillings. A loses to B and to C as many shillings as 
each of them has. Next B loses to A and to C as many as each of 
them now has. Lastly C loses to A and to B as rhany as each of 
them now has. After all every one of them has 16 shillings. How 
much had each originally ? 

Let jr, z respectively be the number of shillings, A^ B, C had 
originally. 

After the first game A has x-y-z shillings, B has 2y shillings 
and C has zz shillings. 

After the second game A has 2(x-y--z) shillings, B has 
7y - (x ---y - z) - 2Zj or -x-tjy--z shillings, and (7 has 4z shillings. 

After the last game A has 4(x’-y-s) shillings, B has 
2(-jr4*3V--2’) shillings and Chas 4z-2(x-y-z)-’(-x + ^'-z) or 
i-^x-y+yz) shillings. 

Hence by the question 

4(.r-j/-jr)=i6, or, x-y-z=^4 (i) 

2(-.r + 3v~^) = i6, or, -x+3y-z-8 (2) 

-x-y+7z=i6 (3) 

Adding (i) and (2), we get, 2/ - 25 '= 12 or,/-r=6..,(4) 

Adding (i) and (3), we get -2^ +65* =20, or,/-35« - io.,.(5) 

By subtraction, from (4) and (5) 2ir=i6, z^8. 

Hence from (4)/= 14. 

Therefore from (i) jr=26. 

Hence A^ B, C respectively had 26, 14, 8 shillings. 

EXERCISE XCI. 

1 . The sura and difference of two numbers are respectively 
1 10 and to. Find the numbers. 

2 . Find two numbers such that twice the first added to 3 times 
the second gives 133 and 4 times the first dimiitished by 5 times the 
second gives 13. 
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3. Two persons possess Rs. 300, and 3 times the first personas 
share together with 4 times the second person’s sliare amount to 
Rs. 1000. Find the money each has. 

4 . If 7 cows and 9 sheep are together worth Rs. 325, and 5 

cows and ii sheep are together worth Rs. 255, find the price of a 
sheep and a cow. # 

6. f of a number added tu ^ of another number git^es 32 ; and 
I of the first exceeds f of the second by i. Find the numbers. 

0 . What fraction is -that which becomes i when 2 is added to 
its numerator, and when 1 1 is added to its denominator ? 

7 . What fraction is that which, if 5 be added to each of the 
numerator and oenominator, equals and if 5 be subtracted from 
each of them equals f ? 

8- 3 ibs of tea and 4 lbs of sugar cost Rs. 2-12 as. ; but if tea 

were to fall 16/ p.c. and sugar rise by 50 p.c., they would cost 
Rs. 2-10 as. Find tiie price of tea and sugar per lb, 

9 . A number consists of 2 dij^its and is equal to o', times the 
sum of its digits ; if 18 be subtracted from the number the digits 
are reversed : find the number. 

10 . Reverse the digits of a number and it will become Jths of 

what it was before ; also the difference between the two digits is i ; 
find the number. (C. E, 1883.) 

11 . Find the number of 3 digits which is the same when 
reversed, and the sum of whose digits is 16 and f ; difference 2. 

(C. E, 1883.) 

12 . A number consists of 3 digits of which the sum is 18, and 
'he sum of the extreme digits is double the middle one. If 321 be 
subtracted from the number the diiference is “ of the original 
number. Find the number. 

13 . A train travels a certain distance at a uniform rate ; had the 
speed been 5 miles an hour more, the journey would have occupied 
1 hour less, and had it been 9 miles per hour less, the journey 
would have occupied 3 hours more. Find the distance and the 
speed. 

14 . In a half-mile race A gives B, 22 yds. start and wins by 6 

seconds. In a three-quarter mile race he gives him 20 seconds 
start but is beaten by 29 yds. i ft. In what time can each of them 
run a mile ? (M. E. 1892.) 

18 . A challenged B to ride a bicycle race of 1040 yds, he first 
gave B a start of 120 yds., and lost by 5 seconds ; he then gave B 5 
seconds’ start and won by 120 feet. How long does each take to 
ride the distance ? (C. E. 188 1). 

10 . A person walks from A to B a distance of 7 1 miles in 2 
^hours i7y minutes and returns in 2 hours 20 minutes, his rates of 
P.— IL— 4 



50 


MATRICULATION ALGEBRA. 


[Chap. 


walking up-hill, down-hill and on a level road being 3, 3^ and 3* 
miles per hour respectively. Find the length of the level road 
between A and B. (B. E. 1884). 

17 . Find the sides of a rectangle whose area is unaltered, if 
its length be increased by 4 feet, while its breadth is diminished 
by 3 feet and which los^s 80 square feet if its length be increased 
by 16 feet, while its breadth is diminished by 10 feet. 

18 . There are three numbers such that the product of the 
first and the second is 3- times their sum ; the product of the 
second and the third is 6 times tfieir sum and the product of the 
first and the third is 3-J times thei^ sum. Find the numbers. 

19 . A party of travellers coming to a hotel find that there are 
6 too few bed rooms for each to have one. if they sleep two in a 
room, there are 9 empty rooms. How many rooms are left empty, 
if they sleep three in a room ? 

20 . A, By C are employed on a piece of work. After 3 days. 
A is discharged, one third of the work being done. After four 
days more B is discharged, another third of the work being done. 
C then finishes the work in 5 days. Find in how many days each 
could separately do the work. 

21 . A bag contains six.-pences, shillings and half-crowns ; the 
three sums of money expressed by the different coins are the same ; 
if there are ro2 coins in the bag, find the number of six-pences, 
shillings and half-crowns. 

22 . The sum of the ages of a man and his wife is 6 times the 

sum of the ages of their children. Two years ago the sum of their 
ages was 10 times the sum of the ages of the children and 6 years 
hence the sum of their ages will be three times the sum of the ages 
of their children. How^ many children have they ? (B. E. 1881). 

23 . A tradesman sells two articles together for 46 rupees, 
making 10 P.c. profit on one and 20 p.c. on the other. If he had 
sold each article at 15 P.c profit the result would have been the 
same. At what price does he sell each article ? 

24 . Divide Bs. 46 among B, C such that of A's share 
with I of B's share equals Bs. 6, and -J of B's share with of Cs 
share equals Bs. 10. 

26 . In a mixed fraction the difference between the denominator 
and the numerator is -- the integral part ; twice the integral part 
equals the sum of the numerator and the denominator increased 
by 6 ; and if 45 be added to the numerator and 1 be subtracted 
from the denominator, the fractional part becomes equal to the 
integral part. Find the fraction. 

26 . A and B can do a piece of work in 15 days, B and C in 
20 days, C and A in 25 days. In what time can each do the work 
separately ? 
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27 . One pound of tea and three pounds of sugar cost 6 
shillings, but if sugar were to rise 50 p.c, and tea 10 P.c. in price, 
they would cost 7 shillings. Find the price of tea and sugar 

(B E. 1866). 

28 . For 35 shiliings I can buy 20 ths of sugar, 3 Ihs. of coffee 
and 6lhs. of tea, or I can buy 15 tbs. of sugar, 4 lbs. of coffee and 
8 lbs. of tea, while if 1 had 16 shillings more, I could buy 10 ti)s. of 
each. What is the price of 1 lb of each article ? 

29 . ^ and i? start from two stations 32 riiilcs apart. If they 
walk towards each oth^ r they meet in 4 hours ; but if they walk in 
the .same direction they meet in 16 hours. Find the rate of w^alking 
of each. 

30 . A train running from A to B meets an accident 50 miles 
from A^ after which it moves with |th of its original velocity and 
arrives at i? 3 hours late. Had the accident happened 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to B and the original speed of the train. (M M. 1857). 

31 . A boat’s crew rowed 3*- mile.s down a river and up again 
in too minutes. Had the stream been half as strong again, they 
would have taken 31- minutes longer. Find the rate of the stream. 

(B. M. 1860). 

32 . A person invests Rs. 2740, partly in 3 P.C. stock at 102 and 
partly in 4 p.c. stock at 96 ; if his total income from the inv^est- 
ment.s is Bs, no annually, what sum does he invest in each ? 

33 . Two trains, 90//. and 86//. long, move on parallel lines 
with uniform speeds. They are observed to pass each other in 
i-j sec, when moving in opposite directions and in 12 sec. when 
mc.ing in the same direction. Find the rate of each train, 

34. Two cyclists ride from A to B, a distance of 55 miles, and 

the first arrives 30 minutes before the second. They then ride 
from B to A, the first giving the second a start of 4 miles and yet 
arriving 6 minute^ before him. Find the rate of each cyclist in 
miles per hour. (B, M. 1901). 

35 . A gentleman went out for a walk ; and after having been 

out 12 minutes, was overtaken by his servant who had run 
from the house at thrice his master’s pace. The master then bade 
^he servant run back at the same rate to the house and bring his 
cigars, while he walked on at his former pace. If the master was 
one mile from the house when overtaken the second time at what 
rate did he walk ? (M. M. 1873). 

36 . A number consists of two digits. When the number is 

divided by the sum of the digits, the quotient is 7. The sum of the 
reciprocals of the digits is 9 times the reciprocal of the product oC 
^he digits. F'ind the number. (M. M. 1887). 
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37 . A certain number consists of two digits whose sum is 8 

another number is obtained by reversing the digits. If the product 
of these two is 1855, find number. (B. M. 1877}. 

38 . A number consists of 3 digits whose sum is 10. The 
middle digit is equal to the sum of the other two : and the number 
will be increased by 99 if the digits be reversed. Find the number. 

(B. M. 1888). 

39 . A father’s age is four times that of his eldest son and five 
times that of his younger son ; when the eldest son has lived to 
three times his present age, the father’s age will exceed twice that 
of his younger son by three years. Find their present ages. 

(B. M. 1882). 

40 . The gross income of a certain man was ;^4o more in the 

second of two particular years than in the first, but in consequence 
of the income tax rising from 4^. in the pound to 6d. in the pound 
in the second year his net income after paying the tax was 
unaltered. Find his income in each year. (B. M. 1891). 


CHAPTER XXL 

STRAIGHT LINE GRAPHS. 

1. In Chapter III we considered the subject of plotting points 
in a system of rectangular co-ordinates and shortly explained the 
use of the squared paper. We shall now solve by calculation 
some questions considered there graphically. 

Ex. 1. Calculate the distance 
between the points (8, 6) and (4, 3). 

Let the point (8, 6) be A and the 
point (4, 3) be B as m the figure. 

Draw AL, RM perp. to the axis of .r 
and BN perp. to AL. 

Now BN-~ML-OL-OM, also 
AN==AL-NL==AL-BM. 

Scale -L'jssi. fig, 12. 

Hence from the rt.-angled triangle ABN, we have 
AB* = BN’ + AN“ 

==(OL-OM)^ + (AL~BM)“ 

=(8-4)“ +(6-3)’ 

=4* + 3’=2S. 

/. AB = 5. 
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Generally, if A be the point and B the point »7i) we 

have from (i) 

+ -*^2)% a formula giving the square of the 

distance between two points whose co-ordinates are given. 

14 Ot©. In the above diagram the student will mark that the distance 
of A from B measured to Ut axis cf x {Le, BN) is the deference 
cf thi abscissae of the points ; so the distance of A from B measur d 
parallel to the axis of y (i.^. AN) is the diferencr c' the ordinates of the 
points. 


Ex. 2. Calculate the area of the triangle whose vertices are 
(io, 2), (7, 6), and (2, 4). 

Let the points be A, B, C in order. Through A, B, C draw 
lines parallel to one or other of the axes to form the rect. ALMN. 
Then we have 

AABC-rect. ALMN- aALB - aBMC- aCNA (i). 



Now AL = distance of B from A measured parallel to the axis 
of 

“diflf. of the ordinates of B and A. 

= 6-2 = 4. 

BL= distance of A from B measured parallel to the axis of x, 
=diff. of the abscissae of A and B. 

= 10-7 = 3. 

Similarly other lengths are as marked in the diagram. 

Hence from (r) 

AABC=AL.LM-i.AL.LB-|BM.MC--JCN.NA. 

=4.8-1. 4. 5 - 2. 8. 

=32-6-5-8. 

= 13 square units. 

= *13 square inch. 
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Generally if A, B, C be tbe points U y\ 

pecuvely, we bave, proceeding as above and simplifying, 


tes- 


A ABC Ux,(v, -/3) ^X,(r3 -/,) +x,(y, 


Ex. 3. Find the area of the quadrilateral formed by the points 
(TO, 4), (is, 8), (IJ, Ji)and (5, y). 



Scale fig. 14. 

Let the points be B, C, D in order. Draw parallels through 
these points to one or other of the axes to from the rectangle 
HKLM, Then tho*quadrilateral A BCD 

= rect. HKLM~- t.AHB*- isBKC- t^CLD-^ b.DMA 
= HK,KL - \.A \ .BK,KC -\.CL,LD - \,DM,MA 

= 7-8 - }.3-4 - 1.3-2 “ i.6.4. -1.3.5 

== 56 - 6 - 3 - 12 ~ 71-27-5 square units =-275 square inch 
EXERCISE XCIl. 

1 . Find the distance of the origin from the following points 

(i) {16, 12) (ii) (15, 8) (iii) (99, 20) (iv) (60, ii) 

2 . F'md the distance between the following pairs of points : — 

0 ) (3t 2) and (15, 7) {i») (10, 7 ) and (45, I 9 )- 

(iii) (9i 2S) and (33, 32) (iv) (19, 23) and (82, 39). 

3 . Show by a diagram that the distances between the following 
pairs of points are equal 

(i) (^, o\ (<?» a) (ii) (a, &), (<?, (iii) (^, <?), 
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4 . Prove that the co-ordinnates of the middle point of a 
straight line is half the sum of the co-ordinates of its extremities. 

5 Calculate the lengths of the sides and areas of the triangles 
of which the vertices are 

(i) (- 3 . 2 ). ( 3 . lo), ( 7 , 2 ) (ii) {o, o), (8, lo), (8,-6) 

(ill) (6, 6), ( 12, 6), ( 1 2, 12) (iv) (2, 14), (-10,14), (l,- 7). 

6 . Plot the locus of points wh'ch are eouidistant from the 
origin and the point (6, ~6). 

7 . Plot the locus of points which are equidistant from the 
points (2, and (10, 7). 

8. Draw and calculate the areas of quadrilaterals whose 
vertices are 

(') (5. 3)1 (! «, 7). f6, 8) and (3, 9). 

(li) (10, 10), (s, s), (-5, 8), (2, 15). 

9 . Plot the points (5, 5), (10, 5), (15, 10) ,(10, 15) and (5, 10) 
and find the area of the figure formed by joining the points in 
order. 

lOr Prove that the line joining the points (7, 3) and (If, ii) 
subtends a right angle at the point (5, 5). 


2 * Consider the expression 
3.r-i2 containing a variable quat)tity 
. . Denoting 3,r- 12 hy y, we have the 
equation 

j ^3,t-i2 (i) 

By giving to x a series of numerical 
values, we get a series of corresponding 
values of or 3.r- 12 from (n. Thus if 
2, 3, 4, 5 

o, 3 

Now we may suppose each pair of 
these corresponding values of x a»»d y 
to be the abscissa and ordinate respec- 
tively of a point in a plane with 
reference to two axes in the plane, 
and plot the points (1,-9), (3,-6), 

(3.73). (4,0), (5,3) 

as in the diagram. It appears from 
\the figure that these points lie on the straight line AB, Similarly 
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any values of x and / which satisfy the equation (j J are the 
abscissa and ord uate respective of some point which lies on 
(produc ed if nec-issary). * 

Again, the abscissa and ordinate of any point on A B (produced 
both waysl being put for A' and jp respectively in (i), the equation 
will be satisfied. Thus we find from the figure that (6,6) is a point 
on ABf and by putting 6 the equation (i) is satisfied. 

We thus get the geometrical interpretation of the algebraic 
equation (I ) the equation 12 represents geometrically 

the straight line AB which is called the graph of the eq^uatlon 
and the equation is called the equation of the graph AB, 

3. Function. An expression which contains a variable 

quantity x is called a function of x and is usually denoted by the 
symbol / (x). Thus 2.^ + 3, are functions of .rof the 

first and second degrees respectively. 

A function of the first degree is called a linear function.^ and 
a function of the second degree is called a quadratic function. 

4. Graph of a function. Let f (x) be a function of .r. 

Denoting the function by ^ we have the equation which for 

a series of values of x gives a corresponding series of values of 
Take each pair of corresponding values of x and y to be the co- 
ordinates of a point in a plane, and plot a series of points in the 
plane from these co-ordinates. The line, straight, or curved, 
through the points thus plotted is called ihegraf/t of the function 
fx) or \^\e graph of the equation y^f {x\ the points being joined by 
means of a continuous curve. 

In art. 2 we have found that the straight line AB is the graph 
of the function 3;r- 12 or of the equation y = 

5. Graph as a I0CU8. If the abscissa and ordinate of a 

moving point are denoted (as is always done) by x and y respec- 
tively and if these quantities satisfy the equation _y=/{jr), then it is 
evident that the moving point must trace our the graph of the func- 
tion Hence a graph may be defined thus 

The graph of an equation y»f{x) is the locus of a point which 
moves so that its co-ordinates .rand always satisfy the equa- 
tion. 

To test whether a point lies on the graph of an equation or not, 
we are to substitute the co-ordinates of the point in the equation 
ix. put .r** abscissa and /=« ordinate of the point ; and then see 
whether the equation is or is mot satisfied. In the former case the 
point is on the graph and in the latter case it is not. 

Thus the point <10, 18) is on the graph of/^sx- i3, for jr» io» 
jmi8 evidently satisfies it . 
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C. The following graphs should be thoroughly understood by 
the student 

(1) The graph of x-ois the axis of every point on the 
axis of y has its x or abscissa equal to zero. 

(2) The graph of y=^o is the axis of x, for every point on the 
axis ofx has its^p or ordinate t^ual to zero. ^ 

(3) The graph of x^a where a is a constant is a straight Lae 
parallel to the axis of y at a distance of a units from it. The 
graphs o{x=$f X— - 5 are drawn in the figure. 



Scale*i"=i. fig. 16. 

(4) The graph of y—b where b is a constant is a straight line 
parallel to the axis of x at a distance of b units from it. The 
I raphs of ^=5 and.y=* —5 are drawn in the figure’ 

7. We shall now consider graphs of equations of the first 
degree. In the following examples the scale used will be j. 

Ex. I* Draw the graphs of (i) y—x 

(ii) -X 

(il To draw the graph of y~x^ tabulate the corresponding 
values of x and j as follows : — 

jr:«o, t 2, 3, -I, -2, -3, 

/«o, I, 2, 3, -I, -2, -3, 

Hence the graph passes through the origin (o, o) and the 
following points : — 

(I, I), (2, 2), (3, 3) ( - 1, - 1), ( - 2, - 2), ( - 3. - 3) 

Plotting these points we find that the graph consists of the 
Straight line in the figure 17, bisecting the angle XOY, 
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(ii) To draw the graph -x, tabulate the corresponding 
values of x a,ndy as follows ^ 



Scale. fig. 17 - 

;r*=Oj ij 2, 3**** 2, “"3 

y~Of —I, — 2 , ~3 3 

Hence the graph passes through the origin (o, o) and the 
following points : — 

(i,- i), (2,-2), ( 3 ,- 3 ) (- >. •). (-2, 2), (-3, 3 ) 

Plotting the points we find that the 
garph consists of the straight line in 
the figure bisecting the angle VOX\ 

Ex. 2. Draw the graphs of 

(i) (ii) J'=3-r-9 ’ 

(i) To draw the graph of/= 
we tabulate the corresponding values 
of X and^ as follows ; — 

;r=o, I, 2, 3 — -“J5 -2, -3 

- 2 , - 4 , - 6 ... 2, 4 » b 
Hence the graph passes through 
the origin and the following points 
D, ~2), (2, -4), (3, -h 2), 

( -2, 4), (-3, 6) 

Plotting the points we find the 
grahp to be a straight line (fig. 18). 

(ii) To draw the graph of/=3-r~9, we tabulate the correspond* 
ing values of and j as below : — 

o, 2, 3, 4 ** ~ 2... 

—6, —3,0, 3 — 12, —15..* 

Plotting the points (o, (2, -3), ( 3 » oh f 4 f 3 )-- 

get the graph to be a straight line (fig, 18). 
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Ex. 3. Draw the g^raphs of (i)-3.r+7 (ii) (Sf -6) /j 
(i) Here we are to draw the gra^h of /= - 3;r4-7. We tabulate 
the co-responding values of x and / thus : — 

:r«o, I, 2, 3 ~i, -2. -3,... 

/« 7 , 4, I, 13, 16,... 

Plotting the points (o, 7), (i, 4;, (2, i, 10), (-2, 13) 

we get the graph to be a straight line (fig. 19). 



Scale. *!''=« I. fig' 19. 


(ii) Here we are to draw the graph of / 


5-r - 6 
3 


W'e tabulate 


the corresponding values of x and / thus : — 

, o, 3, 6,... -3, - 6,... 

/«-2, 3, 8,...-7j “I2v.‘ 

Plotting the above points we find the graph to 

(fig. 19) 

8 . The most general form of an equation 

in X and/ is Ax (i), 

where C are constant quantities. 
From (i) we get By^ - Ax- C 



C 

B ' 


be a straight line 
of the first degree 


This we way write as/= (2) 

where m is put 


A C 

for - ^ , and c for - ^ 
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Thus an equation of the form (i) may be reduced to the form 
(2). Now for numerical values of m and ^ the graph of 
can always be drawn as in the preceding article. From the cases 
considered there and others, the student is likely to come to the 
conclusion that the graph ot y—mx^^c is always a straight line. 

Hence we infer that the equation Ax'\^By^rC-=^o 
for all values of C is a straight line. 

The result is formally proved in the next article. 

9. To prove that the graph of the equation of the first degree 
in X and y is always a straight line. 


Let the equation be Ax^By-^rC^o. 

Lfit (Xty yt\ {x^jf y^), y^) be three points on the graph of 

the equation. 


Then x-x^^y-ytt will satisfy the equation. 


Hence ^ 4 ^i + Byi-hC=o ....(i) 

Similarly Ax^-\'By^’\'C=o .,.(2) 

Ax^-i‘By^-^C-0 (3) 


From (2) and (3) by cross multiplication, 


B 


Xs-X^ x.y^-x^r. 


(suppose). 


B:=-h(x3-x,), C ^ ^ixs/s ^ x^y;,) 

Substituting these values of B, C in (i) and dividing out 
by k we have 

or re-arranging, x,{ya -y^ - y,) •hxfyt -y^) =0. 

But the expression on the left is double the area of the triangle 
whose vertices are the points (r*,/,) and {.r^, y^\ see ex. 2, 

art. I. Hence the area of the triangle formed by joining any three 
points on the graph is zero or the graph is a straight line, 

10 . A straight line is determined by two points. Hence, since 
the graph of an equation of the first degree in the co ordinates is 
a straight line, such a graph is obtained by plotting two convenient 
points on it and producing indefinitely the straight line joining them. 
The two points thus plotted should be taken as far apart as 
possible, as otherwise a small error in plotting them would displace 
the line considerably. Also it is advisable to plot a third point on 
the graph to test the accuracy of the other two points. 

Sometimes it is useful in drawing the graph to determine it by 
joining the points where it cuts the co-ordinate axes. By putting 
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y^O in the equation of the graphs the value of x gives the intercept 
on the axis of and by putting x^o in the equa*wn^ the value oj 
y gives the intercept on the axis of y. 

Ex. I. Draw the graphs of (i)/=2-r 4-9 5 

The equations being of the first degree in x and /, their graphs 
are straight lines. 

(i) Here x—o gives j|/=o, also .r«5 gives/~-=io; hence ihe 
graph passes through the origin (o, oj and tiie point (5, 10), as 
shown in the figure ^fig. 20). 



Obs. In general, an equation of the form y-^mx where tn is 
a constant represents a straight line through the origin. Hence in 
such a case we are to plot one convenient point only. Thus in the 
equation a convenient point on the graph is (9, 7) ; hence the 
straight line through the origin and this point is the*required graph. 

(ill) In43rawing the graph of /=2.r+9 we may take jr^o, 

9 as one point and /— -5 another point. Hence 

"(joining these points (o, 9) and (~ 7, ~ 5) straight line we get the 
graph (fig. 20). 

(iii) In drawing the graph of/~2ar~ 5 one convenient point is 
- 5 ahd another point is ;ir=7,/~9* 

Hence joining these points (o, - 5) and (7, 9) by a straight line 
we get the graph (fig. 20). 
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NotS' It appears from the figure that the graphs of the equations 
ymt%x, and ^sa2.r — 5 are parallel straight lines. Observing 

that the equations differ in their constant parts only, we infer that equa- 
tions of the Hr St degree which differ or can be made to differ in their 
constant terms only represent parallel straight lines. 

The proof of this result lies in the fact that two such graphs 
intercept a constant length on each common ordinate, (see fig. 20). 

Ex. 2. Graph fi) (ii) 

05 47 

The equations being of the first degree, their graphs are str. lines. 

(i) Here putting ;r—o, /= 5 and again by putting ^==0, ;r==6. 
Hence the points (o, 5) and (6, o) are on the graph or in other words 
the graph cuts off an intercept 5 from the axis of y and an inter* 
cept 6 from the axis of x Hence it is as shown in fig. 21. 



(h) Here piatting x^%y— -7 or the graph cuts off an inter- 
cept~7 from the axis of/. Again by putting / = o, x-4 or the 
graph cuts off an intercept 4 from the axis of ;r. Hence the graph is 
as in fig. 21. 

X y 

Note. Genetally the graph of - « I is a straight line cutting 
off intercepts a and b from the axes of x and / respectively. 

Ex. 3. Draw the graphs of (i) 4a -5/+ 12=0 

(ii) 5 Ar-h 4 /-h 24 =o 
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The equations being of the first degree, the graphs are si, imes. 

(i) Here 4^ + 12 or^=^ 4 ^~^ . . . . (i) 

By trial we find from (i) a few pairs of corresponding values 
of X anJ y which are integral. 

Thus putting ^ = 7, 

wegetj/==8, 4, o,~4, 

Plotting any two of the points, say, (7, 8} and (-8,-4) and 
joining them by a str aight line, we get the graph as in fig. 22.) 



Scale. •i"=i. fig. 22. 


(ii) Here 4/= -(5.r4-24) 


or j = 


4" 24 

4 


(2) 


By trial we find from (2) a few corresponding values of.r and y 
which are integral. 

Thus, putting 2r= 4, o, - 4, -8....... 


we gel - 11,-6, - I, 4 

Plotting any two of the points, say, (0,-6) and (-8, 4) and 
joming them by a straight Lne. we get the graph as in fig. 22. 


Not©. It appears from the 6gure that the two graphs of the equa- 
tions 4.1— ^4- 12 mo and 5x4 4^^ 4-24 aao are perpendicular straight lines. 
It may be observed that the coefficients of x and / in one equation may be 
obtained by interchanging ike co^cienU of x and y in ike other and chang- 
ing ike sign of one of ikem. In all such equations the graphs are always 
perpendicular straight lines. Observe that nothing is said as to the 
constant terms in the equations, so they may be anything. 
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Ex. 4. Draw the graph of the function , Read oft the 

f 7 

value of the function when at = 2, and find the value of x when 



Scale. fig. 23. 

We are to draw the graph of the equation 

Puting ,r“ - - ~2 ; also putting ,r=4,^»=4. 

Plotting these points A, B we get the graph to be the straight 
line Ai^ (fig. 23). 

When .r— 2 we find from the figure the corresponding value of 
y or the function ~ 3 to the nearest integer. 

Also when / or the function = - i, the corresponding value’ of 
~ 8 to the nearest integer. 

Ex. 5. Draw the graph of the function i6,r+9. 



[Scale *4'’= I along x axis and units along ^ axis, fig, 24.) 
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Here we are to draw the graph of the equation 
The following are pairs ot corresponding values of .r and> : — 

x=o, I, 2, 3, 4, 

25, 41, 57, 73, 

From this we find that as x increases, y increase! very rapidly 
Hence unless the unit is chosen very small (which is practically in- 
convenient) the figure wilt be unweildy. To obviate this difficulty 
we take different units for measuring abscissa and ordinate, ^.et 
us take 4 sides of the small squares {i.e, ’4") u represent the unit 
in measuring abscissae and each side of the squares (/ c. *1") to 
represent 3 units in measuring ordinates. On these scales we plot 
the points (o, 9) and (3, 57). Remernberii.g that in measuring 
abscissa; 3 is represented by 12 sides of the squares and in 
measuring ordinates 9 and 57 are denoted by 3 and 19 sides, 
get the points to be A and V> (fig. 24). Hence the graph is the 
straight line AH. 

EXERCISr XCIII. 

Draw the graphs of 

1. .r=2. 2. .r~->7. 3. ar=i2. 4. x— -g. 

6. y—6, 0. 7. y~~4, 8. 7 = 8. 

9. ^=4.r. 10. y—-~3x, 11. 7=7^. 12. 

13. y==jx, 14. y=~^x. 15. - J.r. 16. 

17. y-x-ti. 18. y—-xy2. 19. 1 ~.r + 3. 

20. y~4x+i2. 21. y~St^-9- 22. j' = 3.r+r5. 

23. y^~yr-h2i. 24. y—-4x-h2o. 25. -5^ + 30. 

26. 5;/==4a'-f i8. 27. 2j/— 5.r-2o. 28. 4/“»-5.r + 28. 

29. The abscissa of a point is invariable and equal to 7, graph 
the locus of the point. 

30. The ordinate of a poirt is invariable and equal to— 10, 
graph the locus of the pont. 

33 , The abscissa of a point is equal to the ordinate, draw the 
graph of its path. 

32, The abscissa of a point is equal to 3 times the ordinate, 
draw the graph of its path. 

Draw the graphs of the following functions : — 


33. 

x-5. 

34. 

3r~i3^ 

35. 5jr-i9. 

36, 

?5_1 4 ^ 

2 

37. 

3 

38. 

4 

39. 

(8-^)/3. 

P.—II.— 5 

40. 


41. (t2-4jr)/3 
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42 . Draw the graph of the function - — and 
when x^2» 


find its value 


43 . Draw the graph of the function and read off its 

4 

value when ;c~ ~ r. Find also for what value of x the function = i. 

44 . Draw the graph of the function and find for what 

value of X the function = - 3. 

Draw the graphs of the following equations : 


45 . 

48 . 

51 . 


53 . 


55 . 


3 .r- 4 /+ 5 ~o. 46 . 7 ;r+ 9 /- 24 =o. 47 . 4 .r-' 5 r = 6. 

5;r + 3/=l7. 49 . 2;i:- 10/ + 9-0. 50 . 3^-47-25, 


4 9 


52. i 

II 5 

54. = 


12^18 o / 

Find the are i enclosed by the lines represented by .a: = 7, 
9^7;^ 3, 7==: -6, 


Xl- The following examples illustrate the notes to examples 
of the preceding article. 

E\. I. Find the equation of the straight line through the 
points (2, 3) and (6, - 7), and prove that the line passes through 
the point (-4, 18). 

The equation 7 + I ). for the suitable values of wand c 

represents nny straight line. Here we are to n^ake the line 
pass ilirough the points (2,3) and 6, - 7) and these conditions 
determine m and c. 

Because (2, 3) is a point on (i) it follows that 7 = 3 will 

satisfy (i), 

3«=2w+r *.(2) 

Again, because {6, -7) is a point on (i), it follows that ,r~ 6 
7= -.7 will satisfy (i) 

/. -7«6w+r. 


^( 3 ) 
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Subtracting (2) from (3) - 10 or m~ - I-. 

/. from, (2) r~3-2w==3 + 5 = 8. 

the equation of the line is^= - 8 

or 5jr-h2_)/=i6 

This equation is evidently satisfied by making x— -4 and j - 18, 
or, the line passes through the point (-4, 18). 

Ex. 2. Find the equation to the strai;4ht .iUe which cuts off 
intercepts 4 and —9 the axes of.r and^' respectively. 

The equation where m and r are constants, 

sepresents any st»-aight line. Because it m ikes the intercept 4 on 
the axis of a', it is evident that the point (4, o) is on (i) ; 

hence o — 4;;i+c ...(2) 

Again, because the line makes an intercept -9 on the anxis of y 
l is evident that the point (0,-9) is on (i) ; 

hence -«9 = r /, from (.■») 

Thus the equation of the line is/ = ^ir-9, 

X y 

or - ~ 1 . 

4 9 

Ex. 3, Find the equation of the straight line through the point 
' “4, 5) parallel to the straight line whose equation is 7.1' -2/ -1-3=0. 

Equations of parallel straight lines differ in the constant terms. 
Hence the equation of any straight line (see note, ex. i art. 10) 
parallel to the straight line represented by 7 .r- 2 yy 2 -. o is 
7x-2y f C~o (i) 

If this line passes through the point (-4,5) it follows that 
“4 jT“ 5 will satisfy (i) 

Hence -28- 10 + C~o or C— 38. 

the required equation is 7a:- 274- 38 = 0. 

Ex. 4. Find the equation of the straight line through the 
point (3, ~ 4) perpendicular to the straight line whose equation is 

The equation of any straight line ssee note, ex. 3 art. 10) per- 
pendiiuiar to the straight line represented by the equation 

+ is 

3.t-2>'-f ^=0 (i) 

If this line passes through the point (3,-4)^^ it follows that 
r = 3, y = -4 will satisfy (i). ^ 

Hence 9 + 8 + C=o orC«=~i7 

the required equation is 3ar- aj'- 17=0. 
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12 - Gradient, slope. Let OA be tl\e graph of the equation 
f — fx and OB that of the equation 
Then (supposing the 
axis of X to be horizonal and 
the axis of y vertical) in moving 
along OA there is a riseoi 4 units 
for every 5 units traversed hori- 
zontally and in moving along 
OB there is 2isfail of 2 units for 
every 3 units traversed horizon- 
tally. The number is called 
the gradimt or slope of OA^ and 
the number ~ } is called the 
gradient or slope of OB. 

Thus the gradient of the 
straight line whose equation is 
y—mx is m. Again since parallel 
straight lines have the same gra- 
dient, it follows that the gradient 
of the straight line whose equation is + r is also m. 

Ex. Find the gradient of the straight line whose equation 1.' 
3 .t--h 4 y -7 = o 

Here 3,r 4 - 47 - 7 = o 

4/= -K+7 or/= 
the gradient of the straight line = - J. 

EXERCISE XCIW 

Find the equation of the straight lines through each of the 
following pairs of points : — 

1. (5, 6). (-5. -0- 2, (3, 4), (5. -6)- 

3 . (0,0), (2, 3). 4 . (6, -4), (-7, 8), 

Find the equation of the straight lines cutting olY the following 
intercepts : — 

6. 4 from the axis of x and 5 from the axis of y. 

0. ~7 from the axis of .r and 9 from the axis of y. 

7. 12 from the axis of x and -8 from the axis of y. 

8. Find the equation of the straight line through the point 

(5, -8) parallel to the straight line given hy the equation 

7X-117+ 12 ~o, 

9 . Find the equation of the straight line through the point 

(-6, 2) parallel to the straight line given by the equation 

6 .ir->' 4 *i 3 = o- 



Fig. 25. 
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10 - Find the equation of the straight line through the point 
(j, -4) perpendicular to the straight line whose equation is 
3.1'- 7/ *h 2 — 0. 

11 . Find the equation of the straight line through the point 

(3, 5) perpendicular to the straight line whose equation is 
9.r o. 

12 . Show that the three points (6, -2), (-4, 8)^ (ro, -6) lie on 
a straight line and find the equation of the straight line. 

13 . Show without drawing which of the points (i, 5), (2,7), 
ot 3)» (~2, — i) lie o i the straight line j'^ 2 x-h 3 

14 . Find the slopes of the following straight lines 

(i) 7 ,r 4 - r2>'-9 — o (ii) 3.r-i2/+7=o. 

(iii' ,t--7p-M— o fiv) 5 - 3.r+ 1 i/~o. 

15 . Find the equation of the straight hue through the point 
(3, -4) having a slope = J. 


13 - Graphical solutions of equations We hall consider 
simultaneous equations of the first degree in two vaiiables. The 
method is illustrated by the followung examples. 

Ex. I. Find graphically the solutions of the equations. 

5.v-3jr- i8-=^o (i) 

4^t:-9y+i2 = o (2) 



Scale'i"~i. Fig. 26. 

The graphs of the equations (i) add (2) are straight lines. 

From (i) we have 3y=5.r- 18 or/— . Hence by put- 
ting 4' — o, we get/— — also by putting x — 9, we get y— 9. Plot- 
ting these points (o, -6j, {9, 9) which are A and JJ in the figure 
we get the graph of (i) to be the straight line AB. 
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Froo" (a) 9f^4x' ^i^or . Hence by putting . 

we geiy^o. afso by putting jr=is, we get jy=8. Plotting these 
points o), (15, S) which are C and D in the figure, we get 
the graph of (2) to be the straight line CD, 

Now the co-ordinates of all points in AB satisfy the equation 
(l) ane the co-ordinates of all points in CD satisfy the equation (2). 
Hence the co-ordinates of the point common to A B and CD satisfy 
both the equations and are therefore their solutions. 

Thus from the figure we find that x— 6 , y ~4 are the required 
solutions. 


Hence to obtain the solutions of two simultaneous equations 
of the first decree in two variables, we are to draw the graphs 
of tliose equations (straight lines) and read off the co-ordinates 
of their point of intersection. 

Ex. 2. Solve the equations graphically 

I23^ + 23Ij^~36o (i) 241X- 3197=375 (2) 


To draw the graph of (i), put 7=0, then x- 


360 

'123' 


2.93 nearly. 


Again, putting we we get 7 = 


360 

231 


= r.56 nearly. 
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Hence the graph is the straight line joining A (2*93, o), and B 
(o. 1*56). 

To draw the graph of (2), put then 
x^iii=r 5 S nearly. 

Again, putting we gei 

nearly. 

Hence the graph is the straight line joining C (1*55, o) and D 
(3. 1*09)- 

Draw the two graphs on the scale i"=i and let them intersect 
at H whose co-ordinates are 2*15 and *42 

a‘^2’15, y='42 ^approximately). 

1.4- InconeiateDcy and independence of rquations. 

The graphs of two equations aie parallel straight lines, if they 
differ (or can be made to differ) in their constant terms only. 
Hence two such equations (since their graphs have no common 
point) have no solution. 

Thus the equations 2ar-f 3_y-4=o, 4.r-f 6jv4-7 -o. (the latter 
being really 2.t +3j-f ^ -o) are inconsistent and ’ we no solution. 

.Similarly three equations of the first degree are consistent if 
they are satisfied by the same values of x and f c, if the straight 
i nes represented by them are concurrent. 

Again, the graphs of two equations are coincident straight lines, 
if they are not independent i.e. if one is deducible from the otiier. 
Hence two such equations (since their graphs have all points com- 
mon) have an infinite number ol solutions. 

Thus, the equations 3w-4y-f7~o, 14 — 0 are not in- 

dependent (the second being deducible from the first by multiplica- 
tion by 2) and being equivalent to orre equation connecting two 
variables have an infinite number of solutions. 

IS. Graphical solutions of problems. 

Ex. I, The monthly wages of a servant are /?s. 3, construct a 
graph serving as a ready-reckoner to show the wages for any 
number of days of the month. 
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Let the writes for days be y annas. Now the daily wages 
are J-l or annas, ;ind for x days they are |-;ir annas, Hence _y~lx 
is the relation between x and 



Let the distances along (L I' rt^present the number of days (“i" 
representing 2 d lys) and the distances along O ) represent the 
number of annas ( i" representing 2 annas). Then the graph of 
(which IS a straight line) may be obtained by joining O to 
the point /' (30, 4S). The ab.scissa and ordinate of any point on 
61 /’ give respectively the number of days and the corresponding 
wages in annas. 

Thus the abscissa of the point // represents 2 x6 or 12 days and 
the corresponding ordinate represents 2x9* or 19 annas nearly. 
Hence the wages for 12 days are 19 annas. 
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Again, the ordinate of K represents 2 x 8 or 16 and the 

• orresponding abscissa represents 2 x 5 or ic> da^'s. Ileiue Ic’ one 
rupee the servant can be engaged fur 10 days. 

E::. 2. The cost of 15 articles is t zas.O/., draw a graph 10 
obtain the prices of any number of articles up to 12. 

Let ,v articles cost p' annas. Now the cost of each artlcU' is 
i/ 1 5 ) or annas and therefore of. r art'.< ._s annas. Hence 
p -.-- Lv is the relation connecting .r andjc 



Let 'I ' along OA' represer one article and ■ i ' along () V repre- 
sent one anna. The graph of V which IS a straight line may 
be obtained by joining O to the point 7 ' (24, 20). 

From the figure we find ;'=■ 12 neaily when x 14 or the price 
of 14 articles is 12 annas. 

Again, we find ,r = ii neatly, when 3' =^9, or. for 9 annas we can 
buy II articles. 

Ex. 3. Given that one rupee— i’3 shillings, construct a graph 
giving at sight the number of rupees in a number of shillings 
and vice z>ersa. 
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If rupv?es-^ shillings, then is the relation between 

X and jy. 



The graph of J ;r is a straight line, obtained by joining O to 
the point (20, 26). This is the required graph. 

Thus when 7, 9 nearly /x. m 7 rupees there are 9 shillings 

nearly. Also when v= 13, -r — 9] neatly showing that in 12 shillings 
there are 9^ rupees nearly. 

Ex. 4. A gives a start of 2 miles. If A walks at the rate of 
4 miles an hour and />’ at the rate of 3 miles, find w'hen and at 
what distance A will overtake />. 
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Let A walk j miles in x hours, then is the bet- 

ween -r* and Taking '5" along 0*V to reprerent one hour and 
*1" along OVto represent one mde, Nve draw the graph of >' ^ 4.1 
(which is a straight line) by joining O (o, o) to, the point (3 » 
Then OP is the motion giuiph of A. 



Let /> walk y miles (from the b'^ginning of his motion) in .1 
iiours (from the instant A starts). Then r- 3.1' -f 2 is the lelation 
betv^en x and}'. The grapli ofj'-- 3.r-|-2 (which is a .straight line) 
IS obtained by joining (/ fo, 2} and P' (3, 1 1). h'his is the nici'on 
i:raph of /). 

The two graphs intersect at //, of wlvrh the abscissa is 3 and 
ordinate is 8 . Hence A and P> meet after A has walked for 3 hoiii- 
a distance of 8 miles. 

Ex. 5. At what time' between 3 and 4 o’clock are the two hands 
of a watch together ? 

Let the minute hand go over y minutc-spac'^'s in a' minutt s 
after 3 o’clock ; then evidently y~x is the relation between x and 
y. Taking -p along O.V to represent one minute and ‘i ‘ along 
O y to represent one minute space, we draw the graph of y—x by 
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joining the point 0 (o, o) to the point P (25, 25). Then OP is the 
)notion-graf.n of the minute-hand. 



J.et the hour-hand be V minute-spaces ofT from the 12 o'clock 
in ark, in .r minutes past 3. Then since in x minutes the hour-hand 

X . , X 

moves over mmute-spaces, we have v= - + the relation 
12 ^ •'12 ^ 

between x and The graph of this is obtained by joining O' (o, 15) 
to P' (24, 17.) 'i hen cy P' is the motion-graph of the hour hand. 

The two grajidis intersect at // which corresponds to the posi- 
tion when the two hands meet. The abscissa of iT" being 16*4 
nearly, the time required is 16 4 minutes past 3. 

NotS. If wfc want the time at which the hands of a watch are, say, 
6 minvUe-spaces apart, we determine it from the abscissa of which the 
corresponding ordinatf* in the tw«» graphs differ by 6- Thus from the fig. 
we find that the ordinates differ by 6 when the abscis^.a is lo or 23. 
Hence the hands aie 6 minute-spaces apart at lO minutes past 3 and again 
at 33 minutes past 3. 
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Ex'. 6. Draw a smooth curve to represent the .n 

temperature from the data ; 


Timk. 

6 a.m. 

[ 8 a.m. 

, loA.M 

I2N(»0N 2 P.M. 

' 4 

' 6 P M , 8 P M 

Temp. 

54 

i 

j 60 ! 

1 I 

68 1 73 

'■'4 

i 

! 63 , r- 



Let ‘i" along the x-axis represent one hotir and 'i ' along tin 
y axis represent one degree of temperature. Draw lines tluough 
the point (6, 50) parallel to the axes and plot the above points with 
reference to them. Join the points by a smooth curve as shcovii in 
the figure. 

Note. In this example only a limited nnmWr of prints is given and 
the problem of drawing the rurve through them is indefinite. In su' h 
ca.ses we are to draw the simplest curve pas.sing evenly through the point.s. 
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EXERCISE XCV. 

Solve the foilcwing equations graphically 

1* “3/ 4*v-h3/“i7==o 

2. 5.t"7>'“ 29=^0, sx + 2 j^^s==o 

3 . 4^1 + 59^-- 13 — o, -9^=1 1. 

4. 9.ir+ 2 J + 12 5r-7/ + 3i=o. 

35 '^'- i 3 t'~ 26,rq-7j/=23. 

6. Show graphically that the graphs of the following equations 
meet at a point : — 

yv - 3y -h 26 = d, 2 x + 3j + 2 =0, yx - + 38 ~ o. 

7 Prove that the following equations represent concurrent 
straight lines : 

6a: + Sy ^=21, 3a' “_v, 9.V - 7/ 4- 1 2 ~ o . 

8. Prove that the graphs of the following equations pa:,s 
through the point (2,- 5) ; 

4a - 7 >'-^ 43 . 3 '- 2 .v + 9 -o, 3 .v- 49 '=- 26 . 

9 . Draw the triangle who-^e sides are the straight lines given 

by the <M(uaiions 5a -t-gt' ----- 53. a'-f 3g---i5, ^x-2y-f. Kind the 

ro-oulin.ues of its angular })oints, the lengths of its sides and 
medians. 

10 . If oranges sell at Rs. 6 per hundred, draw a graph to read 
otT the pr i('e^ ot any number of oranges up to 50. Find how many 
oranges < an be bought for Rf. 4 as. 

11 . Consiru' t a ready reckoner to read off the price of rice at 

pu'C per seer. 

1 ‘ 2 . Con^iruri a graph to ('ouvert readily degrees Fahrenheit 
into degice.^^ Centigrade and vwVv 7 'ersa. 

rif a* in centigrade .sc.ile he the same temperature as in the 

Fahrertheit scale, then - ' or Q.r =r c v — 1 6o, is the relation 

ic» 212-32 

betw'^en .1 and j']. 

13 . Dravva graph for converting at sight inches into metres 

and it being known tliat i metre --39.3 inches. 

14 . (oven that i inch — 2*31 centimetres, draw a graph to 
convert luciie^ into ceniimetres and r-v'. c Txrsa. 

Fdovi tlic value of 5 6 centmietrcs in inches and 3'4 inches in 
cenlinietj es, from the graph. 

15 . ( bven that i kdometre - 62 mile, draw a graph to convert 
kilometres into miles and 7//tV 7 /ef‘su. 

Head olt fo^rn the graph the value of 7*3 kilometres in miles and 
the value of 27 miles m kilometres. 
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16 . Draw a graph to convert speeds in miles per jr.io 
speeds in feet per second. 

17 . Two men start, one from P to Q and the other from Q to V : 
the former walks at the rate of 5 miles an hour and the other at the 
rate of 3 miles. Find when they will meet, the distance between 
P and Q being 60 miles. 

18 . The establishment charges of a liostel are constant and 
other charges vary with the number of boaide’s. For 20 hoarders 
the total expenses are Rs. 215 and foi 25 boarders tliey are Rs 265. 
Draw a graph to re[)iesent the expenses for any number of boys. 

19 . Five boys get 65, 32, 49, 33, 23 out of a maximum of 70 
marks. Draw a graph to ral.-se the inaxiinum to too and read ott 
;he corrcbijonding marks of the candidates. 

20 . The sum of R. 2>-»o is put to simple interc.st at 3 p. c. per 
annum, draw a gtaph to find the amount at the eiul of any number 
of yeais up to 10 

21 . The fn.st thousand copies ot a book cost Rs. 10 t(> print and 
for et'ery thousand more the cost i^ Rs. 3 only, diaw .1 giaph to 
»ead off the cost of any number of thousands up to 10. 

22 . At what time tlie two hands of a watcli are together between 
4 and 5 o’clock r When are they 12 mmute-spac es apart 

23 The top and bottom mark‘d for a paper in an examination 
ii'e ; ! and 85 respect ively. .Sh»)\v ])y a graph h to leduce these 
''O that the top counts 174 andtiie bottom 34. 

Read off from the graph the reduced mark to the nearest integer 
.'orrespondmg to the old mark ij,7 and the original mark lorres' 
ponding to the reduced mark 121. 

[I.et x uld marks C(trrt>p aai to y reduced mark', tiu'ii - 

= is the relation between a and 3'. j 

D4- 34 


24 . The number of years ), that a male .aged a ycais may be 
e.xpecied to live is given thus ; 


a- 0 4 i 

8 i 12 ; 16 

20 

24 

28 ' 32 3b 

1 

3' 4 t D i 

49 4 ^^ 43 

39 


' 1 

34 . 31 1 28 

Illustrate j 
males aged, 9, 

graphically and 

J4, 22, 26' 34. 

calculate 

the 

e.xpectation 0/ hfc of 
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25. Draw a smooth curve to represent the variations in the 
height of a barometer from the data 


Time. 

j 

1 

2 A.M. ! 3 A.M. 1 4A.M 

1 i 

5 A.M. 

1 

6a.m. 

j 

i 

7 A.M. 

1 8. A.M. g^.Wi 

Height 1 

1 1 

1 29*6 1 29*0 1 30'! 

! 1 ' 1 ^ 

29-8 

1 

30 

29-5 

29*6 29*3 


MISCELLANEOUS EXERCISE PAPERS III. 

Paper 1 . 

1. Find the H. C. F. of a-‘» 4 '.U- i lU-qa'P i 8 and .U - loL 

+ 35.r"-50.iM-24. 


2. Show that 


U)w that — -• -f- , _i=o, 

if 


3. Solve : (i) 




2 . 1-5 '^-3 3 '^“! 

^ 1+3 + 5 ^„. 9 _ 

a' + 2 -^4-3 ar 4 ' 5 'V + 4 


4. Simplify 


iP - [j + c)a 4- r " <P - (r 4- a )a 4- r.v - (x -tj')a 4- vj' 

5 . If 2 s ==(T -j- ^ show that 

_ 1 ^ I _J I __ 

.s- - a s - // s ~ i' s s{s — - o]{s - c) ' 


6 . Extract the square root of u- 


+ ,^-- 4 (« + ^‘)+ 6 . 


7. A bag contains rupees, eight-anna pieces and four-anna 
pieces; the amount expiessed by each kind is the same ; if the 
total number of coins in the bag be 119 , find the number of each. 

8 . Plot the points (~ 3 i o), ( 0 - 4 ), ( 7 , - 8 ) and find the area 
of the triangle of which they are the vertices. 
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F^aper II. 


1 . Resolve into factors : 

(i) €t*' + - lax^ - (ii) (x 4 - 1 )( i' I 3) (.r + 5 )( r 4 - 7 ) + i s; 


2: 


3 . 

4 . 

5 . 

6 . 


Solve (i) 


ui) 


gSx - 73 
2 r 


„4__. 6 

2^4-3” j.r4-4 ' 

\4 v - g 

9 ” t5^"*9 

4a > ^ 


,,, , I 2a 

Showtnat -• 4 4- 

1 4- a 1 -{-tr I 4-^^^ i 

If 2s=~ a + show that 

j3 4- -- 4- - 

x>v - y* 


Simplify 


xy‘ 4 -xy 




4 * (.T - i)\^ - a)-~ih- 
r* 4 - xy 4 .r’_y=* 


) 6 a'"> 
l - ’ 


4 o? 4 


Extract the square-root ot 

gx^ 4 24^'^ 4 1 6 . 4 ' - 30,1'“' - 28a 4 1 6.t ' 4- 2 5a-'' - 2oa^ 4 4. 


7 . A number consists of 3 digits, the sum of which is 20 ; 
the first and the seoon i together exceed the third by 4 and the first 
and the third together exceed the second by 14. Find the number, 

8. Draw the graphs of (r) 2a — 3>'~- 3, {2) 3 ar 4 24^==i5. 

Find the intercepts made by them on t^v xes. 


Paper IH. 




2 . 


Resolve into far tors 

(i ) .r* 4 a: -y^ ~y~ - - - 2yz . 

( fi ) ^ X\y 4 "*) 4 cay(x^ 4 .r*‘) 4 r’ 4-4' ) 

4 xyzia^ 4 4 cq 4 (ax 4 4 f'ci(aya' 4 ^■'cx 4 cry). 

Solve 


0) 

(ii) 


2T 1Z 20 2cS 

— H ~ 4. - - . 

3jr + 4 3.r-2 4-t - 5 4«^ + 7 

Ji-L+ J-i +--1^..^.-- 393 

5 .r 4 l 2 .r 4 r 3 a- 42 '~ 4 r 4 i' 


l(iii) 


a 4* a~o 


x--y _ x 4 y 
2 ab a'' 4 


3 . If xy2=^ I, show that 

I 4- ar"^ I 47"^ I 4 - i 4 a-‘i 4 yF+^ 


P.— IL — 6 
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4 . Find ihe H. C. F. of i 8 ;r 3 4-45;r^ + 63;r+ 54 and 

24x^-^24X^-\-6x’^^6 ; and the L.C.M. of 6 x^-x - i, 
3^'" + 7-^ + 2 and 2x- 4- 3;r - 2. 


5 . 


Simplify (i)"- 

I 

a 



a ~ j 


(3.r-j)» + 3X)'* 


6. Find the square root of i6a'^(a-2) - 8a(i - 3a) + i. 

7 . A dealer marks an article with a price 20 per cent above the 
cost price and in selling he deducts 10 per cent from the price 
marked, and then obtains a profit of 16 shillings Find the cost price 

8 . Find the equation to a straight line passing through the 
point (~3, 4) (0 perpendicular, (2) parallel, to 3 a* 4 - 4 _y~ 5 . 


Fapkr I\'. 


1 . Slove 

(i ) ( X -4- ^0' - *0' "h ~ ^0^ + ^)> ~ 0' 

(ii) X -\-y 2 a-\- b -{• ( y 

bx ■\-cy-\-a2~ cx -}- ay -f b2 — a' yb'^ + r, 

2 . If .r-f be a common factor of + ^ and .r’4-/.r4-w, 

show that a-- ■ I , 

l-p 

3 . Find the square root of (.r' + y=)(rr’ 4- b'^') + 2(ay 4- bx)(ax ~ by). 

4 . Resolve into factors : — 

( i ) x'^ix -f a^) - a^( l 4- x^j . 

(ii) (?«/;- «r) 4 -(^ + <v)(//a- 

5 . Find the condition that 8 /.r^ 4 - 4 W 4 r= + 64,r4- 15 may be 
divisible by 4r - 3 and 6 a' 4 - i for all values of .r. 

6. Reduce to its simplest form 

4 - ^*)(x +yy 4 - 2{px - ^/y)(^x - py) 

7. A man performed a journey of 913 miles. He travelled 
part of the way by rails at the rale of 60 miles per hour, part b> 
coach at the rate of 20 miles, and the remainder on foot at the rate 
of 9 miles per hour. The times occupied by rail, by coach, and on 
foot were equal. How many hours did the journey take ? 

8 . Solve graphically .r 4 ->'— 5 and 2.r - 5/ = 3. 
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Paper V. 


1. Solve (i) —-i'- - 8 , 7 -? = I. 

3 6 ^3 

(ii) 2(v-^)-3.r 2,>'-3^ = 3.cr- i, - r). 

2 . Extract the square root of 

Viy ^ ~ - x) ~ {y^ - r){ yl)y .r{y -f l) + ]. 

3 . Simplify : — 



(ti ~ x)( i - CX)~^ {d-- x){i ~ (i.r}{i ~ (X) 

ir-.rjd -t7.r)(i - Ax') ‘ 

4. Find the equation to the line joining the points ( 6 , 8 ) and 
( 5, ~ 12), and draw the line in a diagram. 

From the diagram note the co-ordinates of two othet points 
on the line, and verify that they satisfy the equation, 

6. Find the values of a and for w’hich the expression ax^-^Ai- 
~ 25.1' - 6 is divisible by x" + x - 6. 

0. If rt + + c=o, prove that (ocy-i a r u t ’ + (a*' - - ca ) 

<(r^~al>)~^o, [M. F. A. 1888 

7 . Multiply together the expressions ; i -{-(lA'-y la{a~'\]x 

xla(a~ i)(<2 ~2)x^ and i + Av + + \){/f~2)X'^ as far 

as the term involving x’and resolve into factors the co-efhrient (Ax' 
m the product. (B. M. 1897.) 

8. An officer can form his men into a hollow square 9 deep.* 
If he had 424 men more, he could form them mto a hollow square 
!o deep having 10 men more in each side. Find the number of men. 

Paper \’I. 

1. If a'-f^-f-r = o, prove that 

( i) xiy - x){x -y) yy{x -yYy - + z(y - c){z - x) + ()xyr. = o. 


- VjCr ~ .s-yfjy -f :: - x) (y - ::)(y - x)i:: -f r -/) 

(z~xy7^Jix +jy - zj ' 

2 Find the H. C. F. and L. C. M. of 

2x* - 7^3 + 8x" - I o,r -f 3 an d - lox ^ -h 8j:'‘ -jxyz. 
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3 . 

4 . 


Resoive into factor'=: 

(*) (ii) 'id^ - 2 \ab- iib^ - 

(iii) {x +JK/U + af + {x - yY{s -aY-i^x^ -yY - 
Extras- 1 the square root of : — 

:t ^(x'^ +>'* 4 - + 2 xCy + - x^) +jK V'. ( M. M. 1 890 . .t 


5 . Solve (i) = _» 

x-ty y-t s 



2 !+x x-\-y 


x+y-i- 1 "^.r-P2j/-+- 3 

_... 5 , . 3 .._ 

.r + 23 ' + 3 .r 4-/ 4 - 1 


6 . Plot tVie points (8, 5), (-9, 8) and (3, - 5). Find the area 
of the triangle formed by them (!) by calculation, (ii) counting 
squares in the diagram. 

Solve graphically the equations 2.t'- 3/= 1, 3jr-4/ = 2. Show 
graphically that the equation Sx- 7 y ~3 is consistent with them. 

7. A boy bought a number of oranges for Rs. 2. Had he 

brought 8 more for the same money, he would have paid 4/. less 
for each. How many did he buy ? (M.M. 1893 ) 

8. Solve 


(I 

fi;!- 4 - 1 ^.;r + I i X 4 - 1 * 

8,r + 4'' _ x~3a _x -{-ly - z- 
4.y - 3^ y~2z 8 - S' 


4. 


Paper VI L 


1 . Compare the meaning of 23 in arithmetic with that of xy in 
algebra ; also the meaning of 3! with that of . 


2 . Solve 
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Solve 

(ii) 3.r + 2_v+5::=5-r + 3y-f 4 - 7 - i-fx- v+% 

5^4-3V + 5:r— 2 4-2.r -_v. 

. r - l-a (I - .t'4-/^ 

^ /» + <r r ('+ li 

3 . The H C.F. of two expressions is;r -j-2v, and their L.C.M. 
ss + One of the expiessions is .r*-f A'T' + Tr' f 6v'^ 
What is the other ? 

4 . Prove that (a + 0 (.i P2)(r-f 3)1 i f 4)-h 1 is a perfect square 
< >f what number is u the square when .1=^ 200 ? 

6. Solve graphically the following equations and verify the 
result : 

' 8 .r~ 4 v^- 2’4 
■04a- -f 6 ’84'— - '02 

6. If a number is equal to the sum of two perfect squares, 

shew by an algebraical relation the. ilie square of the number is 
itself the sum of two perfect squain>. • B. M. 1896.1 

7 . The price V in annas of a dish .r inches in diameter is given 
m the following table : — 

a- 5 5 ‘ 6 6 ^ 7 7 : 8 8' 

J- 7l 7i 8; ol 11 ; '5l ••• -C 

Draw’ a graph and obtain an approximate price (or the 8 in. 
dibh. 

8. I bought some pictures at 301.' each and some books at I2v‘ 
each. The total cost was £^0. P>ut the number of pictures js 6 
more than the number of books. How many w^ere there of each . 

Paper VI II. 

1 . Find the square root of 

( i ) 4-1'^ + 8.r V’ - 4a- M' - 1 5 .r y ' 4 - 1 6 y\ 

(ii) {a -//}%/>- cy -r ^y('~rt}'y(r~-ayia~- 

2 . Find the values of/ and <7 for which 2 x^ +px + 2 
:s exactly divisible by a"* - 2.r - 5, 

3 . Solve : (i) a{x -fj) 4- ^{x - j > " 2a, y(ti 4- -- a-fa - d) -■ zh. 

(ii) x — cy-yhz^ p~a 2 r 4 -c.i', 2 ~bxyay, 

4 . Solve 

ax-yby + cs — o^ t'x4*a^v4-^^r~o, 
bx -y cy y az ~ -y b'^' -y - ^abi . 

5 . Prove the identity 

fr* 4- 2 ar 4" yY + (ix^ y 2X - 4 )'“' 4- ( 2 -r* - ba* 4- 4 ) " = ( 3 jr® - 2 a' 4- 9 ) ■ 
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6 . 


Draw graphs of the functions 


X 

rs 


1*5 and 


£^-2£ 


Read oiT (to one place of decimals) the value of x for which the 
functions have equal values. 

7. f'ind graphically when the two hands of a watch are 15 
minutes apart between 6 and 7 o’clock. 

8 . A train 60 yds. long passed another train 72 yds. long, which 
was travelling in the same direction on a parallel line of rails, in 12 
seconds. Had the slower train been travelling half as fast again 
it would have been passed in 24 seconds. Find the rates at whicli 
the trains were travelling. 


Paper IX. 


1. Find an expression containing no higher power of x than the 

first, which added to I3,r'-P6.r+ i will make it a complete 

square. (B. M. 1896.) 

2. For what value of .r is the expression - 8.r3+ i 

■ 1789 exactly divisible by i ? 


3. 


4. 


5. 

6. 


Simplify 


{2x + 3 r p - 1 (3y + 42rp ~ 4.V" 

.Solve the equations 


(B. M. 1890.) 


a - /f />~i 

j+T+.^.+v 


(ill 


a ~ I? a-\-d 
X y 


2(a'* + 


a + d 

" -y- 


(B. M. ]888 

Find the (h C. M. of + 3.1* 4 20 and 3.v^~ 2jr^ + 8Lr~ 85. 


Extract the square root of 

9.r^ - 2.rh' + ’ C + 9J"*- 


7. Draw the graphs of 2.r -j— 15, .r + 27 = 30, and 

prove that they represent three straight lines passing through the 
same point. 

8. Show that if a number of two digits is four times the sum 

of its digits, the number formed by interchanging the digijts is 
seven times their sum. (B. M. 1889A 
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Paper X. 

1 . Find the cube root of 

- 1 2X^ + 6,1-7 „ _ gx^ -f_ 54,1-3 _ 2yx" - 27 . 

(B, M. 1896). 

2 . Find the G. C. M. and L. C. M. ot 

.1-5 -f - 4.1-3 4. 2.r^ + 6.r - 9, - .r= -f 6,v -- 9, 

and + 5 .i'^-6,v + 9. (B. M. i886). 

3 . Simplify 

3/)" " 4. ~ (3/ - 

3/+ /{’)=' 9(/'"--./9 + 

4 . Resolve into factors x* - />- + 2),r V+9'1 

5 . Extract the scjuare root of 

( 4- I' . r'' +/’ -1 ~ 'J')* ~ ' f' f' •" (^9' - 

6. Solve — 

(i) (.1 Ci'-f . -n 2(,r-f r)' 

... .r-^^ .r-r r + ^/ . .r + Z^ . .1 -f < 

' ^ d + c c -i- a a-i-d /> + .-l-2rZ c4'^i4 2// r; ■f-Z' + 2<' ‘ 

7 . Draw the triangle fotmed by the straight lines .i 4- 3,r 4 7 ~~ o. 

V ~3.v=i, and/47.i“ii ; and tind the co-ordinates of Us angular 
points. 

8. A man walks one-third of the distance from to li at the 
rate of miles per hour and the remainder at ’’ ; rate of 2/^ miles 
per hour, and travelling back from i> to A ai the rate of 3c mile.s 
per hour takes the same time. 

Prove thit ('*• M. 1885). 

a b c 


CHAPTER XXII. 

RATIO AND PROPORTION. 

1 . When two quantities of the same kind are compared 
as to their magnitude by considering what multiple (part or parts) 
the one is of the other, the relation between the quantities is called 
their ratio. 

The ratio of a miles to b miles or of a maunds to b maunds may 
be written thus : — a\b where a and b are called the terms of the 
ratio of which a is the antecedent and b the consequent. 

It is evident that the ratio of two quantities is expressed by 
the fraction^ of which the numerator is th^ measure of the first 
quantity and the denominator, that of the second quantity in terms 
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of some common unit. Thus the ratio of rupees 5 to rupees 7 
is measured by the fraction the numerator and the denominator 
of the frac jon bemg respertively the antecedent and the conse 
quent of the ratio ; and we may write 5’7 = | Hence every ques 
tion on rat os may be treated as a question on fractions. 

%. A ratio is called a ratio of ^jreater ineqtiRlity, of equa- 
lity or of less ineqaaiity according as the antecedent is greater 
than^ equal to or less than the consequent. A ratio of greater 
inequality is sometimes called a ratio of majoiity and one of 
less inequality, a ratio of minoiity. 

Thus 513 and 9:7 are ratios of greater inequality whirh corres 
pond to unproper fractions ; 7! 7, 1 1 ! 1 1 are ratios of equality which 
aie equal to unity ; and 2:3, 4:7 are ratios of less inequality which 
c.<»rrespond to proper fractions. 

3- ratio is not altered if both its terms are multiplied or 
divided by the same quantity. 


, , a ma ... . , 

I’Or, , — — : ; . . a'b = ma.mo. 
b mb 

4; A ratio of j^roater inequality is diminished, and a 
ratio of leas inequality is inru eased by adding the same 
positive quantity to both its terms, 

Let tie anv ratio and let be the ratio formed by adding 

// ' c -f- X 

X to both its terms. 

a 4-.r a b{ayx) ~a(byx)_ xib — a) , 

h+i-^ /C i>lb+'x) 


If be a ratio of greater inequality, then is negative and 
b 

since r, A byx arc all positive, hence from (i). 


a -f X 
byx' 


ay X a 


, is negative or . , 
b by X 


If"" be 

b 


ratio of less inequality, then b-a is positive ; hence 


a 4- ,r 


a . . . fZ 4- r ^ /r 

~ positive or 


Note 


We have the ratio 


ay.x 
b yx 



h 


4*1 


and 


the vaiue of the ralie, 


when increase.s more and more, tend.s to the limit l. Hence a ra/A? 
is made more nearly equal i to unity by adding the same posit im quantity to 
bath its terms. 
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5 * A ratio of prreater inequality is increased anu a 
ratio of less inequality is diminished bv takinpr from 
both its terms the same quantity which is less than 
either of the terms. 


be any ratio and let ~ — be the ratio formed by suhtra* t 
mg X from both its terms, x being less than both a and 
a-x a - x) ~ aUf - v) x(a~-/>) , , 


If ^ be a ratio of greater inequality, then u l> is positive 
since Xj d-x are all positive, we have from (i\ 


- X a . . a ~ X 

, - , positive or , 

/?~xo /'- X ' 


be a ratio of less inequality, then >i -h is net^ativ^e, hem c 


— X n . . f * i a 

, IS negative or , < , . 

/» ~ X b - .r 

a a X 

NOTK. If > 1, the resutiing ratio i"* mtinilf uhvn i ~ c, aivl if 

a ^ a ’-X , 

7<l, the ratio . is /,ero when v=«. 

If the antecedents of two or more rat’ , ire inulfplied to- 
gether, so also the consequents, the ratio of the products is called 
the ratio Compounded of the given ratios. 

Thus ac : bd is compounded of the ratios a : /' and <' d. 

The compound of two equal ratios is called the duplicate 
ratio, and that of three equal ratios, the triplicate ratio of the 
qivea ratios. 

Thus a’ ; is the duplicate ratio of a : l> and \ is the 
triplicate ratio of a ; b. 

The ratio \ Jb is called the sub-dupUmte ratio oi a \ b and 
the ratio : \lb^ the suh-tripluate ratio of a \ b. 

Ex. I. Find x y from IJ-v-f ; v - ’ / r-f ‘;r. 

Dividing both sides by r, 



Hence x : ^=99 ; 52. 
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Ex. 2. If r 




2, find the value of 

3 ,r - 2 jy 


We have 


5'^-r7 




3.r-2j/ 


[dividing top and bottom by>']. 


Then < 7 -hjr : /f + x — c I or 


_ 5xi T7^,q 

3 X I - 2 ^ ' 

Ex. 3. What quantity must be addeld to each term of the ratio 
a : so that the resulting ratio may be equal to : //? 

Let X be the required quantity. 

a-hx__ c 
^-{-x d' 

= + on multiplying cross- wise. 

Solving this equation in x we find, 

ad— be 
x^ - - . 

L — a 

Ex. 4. The ratio of two numbers is as 3:4 and if 8 be 
added to them they are in the ratio of 13 .* 16. Find the numbers. 

Since the numbers are in the ratio of 3 ! 4, they can be re- 
presented by 3-r and 4.r respectively. Hence by the question 

. Solving .1=6. Thus the numbers are 18 and 24. 


EXERCISE XCVL 


1 . 


2 . 


3. 

4. 


5 . 


Find X : y from 
(0 T^' + 9T-5-^F6>'. 

(3) ax -{-by : 

If X : y ~2 : 

(1) 2.r + 3j^ 

3.t‘ ” 2y 


(2) 4.1--5J' ; 3v + 2j=2 : 


(3) 


If 


4-r + 33' 

5T 4^2 V __ . 
Zx-y ” 


, find the value of 
3x4-23'. (2) 4-1' -1-3]' 

6x + 5 y 

3_y - 7X ‘ 


i2x-7y. 


(4) 


find the value of 4.r + 7/ ; 3.1- ~ £y. 


Find .r I j' 1 - from 

(1) 3.r-4j-f 5:: = o, 2x4-33"- 4 -:r-o. 

( 2 ) ax 4- by 4- ej = o, a\v 4- by + e^s — o. 

Compare the ratios (i) 2 : 7, 4 I 15. (2^5:6, *3 : 16. 


3- 
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0 . Two armies number ir,ooo and 7,000 men respectively ; 
before they fight each is re-inforced by 1,000 men ; m favour of 
which army is the increase ? (C. E. it> 79 K 

7. Find the ratio compound of 

(0 3 ‘ 4, 8 : 9, 2 : 3. (2) : x+v, 

8. Find the ratio compounded of the duplicate ratio of 4 : 5, 
the triplicate ratio of 5 : 8 and the sub-duplicate ratio of 64 : 9. 

9 . If x4-2 * .r-2 be in the dupl.cate ratx of 5 ! 3, find x. 

10 . What quantify must be added to tl^e terms of the ratio 

: 5 to make the resulting ratio equal to 5 I 6 ? 

11 . What quantity must be subtracted from the terms of the 
ratio 12 II to make the resulting ratio equal to 3 .* 2 ? 

12 . What must be subtracted from each term of 2 1 3 so 
that the result may be in the duplicaie ratio of 4 ; 5 ? 

13 . Find two numbers in the ratio of 5 ; 3 so th:n their differ- 
(!nce may be 102. 

14 . Two numbers are in the i.aio of 4 : 5 and if 4 be added to 
them, they are in the ratio of 6 ! 7. Find the numbers. 

15 . Two numbers are in the ratio of 2*3 and if 15 and 9 he 
added to them respectively they are in a ratio of equal' ty ; tmd the 
numbers. 

10 . Two numbers consisting of tlie same two digivs are in the 

latio of 4 : 7, find the numbers. fl*. M. 1896.) 

17 . A’s present age to B’s present age as 8:7; 27 veats 
ago their ages were as 5 1 4. Find their present ages. (A. K. 1900). 

18 . Two vessels contain wine and water in the ration of 7 to s 

nd 4 to 5 respectively. In what ratio must the liquid.s be taken 

irom each vessel so as to give a mixture in the ratio of 6 to 7 ? 


PROl^ORTION. 

7. Four quantities are sakl to be proportiooal or in 
proportion when the ratio of the first to the second is equal to 
the ratio of the third to the fourth. 

Thus if a : d~c : < then d, d, c, t/are proportional and this is 
read a.s “a is to d equals (or as) t* is to </.’' 

Instead of the sign of equality between the ratios the syrnboF 
i ! (supposed to be the extremities of— ) is also used, and in this 
notation the above relation will he a I d c [ d. 

If 1 then a and d are called the extremes and 

and c are called the means, while d is called the fourth 
proportional to a, c. 
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Four quau titles are said to be inversely proportional wbcrs 
the first is to the second as the fourth is to the third. 

Thus, a, h, . , d are inversely proportional if a b — d \ c. 

8. Since the equality of two ratios means the equality u! 
two fractions, we can dedut e various properties of proportion frori' 
propositions regarding fractions ; and we consider below sonse 
important ones. 

(/). 1/ four (/uartiiies are froporiionaf ihe product of //> 

extreme:, is equal to ike product of the means ; and conversely. 


Let a \ h~c \ r/, 


then 


a _c 

b d 


Multiplying both sides by bd^ 


%Y.bd- - , X bd. whence ad—lu . 
b d 

Again let ^ 

Then dividing both sides by bd. 


ad be a ( . , , 


: d. 


Nolo* If three terms of a proportion are given, the remaining or • 
can he mimediately determined. 

f or, ihe f('ur quantities a, r, d forming a proportion are connected • 
the relation adfs^hc. Hence lltree ('f these being known, the fourth can 
found by .solving a simple equation. 

(2) If a ; b^-c : </, then b \ a~d \ i. 

a 

From the given relation, • 

a ( b d , , , r . 

Hence i -r , = i , , or " \i. e. b , a --a . ( . 
b d a c 

This process is called invertendo. 

(3) If rr : b^--c : r/, then a \ t^b ! d. 

1 ci_c 

From the given relation 


Multiplying both sides by ^ , 


a 

b 



c 


b 

X , or, 
c c 


h 

a 


a ; c^b : d. 


This process is called alternando. 
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(4) If a : d~r : d, the a : a~b^c \ r d 

For, by invertendo, - = 
a c 

b d a — bc — d 

1 _ _ I _ ^ 

a ( a r 

Hence by invertendo a : u-b^c \ c-d. 

a~b L-u 

This process is called oonvertendo. 

{^) II a \ b~~c .* d^ then ad-b \ bx=i(: ^d : d. 

. a f , :i c 

r or we have , - - , _ . -P i - 
/> d 0 d 

^ ad b d 21 j - 

Hence ov ad b . i' ---cdd : d 

b a 


This piocess is calh... compoiieudo. 

6) \f a \ b — c \ d^ then a-b \ h---~c~d \ d. 

, <i c , a i 

Por we have . , - i 1. 

0 d^ b d 

Hence ox a — b \ b-i-~d\ d. 

0 d 

This process is cdled dividendo. 

( 7 ) If a : b — c : d, then adb : a-b- fdd : ( -d. 

Since a * b~c ! r/, we have 

adb cdd . , 

-- - -- by componendo ; 

b d 


-d 
b'"~ \f 


by 


dividendo. 


. adb _ a - b _c d d ^ i ~u 

" T '^~b ' d ’ 

adb c ^ d , . , . 

or --- — -= - -.i.e.adb \ a - b~ i d d , i d. 
a-b c~d 


This process is called componendo and dividendo' and 
has been independently proved before, (see p 192.) 

Ex. I, What quantity must be added to each of a, 6, d to 
bring them into proportion ? 

Let X be the required quantity. 

Then adx \ bdx — cdx \ ddx^ whence 
{a f x) {d dx)-{bd x){c d x). 
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^ , . bc-ad 

So*v>ng^=^_yrr+rf- 

Note.-lf b, c, d are in proportion, ihtr^cwoad and x vanishes • 
and if (i.e,, a, b, c, d are in Arithmetical progression, as the 

student will see afterwards) then x is infinite. ** 


Ex. 2. 


If a : b-^ : df and ci \ U—c \ d\ prove that 
a d '{■b b' _ cc + dd' 
ad - bb* cd — dd ’ 


we have 7 = ^ and 

o a 

. a ^d c d ad 

b b d d bb 


By comp, and divid. 


a* c 



dd ‘ 

ad -VbU __cd -Vdd' 
ad - bb' ~ cd - did * 


Ex. 3. If a \ h~c \ dy prove that 

+ 2^ + r-l-2r/ a — Tib -f- c - zd 
a-vdh ~c~zd a - zb- c-f- 2d' 
.. a c . __ t' 

' b d' '' 2 b 2 d' 


by comp, and divid. 


a-^'Zb _ ^ + 2r/ 
a-2b~~c-2d' 


. 1 . a-\r 2 h a- 2 b 

. . by alternando, 

’ r + 2^ c- 2 d 

Again, by comp, and divid. 

a + 2<^4-r + 2</_a-2^ + c- 2r/ 

ai^ 2 b~L~ 2 d a- 2 b~c^ 2 d' 


Ex* 4. If 7^«4- ; 7 ^- ii^-/ : 76 - iir/, 
6/, /^ i\ d are in proportion. 


We have 


U- _ 7<~+ I Ui 
ya- iib‘~jc- I id' 


prove 


By comp, and divid. 

l7?±l * 1 ^ (7<^-bn </) + (7^- n<< ) 

(7«+ ii^) “(761- 1 1 ^) (7r+ iii/)-(7r- ii^/) * 


th it 


. 14/I_ ^ a _c 
’ * 22 ^^ ” 22 r/ b"^ d* 

Hence a, by c, d are in proportion. 

Ex. 5. If prove that r, 1/ are 

in proportion. 
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M ul tiply ing out, + chP zabcd =* -f -f- (fd\ 

or a’//* + - 2abcd = o, or {ad - = o 

ad- bc^o^ or, ad=^bc, 

/. a, r, <^/are proportional. 

EXERCISE XCVII. 


1. Fi^d a tourth proportional to 

(l) 2,3,4. (2) a-\-b,a--b,d^--b\ 

2 , The last three terms 01 a proportion being 7, 4, 14, find the 
first term. 


8. What number must be added to 2, 12, 6, 26 to obtain four 
proportionals ? 


4 . What number must be subtracted from 7, io, 13, 19 to 
obtain four proportionals ? 

5 . If the ratio I ^ is unaltered when x and j are 
added to its terms, then x .* y--a : b. 

0. If the ratio a ; b gives the same result when x and y are 
respectively added to its terms and when / and x are added, prove 
that either x~y or 

7 . If : byc-i+d : dya^ prove that a=^c or a + b-hc' 

(C. E, 1891). 


8 . 


Ifx^ 


ab 


find the value of 


ax-\-b 
ax - b 


bxA-a 
bx - a ’ 


If rr : b^c \ d prove that 
9 , 9a + io/; : 9^?- io//=9r-f icv/ 9r-io^/. 

10. 3^ + 2^^-b6r + 4rf * 3a + 2^ - 6^: - 4rf = 5/fr - 2// -h 6« ~ 4<^ ; $a- 2 b 

' fir + 4^. 

11 . If 3(2+4^: 3a- 4b = ^c 'r4d : 3c~4d, prove that a^b^c.d 
are in proportion. 

12 . If 2^2 + 5^ : 2^2 - 5^~2r+5rt' : 2c-^d^ then 7«-h6/; : ya~-6b 
-7c4'6d : 7c~6d. 


0 . The following theorem concerning equal ratios is very 
important and has universal application. 

If a ; b—c ; d=e : /—etc., then each of these ratios 




where 


A ^.‘.are any quantities 


whatever. 
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Let 


b d 




so ^hat c~dk^ 

Then pd' “f 4 - + • . • ~ p{bkY + q{dkY -f- rijk)** 4- . . . 

= k\pb^ 4 - + * . . ) 

• * • V (A-*" + Xl{J>b^' + + . . . ) ; 

v/(^l ••• \ each of the given ratios. 

The following important particular cases of the theorem should 
be noted and may be proved by the same method. 


(i) 


If 


a c , , a+c a~r 

- = j, then each= . , ,=^ , — .. 
b iP b^d b~d 


Thus, if two fractions are equal then each 

sum of numerators diff. of numerators 

~ ^yj denominators ~ diff, of denominators ' 


(ii) 


C € 

d^f 


then each 


4'<'4-<*+ ... 

Thus, if anv number of fractions are equaf then each is equal 
to a fraction of which the numerator is equal to the sum of the 
numerators and the denominator is equal to the sum of the 
denominators of the ffven fractions (see also art. 18 , Chap. XVI), 

10. If a : b~i, : d~e : /=..., then each 



where n is the number of ratios. 


!.et 


a 

b 


c _^e 




Then 


ace.,, ace 

bdf:.rVdr- 

=a k'T.ky.k., .to n factors. 



each of the given ratios. 


The principle of the article will be readily admitted by the 
studenty ^ particular case of the following : 

If If quantitioe be equal, tben eaob is equal to tbe 
If th root of tbeir prodoot. 
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Ex. I. if a I /)~c I then each 


slid + 


Let 


6 d' 


Then 


= /:, so that a~bk^ c~dk. 

+ r __ bk 4- dk __ ^ 

b -kd b->rd ~ ' ’ 

^k 


lac fbkuik 

SI bd~~y // 


Jk^^k, 


ilence the result to be proved fillows. 
Ex, 2. If (I [ b=^c I dy then 
+ mb'*’ pa"’ 4- qb" 

Ic" Hid’- td^'Vqd'^ ' 


Let 7- -7~/\ so that a --~bk. i 
b (f ' * 


Then 


7 nh 2 _^ 
Id‘ -f 771 ,/'' 


/.d‘'k ' 4- 771 (/" 


b"iIk"-\-t 7 i') 
d'’( Ik" r 771 1 


//■ 


Also J^’'\pk’^^q) /'■ 

pC'Arqd" pJ"k’'-Vqd" d'\pk"-\-g) ' d' 

Hence the erjuality follows 
Ex. 3. If a : b----i- : d~-c : /J then 
2(1 4- 3^*4* -K _ 4' 4'* 4* 5‘^ 

2/^ 4- 3*^74- 4/ 3^'' 4- 4^/4- 5y 

Let s<j i\vdi a~ -bl\ c~ dk^ e -fk. 


2 <i: 4 3 c 4 4 r 2bk '^dk \ fk kizba, '^d-\-z,f\ 
2 b -\- '^d 2 b "^d i\f 2/M“3'^"^'4/ 




Also 


3 a + 4 r 4- 5 ^* _ “Sbk 4 <\dk + 5 //' ki b 4 .\d 45 /) 
3^4-4^^4 5/ 3^4-4^745/ jT' 4 4^74 5/ 

Hence the result follows. 


-4. 


Otherwise thus, without using the method : — 

From the given relation we have each ratio 

2 b * 3^7 4/ 

__ sum of numerators _ 2a43r4 4<r 
~sum of denominators 2^^43^447" 

P. -11.-7 
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Again, each ratio 

3^ 4^ 5/ 

_ sum of n un^erators _3£+^£+Sf 
*”&uni of denouiinators~3^+4^+S/' 

• jtif „ 4 ^+sg 

2d+yi+if" 

The second method is more elegant than the first and can be 
used only after a little experience. The advantage of the first 
method lies in the fact that it will never fail. 


Ex. 4. If a : b~c : d^e \ f prove that 
ac-\-ce-\-ea 

■“ * 

Denoting the equal ratios by we have 


. a c c e € a 
=-7 X ~ 

^ af d f f b 


— £1— a * — 

^'^"'~lbd~ df" fb ‘ bdVdf+fb' 


Again 


a* 


Hence the result follows. 

Ex. 5 . If jr ; a^jy I ^ = ir : r, prove that 
-f 4- 2 ^ T 

+ + \/a4-w^4-«c/ 


Denoting the equal ratios by l\ we have 



Again we have k 


and .*.= 




lx my ns , . lx -y- my -y ns 

. ... and . . = , - V . 

la ?nb nc la + mb'\-nc 


X* +_v’ + / lx 4- w V T * 

** + \la + fnb + /ii'}^ 


each being equal to k^. 


EXERCISE XCVIII. 

1. If a ; — c : dy prove that 

(1) 3^14-4^: 3^" + 4^f=7^»+n/^ : 

(2) la 4“ mb : Ic 4- md = pa -{-qb \ pc ^ qd. 

{3) ma->tnb I mc + mi^b^c \ d^a. 

{ 4 ) ma^nc\mb’¥nd^ J{b*dyfpy 


(C.E. 1876]. 
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(Sj * a* -- d'^—ac-^bd I ac — bd. (C.E. 

(6) a^-k-c^ I b^-^d^°^ac I bd. (C.E, 

(/; 3 ^ + 5 ^ : Ib^rld^ \ 

( 8 ) 4 a 3 + 5<;3 : 4b^+ 

2. If a I b~c I d, prove the equalities : — 

(1) a^d- bc^ — ac(b-a"), (C.E. 1890). 

(2) (a^ + i:^)(b^-hd^) = (ab’hi‘dy, (A- E. ’890). 


(3) 


a" c"* __ 2a^ 


<fi~ b-‘d bc(‘' 


1879). 

1877). 


( 5 ) -—- (B. P. 1890). 
3. If a I b~c \ d~e ‘A prove that 

/ - 3^1 -f ^ c+6e 

^ Sb + 6d+7/~~ Sb-i- sd+6f 


(2) 

( 3 ) 


4- 2c'^ + 3t: ‘ 2ar+4^^4 ? 


+ 2 d^ + 3/*-* 2 A/ + 4d/4- S/b * 
pa^ 4- qc'^ 4- 

4 . (lip 4>rj-~~ bd/' 


(4) {a^ 4- 6-^ 4- e^){b^ 4- d'^ 4 - /) = {ab + cd^ ef)\ 


. X y z . 

4 . If =:-^ = prove that 
a b c ^ 

ft) ^x+y + z.^ 

b‘^ c:^"'la + b + cr' 

( 2 \ ^ "*■ 
abc'^\a4-b + c/ ~ -jr /■^ -h 
If a * b=c * d^e : /=^ ^ //» prove that 

, ac 4r ce 4r ecr 4- vyr a* 4 . 4- e 4r yp 

^ ^ bd4- ~df +fh^dh ~'b^'4- E / +7'* ' 

. ace4'Cey!;4’gea 

Tdp/d/h + hfb" 

(3) («" +/ + F) = (ab 4-cd-h e/ 4 gh)\ 


ll. Quantities are said to be m Contioued proportion 
when the ratio of the first to the second, the ratio of the second 
to the third, the ratio of the third to the fourth and so on, are 
equal. 

Thus a, if, ^...are in continued proportion if 
a ; b — b e=e : d— -- 
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When three quantities a, c are in continued proportion then 
b is called the mean proportional between a and r, and c the 
third proportional to a and b. 

When four quantities a, b^ r, cl are in continued proportion, 
then and r^aie called two mean proportionals between 
a and d ; 


Note. It should he noted that a number of quantities in continued 
proportion may be expressed by ka^ kd*** 

Jf three quantities are in conti?tued proportio7i the proauci 
of the extremes is equal to the square op the mean; and conversely. 


For if <a, c are in continued proportion, then j = 

. . xbc— xbc, or, ac~b^. 
b c’ ’ ’ 

A • -r r, 1 d' a b 

A cam, if ac~o^. then , ===— or . 

be be b c 


b 

c 


/. ri, c are in continued proportion. 

Idx. I. ]f three quantities are in continued proportioji the fir .si 
is to the third in the duplicate ratio of the first to the second. 

Let b^ c be in continued proportion. 

Then —k (suppose). 

a b a a a a- 

• X , and also /6’==7 7 — 7- . 

b i c b b 


and is the duplicate ratio of a\b Hence the 

proposition. 

Pdx. 2. Find a mean proportional between a and b. 

Let .r be the mean proportional between a and b. 

Then a, a, b aie in continued proportion ; 
or a-’-- ab (Art. 12). a' - 

Ex. 3. If c are in continued proportion, prove that 

2 ^ + 5 b + y + b - y 

2a “ b -* y 2 a - fb y y 

Lei — --/■ ; then b^ck^ a^bk^ck^. 
b c 
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Substituting, left side 


ick* — ck- y 

2^^- f 5X^-P3 _ (2^’ ^ ) 

2k^--k-3 “(2X“-3X/’Tr) 


Also right side 



2ck^ f ck — ‘^c _ 2k^ + ~ j, 

2r>C’“ - 5tyi’ -f 3^ ~ 24’" - -r 3 
“ I ) __ 2/’ + 3 

(2r~3)(/-'i)“'2T:il* •*• 


The result follows from (i) and (2). 


Ex. 4. Ifi2, i?, l\ d are in continued 
\ab + be + cdY = {a^ t ’) {b^ + d^) 

y ^ a b e j 
Let ----= -~ = yt ; 
bed 


proportion, prove that 
(C.E. 18S7). 


then a~bk^ b — cl\ c—dk. 

/. the left hand side~(M’. b-kek, c-kdk. df, 

^k\b'^Jf,d^j^d^')\ 

Right hand side==(^^'">(’'* + r’/^’’ + r/"/v.•^) {p^ d -V d^) 

=-/’=(/>’ + + 

Hence the result to be proved follows. 

Ex. 5. If <2, Cy d are in continued proportion, then 
i I d + ^b^ + re^ I pb'^ + qc'^ + rd'^. 

We have - — y *” ~b (suppose). 


Then 


T , b 

k^~-.x^ X 

b c 


c 

d 


a 

7 /' 


Also — ~ sum of numerators 

pb'^ qc'^ rd^ sum of denominators 
4. ^^3 4. ;V3 
pb^P gc^ + rd^ 

, a ^ pii^ 4- gb^ + 

' d pb^ + qc^ + nf^ * 


EXERCISE XCIX. 


1 * Eind a third proportional to 

{1)4 and 8. (2) 9 and 3. {3) a4-^ and 



102 


MATRICULATION ALGEBRA, 


[Chap. 


2 . Find a mean proportional between 

(i) 4 and 9. {2) o' and b'". (3) a-\-b and a^A-b^. 

3 . Find to two decimal places a mean proportional between 2 
and 3. 


(C. E. 1892). 


4 . If ; y—y \ find the simplest value of 

xys (r 4 -_ y-f 
{xyArysArsx)^ ' 

5 . If s~(y^-- 3 '^) x^ show that jr is to ^ in the duplicate 

ratio of ^randj'. (C. F. 1867). 

6. If ^ is a mean propotional between x and 2, show that 
xy+y2 is a mean propotional between x^+y^ andy + g^ 

7 . What must be added to c to bring them into continued 
proportion ? 

8. Ifa,^. c are in continued proportion, prove that 

(1) 3a“4-5<2/5 + 7^^ : 3^^ + 5/^i:+7c= = rt : c. 

( 2 ) a* A- b^ -h b-\- c) {a — b-\-c) (a® — ^’4* r*). 

(3) + + = {n + b+c) ia-bA-c). 

{4) {ab A- bc'Y {a^ A- b^) (b^A-tf). 

9 . UaJ, c are in continued proportion, prove that 
( 3 a +83 + 5 t-)( 4 ^j~ n 3 + 7 ^*) = ( 3 ^d- 2 ^- 5 '^)( 4 ^?~ 3 ^~ 7 ^). 

10 . If ri, b^ Cy d are in continued proportion, prove that 

(1) a \ d~a> \ (C. E. 1887 and 1902). 

(2) {abA-ccd) {b^ - d 2 ) — {ab -■ cd) {b'^A-d^'). 

( 3 ) {a - df = {b - + (a - cY A-(b- dY. 

(4) — (r + ^r/). 

(5) (b-cY^{a-c) {b~d)~{a-d) {b-c). 


13 We add some miscellaneous examples on proportion. 

Ex. r. If (ty by Cy H are in proportion, prove that 

a^A’b^A’C^ + d^ 

- ~-~^abcd. 

I I ! I 

We have ad~bc—k (suppose). 
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Hence squaring and adding, 

\a^ (Pf 

+ + + 

Qr = = ad . DC = abed, 

L + i-+L+l 

a’ ^ 

Ex. 2. If 2a + 3^ ; 2C+ 3^/~5aq'7^ : 5c + 7^/, prove that a, c , c, a 
are proportional. 


Let ^ii±3^=5£^=^. 

24 4- 3^/ 5 c 4- 7^^ 

Then diffe rence of numerators _ b 

104 +154/ 1044-14// dift'erence of denominators // ' 


^ - 14/2421^ 


1 5a 4-21^ 
1 5c 4- 21 / 


difif, of numerators 
ciiff. of denominators 


a 

c 


, a h a c 
.. or, 

The multipliers are so chosen that once on subtraction of the 
numerators a is destroyed and again on subtraction b is destroyed. 
The ordinary proof may be given thus : — 

From the given relation, (2/24-3/0 (5^+7^*" '-^+3^0 (5^^ + 7/0- 
ioac-\- i4a//4- I5^c4-2i/^^/— ioac4- 14/V4- i5/2//+2i^//. 
Simplifying be — ad, or, a, h, e, d are in proportion. 

Ex. 3. I f (jr® 4-3/" 4- e;^) {d* + //'' 4- c’) - {ax 4- by 4* c^)^ 


X V 

prove that 



e 


From the given relation, ’ve have 

4- e\v’ 4- ay^ 4- c"/’ 4- 4- b^^^ 2 abxy + zbcyz 4* 2 ca 2 X, 

Transposing, 

{¥x'^ 4- ay^ — 2abxy) 4* {c^y^ 4- b'^z* — zbcyz } 4* {dz'^ 4- c^x^ — zcazx) — 0. 

{bx — ayY 4- icy ~ bz)'^ 4* {az - cxY =* 0, 

But each term on the left being a square is positive ; hence the 
sum cannot be zero unless each term is zero. 


bx'-ay — o 


~ b ’ 


cy-bs — O 


Z X 

as-cx=o or - = - 
c a 


. X ^y __2 

* ‘a b c ’ 
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Ex. 4. Ij a\b^c\d^ show that 


{C. E. 1874.) 


From the gsvcn relation by componendo, 
a-\-b C‘\-d , . 


~k {suppose). 


~b ^ r)'- 


= 2^. 2k 

2 {c~i-d) 
b * d 
_ 4 {a -\-b){e+ d) 
bd ‘ 


• • =4(« + ^Xc + ^. 

Ex. 5. If a, by Cy are in continued proportion, prove that 

4. b-^n ^ ^ ^ ^ +4:«). 

From the given relation b'^-ac; hence (^'•)” = (a^;)'* or b^^=a^d‘, 

= ^3’" 4 - -f" r*” - r adding and subtracting its 
\ equivalent 


Ex. 6. If , prove that 


K 4 ^ — .r js+x —y .r 4j - -s' 

Put each of the equal ratios = 

Then x ~ k{b c)y y ^ k{c •¥ a)y z~k[a-¥b). 


y^'Z- x^k. 2ay or 


2 by or 


^k, 2Cy or 


s-'-x zk' 


s-i'X-y zk * 
c _ I 
x-^y’^s'~' 2k * 


(C. E. 1903). 


’ y+S'-^x s+x-’y x+y-i 



XX!!.] 


PROPORTION. 


105 


Ex. 7- If 


r , find the value of 


b-^C c-Va aArb'* 

{b - c)x + (r ~ 4* (a - b^s. 

Put each of the ratios— >{’ ; 
then x—k{bArc\y~k{c-A-(i\y s=^k(a+b). 

\ (b-c)x = k (c'--a)v~k(c'‘-a^)^ (a-b):!^=k(a^-b') 

(b-'C}x + (c-a''y + (a-b)j!:-k{(b^-r''' 1- - a’) + (a“ - ^ *)} 
z^kx{}~r\ 

n rr ^(b - C') b(C-a] c(a-b) , , r.l. 

Ex. 8. If — ‘hen each of the ratios 

+ c'-ha-b a-hb~^' 

iS zero, unless a + b-hr=o. 

, , - . Sum of numerators 

We have each ratio =- — . — — 

oum of f icnoiTiin«itors 

__ a(b - <r) -f b(c ~ a) -4 a - _ 0 

{b C — zi) A~ Ar Cl — b) A- A" b •— ClA- bArC 

Hence each ratio is 0 if a-^-b-^r Is not zero. If however 
iJrbA-c—o^ then each ratio is ” or indeterminate. (See Chap. 
XXV). 

Ex. 9. I f X ~ ™ th en - 2a.r + = o. 

n A A- ’A 2j{a\-b) Jia-i 

t,y comp, and d.v.d. 

„ . ;r’ + 2.r+l a-^b 

Squarmg 


» . , j j* -j 2(jr’+i) 2a .r»+r 

Again by comp, and divid. -~2x~'' 

whence bx^ — 2 ax + b — o 

EXEXCISE C. 


1 . If a, b^ d are in proportion, prove that 

< I ) -f- b* A- c* + d* : ila*A-ilb* + ijc*Ari /d* - a^b^c^d*. 

( 2 ) + + : ila**A‘ilb^A'ildArild'*^(abcd)^l\ 

\bA^id'^2b + d/ *“ bd ' 

X y 

2. If “ » prove that 


(0 


4 - d 4- b 

xA-a ^y + b 


(xA’yYAr(aA'b)* 

(xA~y)Ar{aA'b) 


(A. E. 1899). 
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' ' x-+a’'*'j>* + if’ {x+j'Y+i.a+iy' 

3. If a : d — c : d and^ ; q=r ; s, prove that 

apJfcr ; bq-Pds= ^fid^s (A. E. 1896). 

-ar^^-cp \ bs-^rdq, 

4. If 3a + 7(5 : 3r+7d?*a:2<2+9^ ; 2c+9i/, prove that a, c, are 

in proportion. 

5. If la + mb \ pa-\‘qb^lc-\‘md I pc-\'qdy then a, b, r, d are 

proportionals. « 

6. If 4a + 5^ : 4 C'i- 5 d= 2 a+ iib : 2ir+ii^f, prove 

(1) a+b : ci-d= : sIF^. 

(2) ^rd'^— tj ^|4 ^4 , sj If* ^ 

7. If (2a + 5^-l-3fr) ( 2 a - 5<^ + 3 f:) = ( 2 a + ^ ~ 3 f:)( 2 a - 3 ^:), prove 

that by c, are in continued proportion. 

8. If a ; <5 = ^ ; d^e \ fy prove that 

<0 V(a + c + ^)((5' + </+/} = \/r^+ n/^^. 

( 2 ) 27(« + A) + rf) +/) = ^ 

( o\ ( * \ ^ ( \ 

Vr^ + cd cd 4- cf) +// * 

9. If Uy by c are in continued proportion, prove that 

(1) a* '-b^-\-c^ = b*{ild'— \lb'^-\‘ild^) 

(2) ^3 +• />3 4. ^3 ~ I y'^3 4. 1 -p j y^3). 

10. If (ly by Cy d avc in continued proportion, prove that 

(1) ac^ bii^ — abi:-^a'^b-\-b'^c : bcd^-b^c+c^a. 

( 2 ) J {ab) + V {be) + J{cd) = J{a + b + c)P'+c^). 

( 3 ) -f 7<^f:'' : 2>^-4‘^b<f4-7cd^^bc^ ; cd*. 


b^c—a c-^-a-b a4-b’-c 
(b - c)x -hie- a)y 4- - b)z. 


y find the value of 


fC. E. 1878) 


12. If 


13. If 


— find the value of 

b — c c~^ a a — b 

(1) 4r4-j4-^, (2) ax4rby4rcz 

( 3 ) (^4-^:);r4-(<r4'<'^lr + (<«4-^>. 

— then each 
b4-c-^a f4-a — b a-Vb — c 

ratio aa i, and hence prove that a^b^c. 
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a-i-d 


b^c 


-I/I ir ^ + ^ 

I*** “ aZT — — a^TTI > rations. 

o-tc — a c-Ya'-o aY-b—c 


16. If 


; » show that each 


oxYrbyY-cz bxY'CyY-az cxYayYbs 
of these = , supposing xY^yYz is not equal to 

(C. E. 1902). 


zero 


-•« rr bYcx cY-ax , lYx 


is equal to zero. 

bY-c- 2 a _cYa~2b aYb~2f 


17. If 


x\ 


, then each — /^ 


unless xY yY-z==o, 


18. If 

19. If 


bz-cy rx^az , ay-br 

T =7 = T^TT ’ • 


Jl ^ _ c 

yYz £’ + ,r""r+j 
xYy ' z axYbvYcz 


on rr ^ ^ *t. ^ -f i' 5" axYbvYcz 

20 . If — = /» prove that .. 

bYc cYti axb ^ ciYf'Yc bcYcaYab 


21. If 


== £_ 

bYc~ a cYa — b aYb- 


I prove that 


(i) fr7=frf=fr|' (") M >'+4 = ^'«(~+jr) = n^(jr+j), 
niii >ll£l =£-■?’ 

^ a (3 — ^r) — d) c{a - b) ' 

22 . If ~ , prove that 

ar ^/( 4 ^ 4 - 3^) - >/( 4 « - 3 ^^) 

^(4.r’ + 9/®) == 1 6 axy. 


HARDER PROPORTION 

:i 4 . The following examples illustrate harder work on ratio 
and proportion. 

Ex. I. A is 24 years old, ^ is 15 years old. What is the least 
number of years after which the ratio of their ages will he less 

thanyrs? (B. P. J893V 
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Let X be the least number of years. 

Then the ratio \ 15+:^ diminishes and becomes less and 
Ies5 than 24 ; 15 as .r goes on increasing, until for some value of ,y 
it becomes e^ua/ to 7 : 5, and if we still increase x more and more 
the ratio becomes less and less. 

2 A ^ ^ 

Hence puintij^ we get ; thus the required 

number of years =8, 

Ex. 2. If X y be the ratio of a ; in its lowest terms, prove, 

, x-hi a-hi .r . 

Let a = mx, b - my, where m>i. 

Then 0 + 0 

y+i jny ■^m~^ {d+i)+ {m- 1}* 

n . i) + (;;z“ i) a+i , • 

But— -^-—7 T>r'; — » since w-i is positive, 

(<$»+ i) + (w- i) 1 

and a<d ; hence the result to be proved follows. 

Ex. 3 . If (3^+5^ + 3<^+5^^X3«-“5<^-3^ + 5^) = (3« + 5<5-3^^ 

~ 5^0(3^"” 5^ + 3^' ~ 5<0> prove ihat a.b^c^d are proportional. 

From the given relation, 

3ff_+ S.^jt 3L +-5.^=:: 3 «_:i5_^± 3£z_5 ^ 

3 rf + {b - 3 ^r- sd 3 a - sb - 36 *+ sd ' 
by componendo and dividend©, 

2(3a+5^^)^2(3^^~_5^.) 3^ + 5^^3fLri^ 

2{y+s^ 2(3<;-5//)’ 3^-5^ 

/. taking alternately, j ^ — .. jf . j l ^ 

3^/- 5^ 3^-5^ 

Again by componendo and dividendo, 

(^3? ± S^) + (3« ~ 5^_) ^ (3^+5(/) + (3c-5n0 

(3^ + 5/0 - (fi- s'b) (3^ r 5^/) - (3^ - 5^) • 

. 6a _ 6 ^: 

•• i'ob~ta/'^’^ b~d’ 

/, a, d are proportional. 

Othirwisc From the given relation by multiplication, 

1 3,j + 5 / 1 )' - { 5^ + 34* = ( 3 a - S'O’ - ( 5 ^ - 3<^)’- 

Transposing, (3a + ^df - (3a - = (5*+ 3^)* _ (5^ - 3^)’. 

/. 6a. io//«=* 10^.6^, or 

a, r, d are proportional. 
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EXERCISE Cl. 

1. Two children are respectively 5 and 6 years old. What is 
the least number of years before which the ratio of their ages was 
less than n : 15 ? 

2. What is the least inte^^er whi^h when added to the terms 
of 19 I 7 will give a ratio less than ii I 6? 

3. What is the greatest Integer .vldch w’ ai subtracted from 
the terms of 7 .* ir will give a ratio greater tl'an 2 ‘ 15 ? 

4. If a I h is a ratio of greater inequality, show that a \ b is 

greater than .* zab, (13, P. iSSoV 

5. If + + //I, 

prove that r, d are proporiionah (C. F. 1893), 

6. \f {pa qb a- rc 4 sd' ){p(i -qh~ rc 4 sd ) -- - {pa - qh 4 rc - sd } 

X {pa-^qb-rc- sd)^ then bc^ ad^ ps, qr arc in proptjrtion. 


15 - The following are some more illustrative examples on 
proportion. 


Ex, I. 


If 

a~-^b Z'4c " 
J oa:4 7/4 iO-2 
ta-^^b^ric 


-^-y , prove that 
t3.t- + 2r-3~ 


... , , . /(.r 4 2 r) 4 yfr 4 2 . 7 ) 4 ^^ rzx) 

We have each ratio = —--- ; , ■ - ■ -~ 

pi a 4/94 '/(/'' d* ( j 4 a) 

__ (/ 4 2;’)-r 4(2/4 q)y 4 (?q d* r)z 
(/ 4 /'jtr 4 (/ d- y /Z* 4 ( y 4 r ji' 

Let /, y, r be so chosen that we may have identically 
(/ 4 ^d)x 4(2/4 q\y 4 (2y -f f')r = 1 oa- 4 7/ 4 1 o : . 

Then / + 2r~ 10, 2 /4y-'7» 2y4r~ 10 ; 


whence /=2, --3, r-4, 

. f / % u iar47/4io,? 

..from (I) each <- 31 , 0 = . 

Again, choose/, y, r so that we may have identically 
ip 4 2r)x 4(2/4 ylr 4 ( 2 y 4 - 1 3-^'4 2/ - 3 j. 

Then /42r— 13, 2 / 4 y^‘® 2, ey 4^='-~3 '* 

whence/ =3, y- -4, ^=5, 


(i) 


A from (i) each ratio Hence the result. 

^ oa~P + c 

The student should %irk the above solution and use this method 
when the multipliers/, y, rare not evident on inspeciion. 
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Ex. 


2 . 


I 


If a{y-\-B)^b{z-¥x)=^c{x-^’y\ prove that 

/•.X „ . -g . 

^ aJ)-\‘hc — ca cay^ab — bc bC')rca — ab 


(ii) 

(iii) 


y -2 z-x _ x-y 

a[b -c)" b{c - a I c{a — bf 
y'^ — x'^ -y* 

c-- a a- b‘ 


(i) From the given relation 


y^-z 

1 

a 


z-\- X 

I 

1 ) 


£_±Z 

I 

c 


,(i). 


(x+y)-\-iy+z)-{2-^x) 

.. each ratio = — 

a ■ b 

{z+x) + {x +y) — (y-^z)_ iy + z) + (2 i- x) - (x -^y) 

i + l-L i + — ' 

b c a a b c 

y __ X z 

• * I I r“*T , i i” 1,1 I* 

cabbcaabc 

Multiplying the denominators by abc^ 

y ___ ^ ^ 

ab^bc ~ca~ ivr ■+• ab -bc'^ bc-\-ca~- ab* 

(ii) Again from (i) each ratio 

_ {x-\r y) -{z-\-x) _ (y + z )~(x+y) _ {z-hx)-{y^z) 
I I I _ ^ ft 

c b a c b a 


. y-z z — X ^x~~y 
' * b---c c~ a a — b 
be ca ab 


Multiplying the denominators by abCy 

yzi- ^ ^ 

a{b - i ) b\C’- a) c{a — ^)’ 

(iii) This follows by multiplying the corresponding members of 
<ii) and the given relations. 


Ex* 3* 



prtjf^e that x/a^ylb^sje. 



XXIlJ 


PROPORTION, 


lit 


Put each of the given ratios = X^ 

Then ak bz^ or a^k - cay - abs^ 
bk^az- cx^ Qt abz ~ bcx^ 

ck = bx — ay^ or c^k~bcx-cay. 
adding, k -^c^)— x 

i^=o, since a^-k-b'^ + c'^ is positive and cannot vanish. 

H ence 9 ^ - ^js- « o or yjb ~ l fc^ az - cx = o, ol xja = zjc. 

/. x{a===yjb==z/c. 


Ex. 4‘ If 


X y z x-hy-hz 

b + c-a c^ra-b a-i-b-c ^ a-i-b+c 


yz-\-xz+xy 
ax-^by + cz * 


4.1,.. • sum of numerators ,ri-y 4 -r 

Each of the given ratios— tt-t ; = — , 

sum 01 denominators a + + 

Also each ratio — :=/ — 

{b-^c ~ a)(y-^z) ic-^a-b){z-hx) 
z(x + y) 


and /. = 


^ {a -hb-c)ix+y) 

x(y -{'z)-{-y{z+x) 4 zix^^y) 


{b-^c- aj(y +2) i-ic+a- b){z + x) 4 - (a~ -hb-c^xxy) ' 


_)'2 + X2-^X y 
ax ^ by c'z ‘ 


£iz..ir5 — -^f_ji£5 '^y 

a^b^rc ax by '\‘C2 


EXERCISE CII. 


1 . Ifa ; b — c I prove that 

+ ; {^a-^tby^ic-^-df — ia-^-cy-Vib^rdfl (a+b-hd-d)"^ 


z 

3. 

4 . 


ir • L , J . .r V Aae'd 

Ua . 6- c . d-e . f, then . 

If by Cy d are in continued proportion, prove that 
{c-aY + {d- bY'^{c-a){d-b) — ia-~d){a-^b-c-d), 


If xja^yjb — zlc^ prove that 
(i\ y'^+b ^ 2^^c^ _ iX’¥y’¥2Y-^(a’hb^cY 

x-ha y^b ^ z-^c x-^yi-z-^a^-b^^c ’ 
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y {x+yy 2 y + la~^d + ^^' 

(iii ) {ax^ + dy-^ + cs^a^x + dy + c^s) = {a^ + <^34. ^3) 

X (;ir3+J/3 + ^3). 


5. ,9;r+26^+4o^=o. 

b-c 2\c-a) 


0 . If 


j+x 


x + y 


y +2 _ 

2 (i’ + a“- 2 ^) 3 (^z + <^— 2^)’ 

prove that $x + 8 y + g2 = o. 


tf ^-^y y-^^ 'S’+AT 

[f _ — ; = r7 ==“ , prove that 

3a- d 3b -c 3C~a^^ 


a + b\i: ci^ + b^-^f^ 


8 . 


If 


ZrJ? 

b - 2 C 


■g- 3 -y 
^r~ 2 a 


4 ^- 3 v 
a — 2b 


, prove that 


3,r A- 8y + z _ Ar4‘3>^-h 8^ ^ 8.r + r -f 35 ' 
a 4 - 5 /i ^-f 5 r ^+ 5 ^ 


9 . 


j^.r + 2v- ^3 _y-\- 22 - 5,r 
b + c — 3a 6' 4*a — 3^ 


5 ' 4 - 2 ,r-jy 
a + - 3 -i’ 


, prove that 


X^yJ^Z ^ 3 X‘yiiy -22 
a-\-b + c'~ —4a-h4b+i2c’ 


10 I f =:r J £±5 Zl 

5a + 4^ + 36' 7 a-f 6 //+ 5 r 12^4-11/^4-9^’ 

pro V e th a t x/{b 4 rc)= yj (c + a) = s/Xa 4- b ) . 


SOLUTIONS OF EQUATIONS BY PROPORTION. 


In solutions of.some equations the methods of ratio and propoi 
tion may sometimes be advantageously employed to shorten work. 
The following are illustrative examples. 


Ex. 1. 


Solve 


I 2 ,r-f 1 1 
4 .r- 9 ‘ 


6 , 1 * 

sra 

2 . 1 ' 


> 

I ■ 


Multiplying top and bottom of the right side by 2, 
I2.r-Mi i 2 .r-io 


4Xr-9 4X-2 
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each member 


(i2;r+ I 

(4^-9)-U^-^2) ”'-7 


Put each member = then 


* ~ ~ 3 or - i2jr + 27 = i2j:+ n. 

44 r -9 

24^=16, /. = = 

, ax^+ 6 x^c ax+d 

Ex. 2. Solve— — . 

px^-^gx-i-r px-^g 

ty ^ , . L .u t. ax^ + ^x + r ax^’^dx 

Put each membef = /c, then ~ ~ — 

* px^-{-gx-^r pj^-k-qx 

"difference of denominators" r ’ 

.*. (ax 4 - d)/{px 4 - 5^) — c/r, or r (ax 4 - <?*) = cipx 4 - 
xiar-'Cp^—cq - or .r ~ - br)liar - cp). 

Ex. 3. Solve =5'^ -1^4" ■ 

x*-{-mx + n w/x+«4-r 

,, , . diff. of numerators r 


Here each member = 


diff. of denominators r' 


^ :! : . ^f jl?L~ I OY x'^+px-hg—x^'^mx^rt. 
jr*4-wx4-w 


Ex. 4. Solve (-tr - 5)(x 4* 4)(-^ + 6)(-r - 1 ) = (.r - 4)1 x + ;i){x 4- 7 ){x - 2 ) 
Here {(x - i)(-t - 5) ; x {{x + 4)ix 4- 6 )} ^ {{x - 2)( x - 4)} x {(;r 4* 3 ) 

(^ + 7)}; 

/. (x^ - 6 x-\‘ 5){x* 4 io.r 4 * 24) = - 6 x-i- 8 ){x ^ 4 io;r 4 - 2l), 

dividing by (.t* 4 - I0:r 4 24)(;r’ 4 - lox 4 - 2 1 ), 

, X^- 6 x-{-S ;r’ - 6,r 4- 8 

we have ~r —-v: ; 

jr*4* io.r-l-21 x^-\ iox-^24 

and ' = V - -6x+8) -3^ 

(.r*4* I0jr4 2i)-(V+ i04r + 24) -3 

jj^Jf ^ *jh C 

.*. — i6-r=: i6 or .r= -- I. 

Note. Observe the arrangement of factois two together on the two 
sides of the given equation. 


Ex, 5« Solve I 
p.— a.— 8 




3 x^-ta^ b 
^ x-a^%b ' 
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Multiplying both sides by we have 

+ 2a - d)(x d) ^ 

x^-b) (x-a-jr2b)(x-\ra) ' 

.r= + 2ax + + 2 ax + 2ab - b"^ 

* x^^bx-Vb^ x^-V 2 bx — a^^ 2 ab 

and ‘ - _ <2^4 - b"^ - 2ab 

diff. of denominators - 2fl^ 

. -\- 2 bx-\'a^ 

.. ^ or .Y’-b2ajr+a*=:;r^ + 2(^,r + /5“. 


Cancelling and transposing, 2;r(<2-^)= 

.*. jr~ - 5- (a + <^). 

Otherwise thus : — By alternando, 

_(.r4^3 _ { x-^b )^ 
x-\-2a~b x-a-^-zb* 

Actually dividing, 

x^ 4- {a 4" b)x 4- (a* -ab-^ 

' ;r4-2a-^ 

— 4* (<2 4* b)x 4- (a* - 4- 4- - --- — , 

X-'X-\- 2 b 

* ~ (^ — 

X 4- 2^2 ~ ^ 4- 2(!^ ’ 

« 

-_I _ I 

x-\-2a~b x — a-^ 2 b* 


,\ x-V2a-b~ -x-\-a~2by 
.'. 2-r~ -{a + b) whence x~ -^(a-hb). 
For a third method see ex. i,/. 245. 


Ex. 6. 


Solve 



x + a 
X ^b * 


Put each member — i’ ; then 
. _ F 4x ( a F c) 4- [a 4- eY _ 4.r(.r4-<2 ) 
4.r ‘ 4- 4-i\i^^ F c) + + 1 4-t:Li- 4- 


and 

Thus 


- nu me rator s __ 4£.r 4- {a 4- cf 

diff. of denominators ”4^:.r 4- (^4- f)» * 

t ^ 4£f+.(f±£l’ _ 4£(£+«) anfl • _ £±£^" 

4 CX + (.i + f )• 4 c{x + i) ■ ■ (d + cy- ^bc 
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Hence 


{a + cy - d,ac _ - 2ac^^ 
{i+ cy - 4dc b"* - 2bc 4- c^ ’ 


X + « _ <2^ - 2^c + C^ 

x + b b^~2cb-tc'^ 

. . , xi-a a‘^ — 2(jc-\- 

, , by converiendo ; - - — ~~r~ > v, » 

[x 4- a) - [x + b^ - 2c{a - b) 

• . ^ 

* a - + b- 2 c) * 

a^-2a<::4-^‘“ . a^~2ac4'if c^-^ab 

. , j: + a~ TT " > . . ' ; ■/— -<z~ - , , 

a-{-b — 2 c a-\-h- 2 c a-k-b~2c 

Otherwise thus : — From the given equation by altcrnando^ 
x4-a x-i-b 

ilili" - f F! /' + r) + ( /5 + i,')" 




,r + /z .r + t6 


; hence etc. 


Far a third method see ex 6, page 243. 

„ e t (5.r"Fio.r*+ + 

Fx. 7. Solve ; ^ ■ . . - . X ==ax. 

(.r'^ 4“ 4- 5)i/z^ -f 10 a" -f 5 ) 

The equation may be written 

( 5 .r^ 4 - 1 ox^ 4- 1 ) ( 5 a-* 4 - 1 Oil'' 4- I ) — {x^ 4 - 1 o^- 4- 5 .r)(a 5 4- 1 oa^ + 5 a) 
x^ 4- ioa'3 4- 5 ^' ^ ^^4- ioa' 4 - 1 

QX 

5.r^4- lOjr* 4- 1 a^4-ioa^+^<i 


By comp, and divid 


/x+ iV_/i 4-^z\s 
\xi) \i~a) 


• ^ -- F+i* 

'' x - \ ~~ i - a' 


Again by comp, and divid, 

2 2 


- »» — , or .r =* ' . 
2 2a a 


Ex. 8. Solve ‘^ 4 Mr-F^ = 7 . 

V(4r + 9 J- v'(4^ + 2) 
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By comp, and divid. or 


By squaring 




2 ‘V • 4 “ 1 1 

by comp, and divid. 

2j: 4- 1 1 =25, or x—y. 


Ex. q. Solve 

d-\-c c + a a’\-b 




Each member of (,)= 

— two similar expressions and 
Also each member of (1) 


Jj' 4- g) -f (^ + + (;r +}>) x+_y+z , 


• ^ ~^y 

'' a b'^ c 
Ex. 10. Solve 


>=i. .\ x—a^y^b^ z—c. 

bs 4 - cy ^cx-^- as ay + bx 


IIqj-q ^^y _ b cx 4 " a bs _ cay -H bcx ^ 

al bm ~~ cn ’ 

{Jbcx 4 - abs\ 4 * {cay 4 - bcx) - [abs 4 - cay) 

Jri cticc w *** j » * 

bm^cn--al 

— two similar expressions ; 

and * ^ ^ 

bm^rcn-al cn^ral-bm al'\-bm-cn' 

• ^^ dibrn-V cn-al) d(cn-\ral - hm) ^J^d{al’k-bm-cn) 

EXERCISE cm. 


Solve the following equations : 
1 "^^-7 J^£±_5 c 


9 jr 4“2 274 r “7 

5jr- 1 3 - 2 x 4 “ 10^* 

4 x 4 “ 7*2 4 -I 4 x 4 - 8 x* * 


2 . I£!±i£± 7 ^ 3 f„t 5 

2 x* 4 “ 3 x 4“5 2 x 4 ^ 3 * 

4 (-y -f d){x 4" b) (x 4 4 (^ -h d) 

x 4 “<i 4 “^/. x 4 -c 4 “</ * 
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Solve the following equations : — 

5 0 -^1+ 7 -^+ + 7.1+25 

( 4 r + r)Cr+f/) x-a-d' ' ;i‘* + 3.i'+Ji .v’' + 3.r+i6* 

(;r+ 0(^ + 7) x + 8 ' 


8. (.r + 1 + 2) {.T + 9) - (.r + 3)(.r + 4){.r + 5 ). 

9 . (.ir- lX-t'~2Xx~6) = (;ir-3)^. 


in xK>y~h9) _ (:r+6X-r+ i o ) 

(;*: + 2X^ + 4) V'<^+ 5 Hv + 7 ) 


IM. M. 1889), 


11 . u + 4)(-^ + 5 )(.r + 8 )( .r + II ) = (.r + 3 X^ ' + 6 )(.r + g)(x + 10 ). 

12. (>*+ r 5 .ir + 36X-f"4* i9.v + 78)^U''' + 9A' + 2oX-v® + 25.t'+ 154). 


13 . f"-tiy="r, 

\-r + 3 / 2r + 4 

15 . (.r + 3 ) 3 =:{.r + 5)(x + 2)^ 



19 

4 x^ + 4 X a* - i ' 
sf (x-\-a)- j {x4-l>) 



20 ^ ' ‘+' ^ 

.l' 5 + IO.l 3 + 5 jr 

09 s / ^-r+i)+ {X - r_) _ 45_^I 

v/ (.r+ ])- (.r~ I) 2 


23 + s/ + 

^ (.r + tfj- ^ ix-^) 


24 n/ sj {x~d) _ a4-d 

/v/ t^+a)- V ' a J r ' 

26 . a(+ + i?) = iH^ + ;jr) = X-^+3'i = if. 


27. 


.r+« y'¥b_^z 4 -c 

f^rc ^+a a + <^’ 


jr+j + 


a + ^ + 1', 


^ + t-ei r+a-/> a+iJ-f 


.r+/ + 5^ = <i + ^ + r. 



CHAPTER XXIII. 


FACTORS AND IDENTITIES. 

1. We have already defined an integral expression in viz,^ 
an expression of which the terms contain positive integral powers 
of,r. Thus 3^:'* -~4;r^+ 5;r“-7;r+ lo is an integral expression in 
of the fourth degree. 

2 m Kemainder Theorem. If an integral expression 
in is divided by the remainder is obtained by 

putting .r=a in the expression. 

Let {I be the quotient and R the remainder when the expres- 
sion is divided by x~a^ so that R does not contain x. Then since 

dividend = quotient X divisor -h remainder, we have 

the expression—^, {x — a)~{-Ry identically. 

If we put x^a in this identity, the right hand side = /? and the 
left hand side = the value of the expression obtained by putting 
.r — rt. 

Hence, since R is the remainder, the theorem is proved. 

Obs, When an expression is divided bya'-t-c?, we find by 
writing x in the form x~{ — a), that the remainder is obtained 
by putting x-~ - a in the expression. 

Ex. I. Find the remainder when 3;i'3 ~ 4,r + 7 is divided by 
.r- 2. 

The remainder--'- 3. 2^ — 4. 2-^-7 -23. 

Ex. 2. Find the remainder when 3.r3-f 4.r=-f 5^- - i is divided 
b)' .r 4- 2. 

Here the divisor~.r4-2 — .r-{ -2). 

the remainder = 3(-2)^-f-4(”2r4*5(--2)-~ I = -24+ 16- 10 
- I - -19. 

Ex. 3. Find the remainder when + tvr + <'/ is divided 

by X ~ //, 

The remainder--^?//3 which the student should 
verify by actual division. 

3 Factor Theorem. If an integral expression in x 
vaniehee when x~<t, the expression is exactly divisible 
by 1 - (f, or X - a is a factor of the expression. 

If the expression is divided by the remainder is obtained 

by putting in the expression, but this by hypothesis is zero. 
Hence the expression is exactly divisible by x-a. 
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Obs. If an integral expression in x vanishes when 
the expression is divisible by x + a. 

Ex. I. Prove that — 8x^ + x 'i- 4 is divisible by .r i. 

If the expression is divided by x~ i, the remainder 
— 3x1-8x14-1 +4 = 0 ; hence the expression is divisible by .r ~ i. 
Ex. 2. Prove that 4.1*34 7.r^ 4- 2.r 4- 5 1 is divisible by -t'4-3. 

If the expression is divided by ;i'4 3, the remainder 
= 4('-3)" + 7(-3P + 2(-3)4-5t 

— - 1084-03-64-51 “O ; hence the expression is divisible 
by A- 4- 3. 

Ex. 3. Resolve x^ -h 4x'‘ -h x ~ 6 into factors. 

Putting x=^ r, the expression 14-44-1-6 — 0 : hence .r- i is a 
factor. This suggests the following method. 

x^ 4 - 4.r^ 4 - -r - 6 = x%x^ - 1 ) 4 - 5.r(.r ~ i ) 4 6f r - i ) 

=^(x f)(.r"4-5.r4-6) 

= - I)(.r4 2)(ar4 3)‘ 

Ex. 4. Find the value of for which 2.1*34(4 4/ ■),r^ — qa* — 30 i& 
divisinle by x-2. 

If the expression is divided by x-2 the remainder = 2.2'4 
(4 4 d) 2''-9 X 2 - 30= 164 164- 4r- iS-3o«--4r- 16. 

If the expression is divisible by .r- 2 then 4 - 16- =0 or r ”4. 

4 Divisibility of 

(i). x*' ~X‘ is divisible by x-y 'ivhere n is avy integer. 

Let be divided by x-y and let Q be the quotient and 

Jl the remainder, so that R does not contain x. Then we have 
x*‘ — j;” — Q (x—y) 4- A’ identically. 

Putting x=^, we get ~ y*' ^ R or R — O \ 

whence .v” -y'' is divisible by .v- 
Continuing the division we get 


'il' 

x-y 


.r" ' ' 4 .r " " > 4- 4 


4-.rj'"-=4-y""’ 


'ii). x*’' 4ry' is divisible by X -Vy 07iiy when n is an odd intey^er 

but not when n is an even in tetter. 


Let .1" 4-y* be divided by j:4-y and let <2 be the quotient and 
the remainder, so that A’ does not contain .r. Ihenwehave 
-'^"+r= Q{x -\-y) 4 r R identically. 

Putting x~ — r, we get (-yr4j'” — A\ 
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Now when n is odd 

and when n is even ( — y)” -4-^“=^” = 2^”. 

Hence R is 0 when n is odd but not when n is even. Hence 
.r« 4.j« is divisible byx+y only when n is odd, and not so when 
n is even. 

Continuing the division we get, when n is odd, 

~x’-y+x’‘~y- -xy’-’+y-'. 

(iii.) x*‘^y^ is divisible by x-^-y when n is an even integer^ but 
not when n is an odd integer. 

Here using the previous notation, we have 
-y* «» Q(;r •^y) + R identically. 

Putting ;*:= -y we get (-y)”“>'” = R. 

Now when n is even (-jyy'-y^=y*-y=o, and when n is odd 
( -y)” -y’‘= -y” -y” = - ^y"- 

Hence R is o when n is even but not when n is odd. Hence 
x'^-y^ is divisible by x-\-y only when n is even but not so when n 
is odd. 

Continuing the division we get, when n is even, 

x*^ — V** 

x+y 

(iv.) x'‘ -hy'* is never divisible by x - y. 

As before, we put x'* 4-y' - ( 2 (x -y) -p R. , 

Making x-y^ = R, or, R--2y' and cannot be zero for any 

value of n. 

Hence x"+y^ is never divisible by x~y. 

Ex, I , Find the complete quotient when x^ is divided by 
x-hy, 

x^ -ys ^ (x^ ,j-y 5 j ^ 2 y^ _ 2yS 

x^y x-hy ^ x-hy X'hy 


xy +y- . 

Ex, 2. Find the complete quotient when x^+y is divided by 
x-y, 

x^A-y ^ (x^ -y) ^ 2y 

x-y x-y ^ x-y^x-y 




x-y' 
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EXERCISE CIV. 

Find the remainder when 

1 . — 7 jr-f 2 is divided by ,r~3. 

2 . yx* — + 2x* ~ 9 ;r 4 - 1 is divided by x - i . 

3 . 3 ;r 3 +gjc'='- 34 r 4-9 is divided by Ar 4 - 2 . 

4 . 4 :^ 3 - 4.x ~ 5 is divided by 2.r- I. 

5 . 6^-34- - 2x 4 4 is divided by f 2 

Find the value of c when 

0. 3.r*- 4r;r+ 5 is divisible by .r*»- 1. 

7. is divisible by jr- 4. 

8. 6 .r 3 - lyxf^-^c is divisible by 3.^-4. 

9 . * 6.r* +5 (;r 4* t) - 1 4 is divisible by x - 2. 

10. x^-\-cx^ - I4jt- 24 is divisible by .r + 3. 

Prove that and a^k’b are lac tors of 

11 . (a 4 ^) 5 -a 5 -<^ 5 . 12. (^a-¥by - - bK 

Find the result of dividing 

13 . x^ - ys by X x^ -y* by x -y^ x^ -y* by x ~y, 

14 . by .r4_y, 2:' by -r4y by x^y. 

15 . x^-y^ by x+y^ .r®4-y by x-yy by x-y. 

10 . xi -^7 by x+y, ^*4-4^ ,by at 4 -/, by 

Resolve into factors. 

17 . x^-\-sx^ -2X-24. 18 . x^+4x‘yx-6. 

19 , ;r 3 - 9 .r* 4 - 264 r~ 24 . 20 , .r 34 - 9 .r^ 4 - 23 .r+i 5 . 

21. .r‘ 4 - 5 x 3 ~ 7 .r*~ 4 ijr- 3 o. 22, x* 4 -Sx^ 4 ‘S^^ 

S. Factorization of c xpressiona of second degree 
io andy. 

We shall here use a method of inspection as in the following 
examples. 

Ex. I . Factorise 6x^ 4- !9;ry + j gy - a: - 2. 

Terms of the second degree in x^ndy in the expression 
= 6 jr*+ I9.ry 4 1 5/" =(2.*^+3y)(3Ar4' £y) ...{i). 

Terms without^«6;r*-;r~ 2 = ( 2 jr 4 - 0 ( 3 ^^ 2) ...(2). 

Terms without jt- i5y->'-‘2«(3y4'i) (iy-r2) ...(3). 

Hence in agreement with (1), {2), (3), the factors of the given 
expression are 2jr4-3y4- 1 and 3x4£y - 2. 
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Ex. 2. Factorize io.r/+2/*+ lur- 5j^ + 2. 

In the expression, 

terms without 1 2.^*4- 1 i;r+2=(3;tr + 2)(4jtr+ ; 

terms vVithout x=27“‘- 5j/4'2=*(-j + 2 )(- 2 / 4 - 1)...(2) ; 
terms of the second degree = i2;r*— io;r/-f 2^"* 

Hence in agreement with (i), (2), and (3) the factors are sx-j' + z 
and 44: -2^ + 1. 

Note. — I n (2} we do not write aj'® ~5 jk~'2 = (i/ — 2)(2jK-- i) but =(-;}' + 2) 

( — 2 j 4 -i), by examining the terms of the factors of (I). Again, in (3) we 
put the factors in the forms in which they are, by examining the terms of 
the factors of (i) and (2). 

6. Formula XVII. The student is advised to revise for- 
mula XVII at this stage (see p. 144). We shall here consider it 
more fully. 

Ex. I. Prove that id-c:')(d + cy-h(c~~a)(^ + ay + (a-^)(a + ^y 
' - - - c)(c - a)(a ~ 

Put ^ + c + a + ^~C ; then A — B=^ B- C 

C-A~ -{c — a). 

left side « -/!=(/>’- C)-B%C-A)-0{A-B) 

— {B-C){C--A){A-B) 

r- - - C)(C - - <^)- 

Ex. 2. I^rove that (<i-^)(4r — 

X (,r ~ r){x - a) ™ - c){c - a){a - d). 

Put A'- a = .( 4 , x — b=-B^x — c~C\ then A — B<» -{a- b), B-C 
■^~{b-c\ C-A=^~{i:-a), 

left side - -- A B{A - B) - BC{B - C) - CA{C-A\ 
:^(B-C)iC~A)iA~-B) 

^~-{b-.%c~a){a-b). 

Ex. 3. Prove that a(b - cy b{c - ay 4- c{a — by 
-(b~ c){c - «)(rt - b){a + b4-c). 

Left side ^a[{b^- - ^bc\b - <r)} + b{(<r^ - a^) ~ 3^a(<: - a)} 

-f "■ ~ 3iib{a - 

— a{b^ - “ ^abc{b - c) + b{c^ — a^) — yibc{c - a) 

+ - b^) - s^bc{a - b) 

= a[P ~ r-’) 4* b{f^ - a^) + — b^) 

- 3i^bc{{b -c) + (f - a) P (a - b) 1 ■ 

— a(b-' - c^) + b{c^ “ a^) + 4^^ *” 

^ - a^b - c) - b^c‘ ~ a) — c\a ~ by re-arrang ing. 

= - c)(f - a){a - b){a P ^ P r). See p. 147. 
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Resolve into factors. 

1. (2a + - c - a) + [lb + cy{2c - ~ /?) + (2r + ay{ 2 a -b- r). 

2 . (a + 2b){b + 2 c')(a-{'b-' 2 c)-h{b-^ 2 c)U‘i- 2 a){b-^c- 2a) 

-h (c + + 2b) (C + it- 2b). 

S. a-(b + ^) — b'^ir + «) + r^(a - b) . 

4. a(b^ ~ c-*) + b(i;^ - a'^) + c\a^ 

5. { 2 a + 4- cy(b <:) 4- {ib 4- 4* ^ )‘’<y ~ n) 4- ^2c 4- a 4- by( a - b). 

6. {a^ 4* I )(b - r) 4* 4- 1 ){c - a) + 4- I ){a - b). 

7. {a^l yib - r) 4- 4- 1 )“ (<r - ^0 4 (^•' 4- 1 )*(</ - b) . 

8. (pa ^ 4 fa 4 r)( b - r) 4 ipb" -^fb-^ r){{ - a) -^( pc^ 4 qc 4 r){a - //) . 

9. {a 4 I - r) 4 0 4 r y[c - a) 4 (V 4 l / - b). 

10 . b'^c^ib - c) 4 c~a^{c - a) 4 a'^b%a ~ b) . 

11 . ayb^-c^) + b^{c^~a^) + c^a^~ b^). 

12 . b^c\b — c)^c^a\c — a)-{‘a'^b\<i~ b). 

13. ayb--c) + b^{c-a)-\‘C*{ii-b). 

1 4. a^{b — c) 4 b^(c — «) 4 cH a — b). 

1 6. a^{b - ^:)3 4 b%c - a)^ 4 c\a - b)^. 

16 . (b ~ r )(^ 4 ~ + ^^V- 

17 . {b-^ c')(b - r)3 4 ((r4 - a)'^ + (a 4 b){(i - b)^. 

18. a{b - r)(,r - b){x “ ^) 4 - a){x - <'•)( r - a) 4- 1 1 - />}(.r - a } 

x{x-b). 

19. {b ~ c){ I 4 ( I 4 <^r) 4 {<: - 12)( i 4 bc){ l 4 ba) -\-{a- b){ i 4 ca) 

x(i4r<^). 

20. a{b - ^ab)(i -^ai ) 4 b{(’- n]{ i 4//r)(l 4^^'^) 4^(1^ - b in 4 r'0 

X('i4<r<^). 


7. Formula XVlII. — T’le student is reroniinended to revise 
formula XVU I (see p. 145 ). if we put P for any one of the 
equivalent forms 

a^b + aM 4 b^c 4 be"" 4 C^a 4 ca\ 
a^(J} 44 + b\c 4 rti) 4 c-{a 4 b i, 
aib'^ 4 c") 4 b{c^ 4 ) 4 cia^ 4 b'), 

bc{b-ir€)-^'Ca{c-k-a)4ab{a-\-b)y 
the formula X\’III may be written as 

P •\-2abc-==^{b4c)i.c^rd){ii-^b) ... (i) 

Again, from ex. %p. Ji 6 , we have 

P Ar'Sabc~ia-\~b4-c)[bc4ca‘k-ab) ... ( 2 ) 
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Hence from (i) and (2) by subtraction, 

{b’^c){c-\‘a)[a-¥b)=={bc’{‘ca’{‘ab){a')rl^ i'C) — abc^ ... ( 3 ) 

a result already proved independently. [See Ex. 6, p. 116.] 

Also, we have (see p. 140) 

(a + ^ 4* r)3 - ^*3 « ^ ™ c^=^(b-^c){c-{-a){a + b) ] 

= ^{P-{-2abc) from (i) 

^^P-\-6abc ... (4) 

Ex. I. Prove- that aib - cY-hbic-aY+cia-by + gabc 
= (^ + ^ -4* c){bc -\rC(Z-\- ub) > 

Left side = a{b'^ + ~ 2bc) + b{c^ + a"* — 2ca) + 4* - 2ab) 4- ^bc 

=» a{b^ 4- 4- b{€^ 4* a^) 4* 4^"* 4- b^) + 3^^ 

^P-k-^abc 

~ (a 4" ^ 4- c){bc 4* 4- ab). 

Ex. 2. Factorize (x4-df)42^4‘^ + r)4“(.r4*^)*(2jr 4‘i^4-a) 

4- (4? 4- cy{2x 4“ 4- 4- 2 (4r 4- a){x + b){x 4 c). 

Putting = x^b^B^ 4r4-^^=C, 
the expr. = 4!’(^4“C)4-i?*(C4“.<4)4*C’(/i -^Bj + iABC 
^{B^C){C+A)(A + B) 

^(2x-^b’hc){2x-¥c-^a){2x+a-^b\ on substitution. 

Ex. 3 . Prove that <i(i4-^)(i4-^:^)4-4i4-0(* 

4-4i + + 

Left side ~ a{ 1 4* (<P 4- <:*) 4- b^c^} 

4- 1 4" (r"' 4- a*) 4- c^a^} 

4- 4 1 4- (a’ 4- b^) 4- a^b'^} 4- 4abc 
= (a 4 ^ 4- 4 4- 4 4 b{c''‘ 4 4 c{a^ 4 b^) 

4 4 b(fa^ 4 ca^b* 4 4abc 

=*(a4^444(/^4 3abc) 4 abc(bc 4 m 4 ab) 4 abc 
= (a 4 4 c) 4 (a 4 4 4 4 a^) 4 abc{bc 4- ca 4- ab 4- 1) 

=^{a4‘b4‘C){i4'bc4‘^a4’ab)4-abc(i 4'bc4‘Ca4‘ab) 

4‘bc4‘Ca4r ab)[a 4 4 4 abc). 

EXERCISE CVL 

Factorize 

1 . fp(^4r)4^*(^4a)4^(a4^)42a^^. 

2. bc{b 444 ca(c 4 a) 4 ab{a 4^)4 zabc, 

3. a(^ 4 r*) 4 b{£^ 4 <»*) 4 c{a* 4 P) 4 la/Jc. 

4. a%b 4 4 "h 4 a) 4 c*(a 44 + 
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Factorize 

0 . a{b ^ + f *) + b[c ^ + <!*) + + b^) + z<^bf. 

7 . a\b - ir) + b^a ^ r) + c*{a + - 2abc. 

8. a{b^ 4* c^) 4- 4- a*) - 4 4- b^) ~ ^abc. 

9. a®( 2 ^ 4- 3 ^) 4- 4* 4* 9c%a 4- 2b) 4- 1 2abc\ 

10 . 6bc{2b 4* 3^) 4- 4* 4* 2ab{a 4- 2/») 4 - 1 ^abc 

11 . ci{b 4- cY 4- b{c -r aY 4- c{a 4- by ~ ^abc. 

12. a{b ~ cY 4- b{c - a)* 4- ir(a - by 4- ^abc\ 

If £i4'^4“^~/i bc-hca-^ab=^i/, abc—r^ find the value of 

13 . (b-\-c){c-¥a){a~^b). 14 , 

16 . bc(b'i’C)’k‘Ca{c-^a)-hab(a^b). 


B* Prove that 


(a« 4- 4 . 4 . 4 . 4 . isr O. 

This can be proved by multiplication or thus : — 

We have <i*-a(a4*^)4'<2^=o (i), 

b^ — b{a + b)-¥ab=^o ( 2 ). 


Multiply (i) bv a”"* and ( 2 ) by b^‘'^ and add the products ; 
then the result to be proved follows. 

Ex. I. Prove that (aF^)5-a5-^= 5«^(a4'(^)(a’4'«^4-/^*). 

Left side~{<z4-/^)5— (a5 4-<^). 

= 5n4^4- ioa^b^-\- io<z®^*4- 50 ^, expanding (a + bY^ 

= $ab(a^ 4- 2/z*^ 4- 2ab* 4- b^) 

^ 4- b^) 4 - 2ab{a 4 - b^ 

= Sab(a 4- b^a^ 4-^4- * 


9- Prove that 

a* 4 . 4 - - (a 4 . 4 4*r"”0 + 4 ca 4 < 2 ^) 

X 4-^'» 4^^-*) - 4 4 ^~3) o. 

Evidently (^i — a)(a — — r) == o. 

/. - a*(^i 4 4 r) 4 a{bc 4 4 a^) - = o. . .( i ). 

Similarly, b^ - 4 ^ 4 4 l^ibc 4 4 - abc^o. ..( 2 )- 
f3-.r*(a4^4^r)4r(^r4t:a4 a^) ~a^c:=*o...(3). 

Multiply (i) by ( 2 ) by ( 3 ) by and add the 

products column by column • then the result to be proved follows. 
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10 . Conditional Identities. If a-\-b^c=o, we have 
proved before that 

(i) + - 2 {bc-\‘Ca-^ ab). 

( i i) -f ^3 ^ ^3 ~ 2^abc. 

Ex. I . FIxpress 2{y- 4:)( 2 {z —y){z - jr) + 2 {x -y){x - s) 

as the sum of three squares. 

Put x-y~a^ y-z^b^ z-x—c^ so that a-\-bJtc^o, 

/. the expr. = - 2 {ab -k- ac be) 

* ~ b^ by (i) above, for a + b+e—o 

=" -/)* +{y-sy + {z- xf. 

Ex. 2. Express z{^ -y){ y- x) as the sum of three 
cubes. 

V\xi x-y-a^y-z~b^ z-x~c \ ihe.n a-^b + c-o. 

^abc^a^‘^b'^’\-c'^ by (ii) above , 

Or 3(.r -/)( y-z){z~- x) = {x -yY + {y-sY^{z-xY, 

Ex. 3. If a + prove that 

a*-Jtb^ + c^=- 2 {anf + b-^c^ + c'^a^) = \{(e -\-b^-^ c^)\ 

From the given condition a+b= -c. 
squaring, ^ 2 ab ■\-b'^=^c'^, 

transposing, + — 2ab, 

Squaring, a*^ + ^4 >{, ^4 q, 2 db'^ - 2^V - ic^d — 4db\ 

T ransposing, d + b* + q- 2b^c^ + 

Hence also 2 (a^ b^ -F c*) — 2 a^b'^ ^ 2 lfd -^ 2 <ya^ -F d -F b* -F d. 

or = { {d + + c'^y. 

Ex. 4. If a + ^ + prove that 

(i) a^^rb^’Fc^^ -^^bc{bc-F€a-^ab) 

(ii) aP b'^ ~ ^abcipc-F ca + aby. 

These results might be deduced from art. 8 or 9, or we may 
proceed thus : 

Let <!ir + ra + £i(^ = ^, ; then *.* aq-^4-r = o, 

4. q- ^ ~ _ 2 {jbc \ ca^ab)—- 2 q, 

Also 4 * ^ q- <:'3 = ^^be = 3 ^. 

Now {a - rt){a ~ b)(a — r) — o, 
or a3 - dia + ^ 4* c) q- a{be 4- ca 4- ab) - a^r = o. 

.*. putting a-Fb^c-o^ be-k-ea + ab^q, abc^r^ we get 
— ^= 0 , or, <i3=r— i»^,..(i) 
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Similarly d^ — r-bg..,{2)^ c^~r-cq,.,{ 3 )- 

(/) ^Multiplying (r), (2), (3) by a\ b\ respectively, 

= a^r - ~ b^r - = c^r . 

adding, b^ — r {a^ b^ -{■ c'^) - g + c^) 

= rx(-2q)-qx 
- sqr 

== — sabc'ibr-i ca-^ab). 
or — ^abc{a^ -^b^-i- c^) . 

(n*) Again, a'^=a.a^==^a{f'^- 2aqr-\'a''q*% from (i)by squaring. 

. * , a^ = af^ — 2 ifqr + a^g * 

Similarly = 4 - * 

cl cf" — 2c^qr -h ; 

.*. adding, ai-^-bi^^ci 

= r\a + + <r) - 2qr{a^ -f 4- r) 4- q^a^ 4- b^ -f - 3 ) 

= -2qr{-2q) + q^, 3r, substituting, 

^yq'^r 

= yabdbc i-ca + uby. 

Note. By substituting for a, b^ c any three quantities whose sum is 
zero, we can deduce various identities from the preceding examples. 

£x. 5. If If prove that 

;r(l -/’)(i -j"*) 4 - 7(1 I - 4- r( I -;i'=*)(i -7’) = 4X7ir: 

Left side~;r{i - (j''‘ + 

4 - 7 { I - (5^ 4 - .r“) 4 - 
+ 4 i-(x^+f^)-i-xy^} 

= (jtr 4-7 4 - i?) - {x(j^ 4- 2^) 4 - 7 4 - x^) + ;r(.r’ 4 - y)} 

4 - xfjr( yz 4- zx + xy ) 

-= {x 4-7 4 - r) - { {x 4-7 4 - z){ yz -\-zx + xy)- ^xyz} 

■\-xyz{yz-Yzx + xy)f by (2) art. 7 
^(x+y-^z)-{{x+y + z) x 1 - $xyz} xyz x 1 
=== 4 xyz, 

11. Illustrative Examples. 

Ex. I. Prove that (be — ay ca - b^){ab - c^) 

= (bc 4 -ca 4 -^b ^-abcia-hb-ycy 
We%ave bc — a'‘=^bc+ca 4 'ab^a(a 4 ‘b 4 -c) 

= where bc^ac4~ab==qf a-yb4-c—p. 
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SittiHatly, ca-b^—q -bp \ ab--c^^q-cp. 
ibc-a^\{ca-b^){ab-(f) 

iQ - <^P){9 - ^)( ^ - ^P) 

-f- -t^p) -b f( cap^ -haip^) — a^cpK 

f'py ■" 

_ abcp^ = {be + ca -i-abp — ahc{a 4 * /^ + r)^. 

Ex. 2 . Prove that i^{ab-\-cdy -(a^ -d^ -d^Y 

= i 6 ( 5 -a)(r~^)(i-r)(j~//) where ^s^a\b^rc^^d, 

Left side= (2a^ -h 2cdy - ^a* 4. - r* - dY‘ 

^{ 2 ab^ 2 cd^a^prb^-d^-d) 

X { 2 ab‘{- 2 £d-a^--b^^c^‘{-d). 

- {(« + by - dy}{l,c+dY - (« - /^)»} 

= ta + ^ 4 -^r-^X<^ + ^--^+^X^ + ^+«-^) 

X {c-{'d-a-\-b). 

Now 2 J = £i 4 -/» 4 *r 4 ^, 

.’. 2,r“-2a= + ^ + 25- 2^=i?~^ + ir4*^, 

2 J-- 2 c-«a 4 '^-<r + ^, 2 J~ 2 //=a- 4 ^ + ^r— 

.*. left S\At=={ 2 S~ 2 a){ 2 S — 2 b){ 2 S- 2 C){ 2 S- 2 d) 

= i 6 (s- a)(s -b)(s- e)(s - d). 

P-x. 3. Express 

(/) 2(4;r ~ I )^ + 2(2.r - 3)* as the sum of two squares. 

(iV) ( 5 -^r*- 4 Jir+ i)( 3 .r* 4 ';pr- 7 )» as the difference of two 
squares. 

(/) We know 2ei"4-2^* — 

Put a~ 4jr- I, ^«*2x~3 ; 
then a4-^»(4-r~ i)-4(2;r - 3)*=6Ar-4 ; 

a ~^~(4jr- l) — (2jr- 3) = 2x4*2. 

Hence substituting in (i), 

2(4jr - Ip 4 * 2(2x-iy = (6jr - 4)* + (2^ + 2)*. 

(w) We know ~ •••(2)- 

Put -4x4-1, i^= 3 x® 42 x -7 ; 

then ^ 

" “J? ==: (S^'*“ 42:4 i)-( 5 r* 4 - 2 jr-> 7 ) 

2 


2 


2:*-3x4-4. 
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Hence substituting in ( 2 ) 

( 5 .r" ~ 4 ;ir + I ){^x^ + 2.r - 7) = - .r - 3)^ - (x^ - 3.1* 4- 4)". 

Ex. 4 . Prove that (/^ + c){/> - c)^ + (r + <?)p- - ay 4- (a 4- /^){a - i^y 

— c){c — a){a — b){a 4- b 4 f:> 
We have {d 4- c){b — {b ^c){b - r) x (b - r)'-' 

- X 4- - 2 A") 

2 bc'{b^~c^- 

Similarly, - 2 r.'i(r='- 

4- ~ by ~ {a^ ~ - 2ab{a'' - //®). 

by adding (/^4-r){^ -ri^4'^^' f <'?')(<f~^r)'’4'Gi4/^)(<rr — 

— 2bc{//^ ~ — 2 t''t: 2 (r® ~ — 2ab{a ~ 

= - r)4-/?'iV ~ /i)K re-arranging 

-- 2{b — r)(r “ ^r)pi - //)(c 2 4 P i ). See p. 147 . 

Ex. 5 . Throve that (a-^ -j'^r } ' 4- ' r" - r.r)-M'("- ~.rr;' 

- - -■■•‘A- - -O') {■> +}'' + - ' - 3-0-.-) . 

Putting ,r'' — y~ - r — 2 ' - xy ^ c, 

the left-side — rt'''-4/^^4-^ yi^c 

1 0'^ 4* /' 4 - <■")[' a — by y (b — c)' 4- (t' ~ <';)^|-. ..( l >. 

Now a-^byc—x-^yy' + x^—j'z'- zx-xy. 

Again, a - b — (.v- - i y- - r: r) 

~{x'-y^)-{-z{x ■■ y) -^{x -y)(.i'-h 4 4-^). 

Similarly //-<; — (/- )(.r 4 - j' 4 ;^), — (v - .rjf.r 4 j' 4 .v). 

(a - by 4 [b - Pp 4 ( r - ay 

= (x -yYix i J’4rp4l7-ri--(.r4.r4 4)^4(- - .i-)N.r 4/4-.:')' 
= (x 4/ 4 r y{{x -yy 4 ( / - ^1" 4 h - xY] 
from ( 1 ) left-side 

= ^ Cr 4/ 4 ^){(.r ~yy 1 - ( v - 4 (j ~ x)^} 

X {{x 4/4 4,r“ 4 “/- - sx - a/)}. 

— (ar^ 4 /^ 4 ^3 _ yryyf-. 

Ex. 6 . Prove that (x-// 4 ( P4y -.rp 

= -/)" 4 (/ - r)= 4 (s - xyy\ 

Vut x-y^a, y-z'~b, ^ — x~(r ; then ri4/?4c'~ (?. 

.*. a* y ^ lia^ b~ + c^y^ ex. 3 , art. lo, 

Hence substituting for a, b, r, we get the required result. 

Ex, 7 . If a + b + C'^d~Oj prove that 
^3 4 . ^3 4 . 4 . (f3 — 2 {bcd 4 cda 4 dab 4 abc), 
p.— 11.-9 
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We have a+lf— -(c^d). 

Cubing, d^-hb^-h3ab{a-hb)— -{c^-^d^-h scd{c^d)] ; 
transposing, a^-hb^ + ^r^+d^^ ~^ab(a+b)-2,cd{c-hd) 

^ -Jab{ ~{c^d)}- zcd{ - (a + b)} 

= ‘^[abc -f abd + acd + bcd\ 

Ex. 8. If .r* — 3;i: + 2, prove that 

+ 2x ^ - io;r'' =» 14X + 4. 
x^~^x-\-2, we have 
= 3 ;tr* + 2;r = 3(3:1: + 2) + 2;r = I i;r + 6, 

.*. I ij:* + 6:r= 1 1(3:1: + 2) + 6:i: = 39:r +22, 

:i:S = 39 ;tr* + 22:i:=39(3:ir H 2) + 22;ir= l39:ir + 78. 

Hence x^- S-x^* + 2:i:3~ 10:1:'' 

= (i 39 .r+ 78 )-- 3 ( 39 ^+ 22 ) + 2(ii:r + 6) - io(3x + 2) 

— 1 394: + 78 - 1 1 7-ir - 66 + 22:r + 12 - 30.r - 20 
= i 44 r + 4 - 

EXERCISE evil. 

1 . If a + (&~3, cib — 4, find the value of 

(z) a* f b\ (zV) d 4 b^, {tit) d I b"^, 

2 . If a4b-\-c~o^ bc4-ca\ abc~^^ find the value of 

(z ) a^-^b^ 4 (zV) zjs -f. ^5 4- (j/j ) ^6 ^ 4. 

Z. If 4:'*=‘ 2,r ^ I, prove that 

(z*) - 4:r^ + 3:1:3 — 2:1:’ + 8:1: + 4 = o 

izt) - 2 x^ + X* " 34:3 ^ _ I ^ ^ 

4. Express as the difference of two squares : — 

(z) (6.r* -7x t 5)(2.r^ + 4: - 3), (zz) {x + i )(x + 2)(4: 3)(x 4 '• 

(zzz) ix 4 - 3zz)(^ + 5 zz)(.r + 7^) (.r + ga) . 

Prove the following :— 

6. (z) a ( y + z'^ x^) 4 -y{z^ 4 -x^ - y^) + zr(,v* +_y^ - r’) + 6r^r 
— {x 4 -y + z){2xy + 2yz + 2zx -* x^ -y^ - 2^). 

{it) x^{y* + 2*~x*)-t- y\z ^ + 44 - + £^{x^ 4-y* - 2*} + txy^z 

== {x^ +/“ + 2 '®)( 4 ' 4 j + .?)( + r - .r)(':r + -r - /)(jr + r - s' I . 

6. a{b + z: - «)* 4 b{f i a- by i- c{a x b-- 1')"* 

+ (^ + £• - a)(zr 4 - a - (z? 4 - ^ - i') “ 

7. zr3 4.^3 4.<;"3 + 24zz:^z:, 

* (zi + ^ + z')3 - 3{zi(^ - cY 4“ <^(c - zi)“ + c{a - b)^} 
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Prove the following : — 

8 , + <r) - a*) + + a)(^ + a’ - + 1 {a + d) {<1^ + if- - ) 

= 2a^cia-{-d~\-c). 

9, (s~ ay is - ^) 4* (-f - dy{s - <:) + (j ~ cfis - a) + ai? *f d^r 4 - rVf 

if 2^ = fj + /^ + r. 

10 . 9{a^ + -(a^b-k ^y 

= (4i5» 4- -f a){b — cy 4- (41' 4- 4^^ + ^ H/ ~ a)* 4“ (4£i 4- 4/-' 4- r)( a ■ b)-. 

11. ( 2.r 4- :?)3 4- 9(2.r + sy(j + s)4-27{ 2 x {■ S){ y 4- :?) ' + 27 ( y 4- 

= 8Cr 4 - sy 1 2(,v 4- :ryi3y + 2.3-) 4- 6ix 4- + 2-)^ 4 - (^y 4- 2r ) 

12. .r3 + 6(y + :;)x^ 4- 1 2(_>' 4- ssyx + S(j> 4- 

~4(3'i^4-2>'4-6.2-)_y’4-(.i' 4-6>'4-24(.r 4‘2xr)^ (M. M. 1881 j. 

1 3. 4- by -{b + cy + {rycii^- {dy ay 

-•-■ ~ c^ib — d){u 4- ^ 4- r 4- ) . 

14. i^fia — nb){mb — ncyinc — no) 4- {na — fnb){nb — mcynr ~~ ma) 

= }nn{r/iyn){b - ‘){c~a){a ~ i>). 

1 5 . {x 4- ay{b - c) 4- {x 4- by{c - ^ ) 4- (.r 4 - ('yia - b) 

----- ~ (b - r)lc — a){a - b)(a 4- /> 4 £' 4* 3 r). 

1 0, (x + a){h - r*)^ 4- (x 4- b}( c — <i,P 4- (.r 4- c^a ~ by 

---- (b ~c){c - a){a - b){a ybycy yx ] . 

17. {b ~ r)(^ 4- (^' - ycT- 2byy (a — by a yb~ icy -■ o. 

18. {b~ (y{b yc~ 2u) 4- (c ~ <I ) He 4- a - 2b) 4- {a - 4-b - 2c) o . 

1 9. x^ 4-y^ 4- 2’^ ~ Sxyz ~ 4- b'^ 4- r' - jabc)^ if =^b + c- a^ 
y~c4-a~b, j^a^-b-r. 

20. (.r" 4- 2yc:y 4- (/■' 4- 2.c',r)'’ 4- 4- 2.17'' ' ” 3(-r’ 4- 2 r- 1 

X (y- 4- 2sx){z~ 4- 24>') = (.i'3 44^^ 4- 2-^ - yxys)- 

21. If ^z4/;4-<:=o, prove that 


113 +^ 54.^5 

4 b'"^ 4- 

rt‘’4-^*4-r' 

U) 5 ^ 

3 

2 

a7 + b^ X c^ 

(ij 

_a3 4^5 + ^ 

a^ + b^-\-c' 

7 

5 

2 

.... tf7 4-Z»7 4 
(1„) 

^3 + ^3 + ^3 

_/^5 + ^S + ^' 

7 

3 

""X ~5 \ 


22. U bc4rcayab=o, prove that 

(a-^b+cy^^a^^-b^ + c^- ^abc, 

23. If x-^y + cr^xys^ then 

(i ) x{i ->'*)( I - 4>'( I - I “ -r") 4- I - .t“)( I -y^) -= 4.r j- . 

(ii) (ji* 4-4^)( i -ys){ i~sx)4r(y4 - -)( i - 2 x)i t - xy) 

4-(s^x){i -xy)ii -y£f)^{x4-y){y-f’S^){z4‘xy 
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24 . If xy+yz-\-sx^i,\.htxi 

(i) (i -hx^)(l-hy^)(i +z^) = (x+y)%y^sy{z+,v)~. 

( i i ) ( I -f x^){y + .S') + ( I +y^){z + x)-^{i-{-z%x +/) 

= 3('^+>')0+-)(^+-^)- 

Prove the following : — 

25 . {^2+1 )3(^ - <';)3 4- (/^ + 1 - ay + (^ -P i y(a - i?y 

~ 3 {^+^){p+ 0(^+ i){b - c){c ~ a){a - lA. 
28 . - cY d^{c — ay + c*ia - /j>Y 

™ -r}(c~a) + 2 h‘^r(c - <i){a — b)-ir 2 c‘^ar{a - b){b - c). 

27 . {b-cY^ic-aY -\~{a-bY 

2{(<5 - cYic - <2)"* + (r - - by + (rt - <^)“(^ - 

2{a- + b^ ■\-c^ -be- ca — abf. 

28 . (/' - cy + {c ~ ay + (a - by ~ ^{b - c){c - a){(i ~ b) 

X (a* 4 - b" 4 - - be - ca - ab) . 

29 . [b - c)" 4- [c - aV 4- {a - b'y — 7 {b - c)(c - a){a - /.») 

X 4 - 4 - 

30 . 2 f(/^ + ^ - 2^z)‘’ + (<:’ 4 *^z - 2 bY 4 - (^z 4 - - 2<':)^} 

~ {(/.' 4 -t'— 2a)'*4-(,<:'4-^z-2/')*4-(<'z4/^- 2r)^}’ (C. E. 1896'!. 


Tt. 2 i Fractional Identities. The following are some 
illustrative examples on fractions. 


Ex. I. Simplify 

( y - C')( r 4- ")M - .rX.^ 4- xY + (x ~y){ r 4- 

{y-\-z){y-~ zy + {--{-x){z'~,x P4-(.r+jX'^'- v)3 


(M. M. 1893.) 


Let Ab be the numerator and I) the denominator of the fraction. 


Then we have 


/) {O' - y 4- .:r)3 4- {y 4- Aiy - zy} 

4- {( c - x)(z 4- .rO + (z + -r)( " - xy} 

4 {(.i- - jd(.r 4- /)■■’ 4* (x 4-4')(.r -yp} 

— (4'^ rr^)f(4' + xr)’4'(4'- ")"}4- two similar terms 

— 2( y^ ~~ z^!{y‘ 4- -■*) 4- 2 (. 7 “ ~ d'A'"') 4- 2 '.r'' ~~y'^){x'‘ +yY 

_ 2(44 _ ^ 4. M „ jt -4 o. 

A^= - D : hence the fraction = — i. 

Ex. 2. I f .r 4-4^ + = xys^ prove that 



i-A*® 1-4^ 1-5* (i ~4^*)(j -r") * 


(C. E. 1S98). 
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' (i~x=')(i-/^)(i-:r=) 

Numerator — .r[ :::-) + 

+ r - + ,r=*) -f r^r=*] 

= (.V +J/ + r;) - [x(y -f c:^) +/( : 4- .r"*) + ^(.r* ■4^'^)] 

■^Ay2(yz’\-::x-\‘.vy) 

=■- (.r i-y 4 ”) - [U 4i' 4 ^Xys 4 r.r 4 xy) - ^ryz^] 

■y.vy 2 (y 2 -h 2 x-hxy\ by ( 2 ), art. 7 . 

— xyj - [.vy 2 (y 2 4 z^x 4 xy - - yxy^] 4 xys(y 2 4 -r 4 a j) 

[bubbti luting forx4y4-] 

— 4xvz\ 


Left side- 


4 xy 2 

-x'-~){i -/•')(> 


->) ‘ 


Ex, 3. If .i'4j4- prove that 

x+y ^ yjrz' --Kt _ .v44 4 £ 

I “ .1/ i -y2 i -2X i — .i;>' ‘ I --y2 * 


From the hypothesis, by transposition, 
.r +y=:xyz; - r = - i - .rj). 


• /^'±Z. 

I — .ry 




Similarly, 


l±y 

I 

£+£ 

I — 2X 


- x...{z). 

->'•■•(3). 


2 4 X 
I - 2X ' 


Adding' (i), (2), (3) we 1 ,ive 
,v44 ^ y + 2 ^ £4r 
i-.ry I 

= -(.r+^ + xr). 

“ -xjfz, from hypothesis. 


£+/ 

l-y~ 


(3)- 


Ex. 4. If x=:cj' + ix:, y=^ ax + CX, x—ix + ay, 


show that 


x^ ^ y^ 
"“l 


£l 
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The Riven relations are 

X- rx-y+as=o,,.(2)f ^jr-hay-^~o...(y 

From (i) and (2) by cross -multi plication. 

acyd bey a i — 


Similarly from (2) and (3), 




...(5). 


abyc acyh 
Also from (i) and (3), 

abyc i-b'^ bey a 
Hence from (4) and (5), 


X~ 3 ~ 

Or ;; ; = ; 


{ae y b% I - a^) ( i - c%ac yb) I -a^ 

Also from (5), and (6), 






Hence 


( I - a-j {ab -f c) {ab +■ <^)( i - b') 

X^- y 


I —a^ i ~b^ 1 -c^' 


or 




Ex. 5. lfi+; + ^= , shew that 

^ a b c ay by c 

---X ~ - — 7 , where n is odd. 

oT b** f" a" -f b** -f r” 


, . brycayab i _ 

From the given relation 

/. {aybyc){bryeayab)~abc=^o 
or {b + f){e y a){a yb)=^o 
y (<54.t-) = o, or, (<r + a)=o, or, ^ + ^^0. 
Taking we have b— -c 

\ = — r”, since n is odd 

/. b^y€*^-o...{i) 
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Agaiiiy since —c, we have 

.. 7;“l — I since n is odd. 

be \ cj r” ' 

,( 3 ) 

The result to be proved follows from f*') and (i). We would 
;4et the same thing by taking c-\-a-o or a-^b — o. 

Ex. 6. Simplify 

b — a . c - b . d-c 
iax -hy)(bx ^ {bx+yj{ex +_y) {cx -^jfidx -f>') 

__ 1 f bx- ax ^ ' \ 

ISt ^^{ax+yiibx+y)\ x\ax + ^ bx-hy) 

j . if ex - bx } 1 / i T \ 

a V-r+j/ ex-hy) 

3rd term x\(ex -^yjidx yy\ ~ x^ex-^y r/.r -j-/) 
adding and cancelling terms on the right, 

. . 1/ ^ I \ I x(d-a) 

x\ux-¥y dx-k-y) x {ax-k‘y){dx-^y) 

— d — a 

(ax+y)(dx +y) ‘ 

This example illustrates the importance of judicious breaking 
tip of terms. The following example is another instance. 


2nd term = 


Ex. 7. Prove that 

a ^ + ^ 

tf* — I - I rt* - I 2 \ - I <rr^ - I / 


We have 


I + 1) 


a® - I 2 rt= - 1 2 


a 

-Ij 

(a + J 

l\ 

ay - \ 

"'2' 

u~ 



.= 1 ^ 

(a' + i 


a* - 1 

2 \ 

- I 

a* - 1 J 


~U 

I 


a*~ I 

2 * 

ia*- I 



adding and cancelling terms on the right, the required result 
follows. ^ 
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Ex. 8 . If f + . prove that |+|=^3+^ (M- ' 866 ). 


From the given relation, transposing, 

, , . {a b\ /d c\ 

is-ari\r-a)-J-^-\rd) 

, d^ , /a /d c\ , . 

•■ i3-S=,l-;^3> • ^(rar\c -4 

TT .. . d> b'^ (P- 

Hence transposing, . 

Ex. g. If a + ^+f:=3, ab-^bc-Vca^i^ and abc^\^ find the 
value of 

a-^bc b-\-ca C'\‘ab 

T'U ^ ^ 

t expr. 

.~ t l .+ + c{l + tf ®)0 +b^) 

(l -f rt'"X ‘ +^')(' +0 

Now numerator 

=* a + a{b'‘ + <r“) + ab'‘c^ + b-\- b{c^ + a") + bc'^a^ + f + €{a^ + b'^') + ca^b'' 
~ (a + <^ 4- f;) + + r'"*) + + td) + c{a^ + b^)} + abc{bc + <r/z + ab) 

— {a 4- /^ + i) + {(a 4- ^ 4- c){bc + ca 4 nb) ~ ^t^ibc] 4- abc{bc 4 + itb) 

= 3 + 3X2“3xi4-ix 2, substituting 

=-3 + 6~3 + 2-S. 

Also denominator ^ 

- I 4- (ct’ 4- b^ + C^) 4- 4- c^d^ 4 ifb^) + a’<^"c4 

™ I 4- {(a 4* ^ 4- r)* - 2((^f 4- ca 4- 4- ca 4- aby 

— 2 abf{a 4- ^ 4- tf)} 4- a^b^t* 

= 14- 3* - 2X24- 2“ - 2 x 1 x 34 - 1 “, substituting 
«i 4 - 9 “ 4 F 4~6 + i 
saS* /, the expr. = |. 
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Ee. 10 , 


Simplify 


. 0- -? 

(j -f « 2x){2 ^x~2yy '{2 +X - 2y][X + - 2^) 


4. 

{x+y~ 22 ){yy 2 - 2 x} 

Put x—y=^a,y~s^d, 2 — x—c, 
then y-hz- 2x~ {2 — x) - (x ~y) = r - 
2 +x- 2 y~ {x -y) -{y~ 2) a -d. 
x+y~22~(y-2)- (2 - .r ) -- // -- ... 

Hence the expression becomes 

d- 

(c — a)(a - /?) (a - /?);* ~ c) - (%' - a) 

a^d ~ c) +• r ~ a) + <1 - l>) 

{a-ij{d-c){c-a) 

~ ~ - a) 

(a — - c)((; - a) 


Ex. II. Simplify 

(a -if){a~ cj{x - a) (A - - a ){x [c - a){c - - c) ‘ 

The expression 

« /f <y 

\a-7>}lc ~ a,{x -a) {d - t'}{a - f) a 
sc ~ ^’)U' ~ <^)(.r — r) - d(c- a)(x - rji.r - a) da - d)(x - <'z)(.r - 
- CjX — a){a —7 j^j{x - a){x - d){x - c) 

In the numerator, 

1 St term = ~a{b~ c)x'^ + a{b^ ~ d)x ~ aik {b - c\ 

2 nd term t=z ~-b{c~ a)x^ -f b{d - a*)x - abc{c - a), 

3rd ter m ~ — c{a — b)x^ r c[id — b^x - abi \ii - b ) . 

adding column by colur n and observing that the first and 
third columns vanish identically, we have numerator 

= a{b'^ — d)x 4 b{d — fd)x' + da^ — d^jx 
— [b - L'){c - a){a - b)x. 

the expression — , ; — -jr-, , . 

(x^a){x-'b)(x~c') 

Oba. The following results of which the second is proved 
above may be remembered by the student : — 
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a o c 

(a - d){a ~ c){x ~ aj — a)[d - c){x {c- a){c - d){x - c] 

_ X 

'~{x~~a){x-^x-c)' 

,...v ^ ^ 

(a - /?){a - c){x -a)^ {b- a){b - c){x - (c - a)(c' - b){x - c) 

dl? — ^ 

ix — a){x — b){x — c) ' 


Ex. 12. Simplify 

4- ha + k b^ + hb + k c'^-\-hc-k-k 

(a - b){a - (^{x -ay {}- a)(b - c){x - (r - a){c - b) {x - c) 

I St term = 

, a , I 

{a - b){a ~ c%x - a) ^{a - b){a - c){x -a) {a- b){a - c){x - a) ' 


Similarly breaking up each term and adding column by column, 
the expression 


+ >?r- 


I {a - b)ia - r)(.r - a) (b - a){b - c%v - b) {c- a){c - b)(: 

f -iL . J. +. ^ 

- c)(ji- - ^) {c - a){c - b){x 


4 




I 


b){a - c){x -a) {b- a){b - tp,.r - b) {c - a){c^b){x - f)( 

-r . , X 


' [X- a)lx - b}(x - ^^{x - a){x - b){x ^\x - a){x ~b){x-ci' 

^ simplifying each part within { } 
x'^ + /ix -f b 
' {X - a){x - b){x - cj ’ 


EXERCISE CVIII. 

Simplify the following : — 

1 2 3^^ ~ 8;r -f 4/ - 3 

2x^ + X 3 y - 5.^' - 77 + 2 * ’ gx^ - 6 xj' +7* + 1 8;r - 67 4- 5 * 

Q xy + 2 .r^ - sy - Ayy- xs -s'* 

2 x* + 9A'r - 5.r7 + 4""' + ^7" -“127’* 

4 ( 7 ~ 4- y-(s- .trX;? 4 ( x -y ) (x 4- 7X ^ 

5 4- 4- cY + (c^d)^-fd-^ ay 

(a 4* - (^ 4- cP + (c4*^/X - (<^4- rt)* 
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Simplify the following : - 


0 . 


7 . 


8. 


I ~x 
'+x 


I -.r^ I t -.r 


i4,r ^ 4X^ 

I I +x^ 


I ~.r ^ 

J +.t'- 

<'2*f + r~^ + + r 

g + — a ^ a-k-/f~c 

a-h/f-c _^lf + r — a ' d-i-r-a 
a + c-i'/^ a + (' — // 


{C. E. 1870). 


(\f. M. i875>. 


^ /a! 4 ' 

10. lf''+‘=^+'^, 

/> a a c 


V' h'^ 

prove tin! .4--r~ "4- 

* X <p 


11 . 

12. 


If « + Z» + <r=o, prove that 

-J-- + 4. J.._ 

Z'- + c'^ 4- (f- — /r rr’ -f- /4 - r 

2 d^ 2 b^ 7r' 

4 4 

4- c~ -^-w' — b" If- -f b‘‘ — r* 


a^ + b^-^-r ,/t I i\ /Ilf X4 o \ 

13 - ;,t+'^ 3+,-:+ !(„+<,+, J-°- (M.M. .87/). 


14 . 

10 . 

17 . 


f* c — a a~b 

-+ r+ 


)( 


. + 

Z' ~ c- r 


I 

(- 

tr > I I I 

If - 4 .- 4 ... — _ - - 

Cl Q c u ~\- b -{• c 

I I I 1 _ I 

b^'^c^ a^-i-b^ + i^ {a + b + cy 

-' + -'+-L= ; 

+ + 


+ ' /V9- 

a a- bf 

I Drove that 


Prove that 
a-^b 


18 . 


19 . 


b-c 


(x '\-a}{x + b)'^ (x + b){x +c)^ {x + f:)(^ + ff) (x + a)ix + d } 


c — ib 


a^a^- i) 


I) 


a{ci- i) 

{a + I )(ci= + 1 ) + i )(rt^ 4* 1 ) "^ {u* 4- 1 }{a^ 4- 1 ) 

a~i\ 
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Simplify the following 


20 . 


21 . 


22 . 

23. 

24. 

25. 


26. 


27. 

28. 
29. 


30. 


31. 

32. 

33. 

34. 

35. 
30. 
37. 


0^4- 1) 3 , (^4-1)3 

(a - b)Ka - lb ~ d){b — c) {c- a)(f —b)* 

_i_ -{a - b\^ 

{a - “ c) {b ~c}(b~d)^ {c- a)(c - b) * 


(M. M. 1890). 


b'^ -h ~ 2a^ c'^ + a'^-2b^ a^+lf-2c'^ 

aH/' + cY d^ic+a)^ _ cXa + 6Y 
{a~b}(a-c) {b-c)(b-a) {c-a){c--b) 

4 . (a + b- 

{a - b){a — r) (/> - a)(b — ^ (^r ~ ^) 

1') (2? — — (T) — tz)(6‘ — <5») ' 

/^(« + + «:) ^(^ 4. 

(rt -<{')(«- fj {b-a}{b~c) ^c — a){c — b) 


1889). 


4. ~ 4. _ *“ ^)L 

{a - b){a ~ r) (/; - u){b -c) {c — a){c — b) ' 
ix - b){x - c) (x - £){x ~ a) ~ b) 

(a - ^)(^i - r) (b - r)(> - a)' (c’ - a)(c: - b) 

a(x ~ b){x - ^ /»(.r - c%r - a) , r(x <?>) 

wZ .' ■! / . . •.// • « ■ - .Zl ^ ‘ C' - (l){i' - b) 

a'^ix - />)(.!' -- 1) b\x-^ c'){x — a) z:’(,r -- a) {x-b) 

(a~b){a-c) {b-c){b — a~} \c-a)(c-b) 


{ii — l){(i “ ^ - /){b - w) (zTj- /y c—m) 

{a - /;)(fz ~ (•} Xb - r)(z^ ~ a) (c - a) {c - /; ) * 


~- IXii “ w) ra(/z — /)(/? ~ m) ab{c - z)(i: — wz) 
{a ~ b}ia ~ i') {b — c.{b~- n) (r -- a){c' ~ bj 
{b + f “• may ^ (r + <z - (a 4 - ^ - WZ(;)” 

(rt ~ ~ c) {b - ~a) {c- a) (c ~ b) * 

^ * 4'zz/j)(r 4- ar) (14- bf)( i +ba) O + i_4- cb) 

{it-b){a-i) (b--c}{b-~a) (c-ajic-b) 


a( i + zi^) ( r 4 -zz ^9 , » 4 - b( )( j +bti) i'( i -f- ra)( t 4 - cb) 

ia~b){a-c) (b-c)(b-a) "* Jc-a){c~-b) 


fi'^lb 4- z’V 

bc(b+cY 

(a-b){a~-c) 


bXc 4* tz'i* 4*3 (a 4* by 
^{b'-cfib -a) (c-a)(c ~ b) 

ca(c 4- 4- 
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Simplify the following : — 

QQ 5 j L. . 

{y + i:- -f x - zy) (r + .r - 2.r)(.r +y - 2 c) 

{x -f-j - 2/X y^s~ 2 x) ' 

39 ' izy 4- 

(>'4-^-2,r)(:r4-.r~ 2r) (2' + x ~ 2j0( -v4-i'-2-) 

-i -L 

( r+>'~ 2£r)(/ + r - 2.r i 

^ (r - .rV-^.r - /) 

( j + ,a ~ 2 x){r f ,r ~ 2 y) (z •+ x - 2r)l .t + r - 2 c) 



{ X -M' “ 2C} r-\~Z- 2X '»* 

41 . . - 

( y + Z- 2 x){z-hx- 2 y) {Z'{- « - 2j')(,v-h^v ~ 2C-! 


( I’+J' - 2;:-ii_)'4- r- 2.1' *’ 

42. + 

+ + /^x/f ~ iX {x-i /n(// ~ r\h ~ ffi' 

43^ . . ^ . 4. . f ^ 

(x- /' }( a - I )ix - ( r) {/'-(f )( // -- ( i' r - 1 ly- , < )((' - /')( r ~ 

44^ 4. 4. 

(a — /?){{[ — riLv ~ X) — ru/f -(/)( i - {('- ajh - /nix - ( j 


45. . 

<-/ ,f ■ i 


n ( /^ - /' ~ a If .1 -- ( (c ~ a i>r — /'}f i 


^0 a" + + I ^ __ / ' 4 /■> 4- I _j_ 6 '■ 4- < 4- I 

{a-y){a~c}ix~a) U'~ a){/>~ iXix-/'} ic - a}{j - /mx - c'i 

47, 4- 4. . . ^ ^ 

{a - b){a — c }{x — a) {b — a}\/}"C'Ax-/>\ {c - a A c - b }\ x ~ r) 

48. + ‘^'^'+3)' ^ (2^4--.'/ 

{a — ~b)[a — c){x — a) {b — a}i b - c^x - b) U — a l(r - /n> t ~ f ) ' 

49 + ab-h/ bVi -t-bby/ ^ V/ i- ck 4- / 

{a-- b){a - c){x ~ a) (b-a)(b~ c;ix - b) {c - a)ic ~ b ){ .^ ~ ' 

b^ + y-a^ y + 

If 4r^ - --^- , 7= - --= - , prove that 

50. (b 4" c)x 4" 4- £t) ^ 4" b)z~^ 4- b-¥('. 

51. a{x‘}-yz)~b{y+zx) — c{z + xy). (M. M. 1871 } 
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52. If ^ that (i--a)(i-^){i-.) 


z-x 

x-\ry y-^z z-^x 
^-(i ^-aXi +^)(i +^). (A. E. 1901.) 


CO If ^1. . 

03. If x^ , y~~ — - , z~ , prove that 

< 2 - 1 b-i c- i 

1 -1" +’ -f-l)>V+l) ^ f)(^^+l) 

{ yz 4- 1 )i>rA‘ -h I 4- 1 j ~ (/»^ + 1 )((:£? + 1 )lab + 1 )' 


(M.M. 1874 I 


54- Prove that 


dr 


ab 


{x ~ b){x - r) {x - r){x - a) (x ~ a){x - b) ’ 

= ’P+~+iV (M. M. 187 : 

:\a b c) 


if' = ' 

X 


ce ^^'-b c-(i . a-\-c b-\-d . a~d b-~. 

00 . If -- — r+ - ,=o, then — — := r- , and - = — - . 

l-\-ab 1+ a/ \ -ac \~bd \-\-ad 

If xy-\-yZ'^ zx^ prove that 

50 1 „ _4. 

{x -^y'jix + z) ( y 4 c)( y ^i-x] (r 4-.r)(r +y) 

67 .4. 

Ct'+/){-r4“^i ( J + .S'X y4-x) (.S'+.i'j(-?4-/) 


68. 


I -.17 
.r 


I - zx xyz 


69 .4- f . ~ 4x yz 

1 “ A'" I -j’ I - -c* ( I ~ A')( I --4'®X I - 

If .r 4-/ 4- - ~ xyz, prove that 


60. 

61. 

62 . 


J__ 4. ^ 4 . ^ _ I „ 

i+,r i4->' i4'.-r “ (rkvxr4->'xr4^^) 


i+.r* ^ I 4-/» 

(x-\-y){x^z) (4' + -X J' + A-) (xr-f A'Xs4-7)“ 


^ X . 4 - ^ 


4xyz 


X -y- y ™ " - xy (^' ~ J-i(7 - - xy) ' 

63 . Shew that if a + ^ 4 -t = i, A- 4 -c<r + }, abc~ then 
(M. M. 1878.) 


<i + A: b-yca c-^ab 
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M 3 

64. If a + d-hc^2j + r = 3 , ti^ + ^ 4 - 4 ^ find the value 

f ^_i_„ 4- -JL 4. „L. 

a-^<; c-ad’ 

06 . If a 4-3 + ^- 4, <^<r 4 -ir<j 4 -^«<^— 3, abc~z^ find the value of 

L. 4— ' ' - 

{b-^cY (i'+ay (a-tbY 


CHAPTER XXIV. 

ELIMINATION. 

X* The subject of elimination is of general use in every 
branch of Mathematics, and it is proposed to give here an outline 
of it 

2 i‘ Suppose we have two equations involving one unknown 
quantity x. We can solve for .1 from one of them ami substitute 
the value of.rso obtained in the other, thus getting a relation 
among the constants which must hold in order that the two equa- 
ijons may be true /<?r /br s<u}ie value of x. Thi^ relation is calle<l 
the elimmant of the equations, and x is said 10 be eliminated 
between them. 

Similarly, if we have three equations in x and / we can solve 
a- X and/ from any two of them and substitute the-e values m 
tne third, when x and / are eliminateri ; and the result is called 
the eluDinant of the equations. Reasoning in this way we find 
that w'e can elimina?e three unknown quantities from four equa- 
tions, and in general to eliminate n quantities \^e should have w*4 i 
^dependent equations. 

3 * We add some illustrative examples on the subject. 

Ex. I. Eliminate x between the equations 

ax 4- — 4 ( I ), ex 4- rf ~ w (2) 

From {i) ax = b or x—{l-'b)fa (3) 

From (2) cx — m-d or x ~{m ~ d)lc (4) 

F rom (3) and (4) (/ - b')\a ~ {m - d }/r, or a{m ~d)~ c{l ~ b}, 

which is the required eliminant. 

Ex. 2. Eliminate x between the equations 
ax^ 4- bx 4- r == o, dx^ 4- b*x + P = o. 
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By cross-multiplication, r-; — rr— — >- — >-==-77 r, 

^ ^ be — 0 c ca — c a ab —ab 


. jr" 

’ * bd ~ Uc ab' - db (cd - c'af 
{be* - b'c){ab' — db) = {ed — day. 


whence 


Ex. 3. Eliminate x between the equations 

ax''-\'bx-\-c~o (i), x^^i (2) 

Multiplying (i) by x^ ax’^-Vbx'* cx — Oy hence 
from (2), bx^ + ex-\-a~o (3) 

Eliminating x between (i) and (3) as in the preceding example, 
we get 

{ab - d){ae - ~ {be - orY 

a'^bc -■ ab'^ ~ ad -f b'^c'^ = — 2d'bc-\-a‘'. 

Cancelling dc' from both sides and then dividing by 


abc — — 2ahc + a^y 

or transposing, a^-\-d-\-c^~iabc. 

Ex. 4. Eliminate x between the equations 


ax^-^bx^^cx^d--=^o (i) 

dx' -^-b’x-^rd (2) 

Multiply (i) by d and (2) by r/, and subtract ; 
th en ad x^ + {bd — dd)x^ -f ( cd - b' d )x — o, 

or adx^ + {bd — dd)x-{-{ee' ~ b'd)~o (3) 


Eliminating x between (2) and <3) as in the last example, 
\b\ee' — //r/) — {bi-’ - dd)e'} {d(bd — a'd) — adb'} 

- {ad'' - d(cd - b'tr)Y 

Ex. 5. Eliminate x and j between the equations 
ax + bf + <: = o, dx + b'y + d ~ o, a"x 4 - b'y y-e' ~o. 
From the first two equations by cross-multiplication, 

-r ^ ^ I 


bd “ b'e id — d a ab' ~ db 
bd — b'e _ ed — e'a 

* * ah'- dd ^ ~ab' - db' 

Substituting these values of ,r and y in the third equation, 
-da 


„ be— b'e j,, ed 
* ab' — db ^ ab' — dh 


4-F'=^o, 


d{bd-b'c)’\‘d{ed -da)-kd'{ab' -db)=Oy the eliminant 
required. 
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Ex. 6. Eliminate 3 between the equations 

x^-y 3 ^ayy^- 3 X^d, s^-xy^c, x^+y^ 3 '' = :^xy.. 
We have a-^d i'C^x'^+y'^ + z'^ -yz- sx - xy ; 

(x^* -ysY — (_y^ - 3x){3^ - xy) 


— X* 4- xy^ + X 3 ^ - ^xyz 
= x{x^ + - Sx^ys). 

Similarly — ca ••^yix^ -i-y^ 4- 2*3 - 3 ryz)^ 

•« -{.r^ 4* y^ 4- - ^xya), 

;. ^3 + ^ 34 . t-3 - 3^1^^ « (f^ ^ ^ 4 - - Ti? 4- - <?/') 
= +>'* + - .7^ - ;rj)(,r 4- j 4- 3)(x^ 4-^3 4. ^3 _ ) 

= {x^ 4-73 4 . 2:3 ~ ^xysy. 

— o from the fourth equation. 

Hence ^24.^3 4 is the eliminant required. 


Ex. 7. Eliminate /, ;/«, « between the e<juations 

m n n I . I m 

— i — = a, ; 4* - = <?, — 4- j~c, 
n m in ml 

We have by multiplying the three equations, 

)("+')(/ + 7 ) 

\n m f\l n/\m If 


m n n I , 



n m 'In 


==a*4-<^*4-c=~4. 

Hence the required elimina’ t is n<^c=a’ 4 -<^’ 4 -c®- 4 . 

Ex. 8. Eliminate /, n between the equations 
I m 

Squaring the given equations, 

7* + -’^-=a’ + 2,^+-7=i> + 2, A-+7^=^ + 2- 

n* ne ' t t* 

Hence eliminating w*, as in the last example, 

(a* 4- 2)(^ 4- 2)(^* 4- 2) * {a* 4- 2)* 4- 4- 2)* + 4- 2)* - 4- 

simplifying 2^^®4-2c*a*4*2«*^4'tf*^*^^=<a44-^4-<i^* 


P—II— 10 
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Ex. 9. Eliminate x, j/, 2 between the equations 

Adding ax to both sides of (i), 

ax X ==^ax -k- fy C2 or xia-k- i)=ax + dy’^C2, 

• ^ ^ ^ ^ i \ 

‘ * ax -^-by cz ax’\‘by’\-cz a-k-t*'* ‘ 

Similarly, adding by to both sides of (2), and cz to both sides 

of (3). 



ax-¥by \-C2 b+i ^ 


ax^by + cz ^ 

Adding (4), (5), (6), 

aX'^-by-^-cz a ^ h ^ c 
ax-^by^cz~a-yi 

or I = -4- , \ * the eliminant required. 

^4-1 b-¥i r+i" ^ 


EXERCISE CIX. 

1. Eliminate x between the equations 

(i) ax-hb~o^ cx-yd^o. ( 2 ) ax^ -^bX’yc=^Ot x^=^(f. 

(3) ax'^ 4 ' bx 4 - c — o, ax^ 4 - b'x 4 <:' =* o. 

2* Eliminate x and / from the equations 

(1) .r4*/~a, .r^4'/“ = ^, xy^c^. 

( 2 ) x-^y^a^ jr* 4 */*=*^’, x^^y^ — c^, 

( 3 ) .r4*/ = f 2 , x^+y^^b^,x*^}^^c^. 

( 4 ) a.r 4- ^/ 4- f: = o, ax 4- 4* f:' - o, x® 4 -/® = 

Eliminate x,/» z from 

8. (i) x+/4-ir=^a,/sr4’^;r+x/-»^®, x3 4-/3 4..^3-. — ^ 3 , 

( 2 ) .r 4 * 3 ' 4 - “ 4 /’ 4 r® ~ b% x^ 4 /^ 4 — ^ 3 ^ xyz =» 

{ 3 ) 4-/ 4- 2 - = a, /^ 4 rx 4 X/ = b\ x3 4-/3 4 js-a == c\ xyz = (P. 

( 4 ) ax 4 / 5 ' bi\ by 4 zx = ra, cz-\‘Xy^ ab^ xyz «• abc. 

4. /ix4-%^4^s' — o, ^x 4<^/4/3 ^~o, ^x4j6'4r2r~o. 

5. (i) x®42/ir~a, /*42rx = ^, r®4 2.i^»=r,/.s'4j8'x4x/«^. 

( 2 ) .r®(/-;E')^fi,/*(.sr~x)«^^ ^{x^y)^c^ xyz^d. 

( 3 ) ^(/ 4 ir) =» a, /*(.s 4 ^) =» z*ix 4/) = G “ d. 

(4) ^-4/=i‘,/^4ax4;r/=j<^ 
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6. Eliminate m from 

y ^ mx — "lam - a ,i' = 2 <j 4- 

7. Eliminate ^ from 

( I ) ~ :?.r ™ xyi: = //-I 

{2) 

(3) x-a~y-b~3-c~ +y^ 4* = 2^y^> 

, I I , I 

(4) ;r 4 -“ = ^,;i' 4 'j^=^ s-Jt-^i-,xyz--\. 

8 Eliminate o from 


9. 


10 . 




X 



Eliminate x from 

x^ 4- 1 ox + 5 /x'^ ™ sx- 4 - 1 o/x -hi/x^=b 

Eliminate x,y from 

4 (x® 4-^®) - ax 4- byt 2 (x* ~y*) -- -• ax - by , ~ r” . 


CHAPTER XXV. 

MISCELLANEOUS PROPOSITIG CS. 

1. We shall here consider some propositions ofa miscellaneous 
kind. We begin with multiplication and division by detached 
■j efficients. 

Z- Detached Co-efldcientB. The method of detached co- 
efficients shortens work and can be used after a little practice. The 
following examples illustrate the process. 

Ex. I . M ultiply 3x3 _ - 2 by x' - 2x 4- 3 . 

Writing down simply the co*efficients, we proceed thus : 
3^44.7-2 
X-2 4-3 
3-44*7-2 
— 64"^“" I4*P4 

3- i04-24-28-h25'-6 

The product is of the 5th degree in x and since the multiplier 
md multiplicand are in descending powers of x, the product, will 

also in descending powers of x. Hence the required product 
=:: 3x5 - 1 ar^ 4* 24x3 - 28.** 4- 2 5x - 6. 
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The student may see the truth of the above by writing down the 
product fully. 

Ex. 2. Divide i - -f 4x3 - 8;r^ by i + |.r ~ 3 x^. 

Supplying o x, we proceed thus : — 

14.5 ^3X14.0-1-4.4-8/ 1 -f+fj 

V 

"l+i +4 

Hence the quotient= i 

remainder — — + ^-x*. 

Note. In dividing by the method of detached co*efiicients, co-efficient' 
of the same powers of x should he written in the same column. Thu< 

— ti^e remainder coming under t^e term 4x^ of the dividend 

means — ; so ^ means 

3. Multiplication by a binomial, by the method of detached 
co-efficients is useful. We consider a simple case below\ 

Ex. 1. Multiply 3 -r 3 - 4 .r® + 7 ,r - 2 by i -f .r. 

Ordinary method : 2 ^^- 4 x'^ 4 ‘ 7 x -2 

x±i 

^ - 4 jr 3 4 7 x^ - 2;r 

3x^-x3-¥^x^ + S^-2 

Observe that in forming co-efficients 'in the product we add 
each co-efficient in the multiplicand to the previous one. 

Hence the following method of detached co-efficients . 

3 ~ 44 - 7 "2 

3- H-3 + 5-2 

Here -i= 3 - 4 » 4 - 3^-4 + 7 , +5 = 7-2. 

product (being of the 4th degree in .r) 

= 3jir^ - -f 3 ,r® + 5jr - 2. 

Ex. 2. Multiply 5 ;r*- 2 jr 3 + 3jr®~6,r+ 10 by (i+.r) 3 . 

Here we multiply three times by i+;r. The process stand- 
thus ■ 

5-2 + 3-6+10 
54341-344+10 

5 + 814 - 2+1 + 14 + 10 
5 + 13+12 + 2-1 +T5'+24 + K) 

Thus the product (being of the 7th degree) 

« 54:? + 1 3jc« + 1 a;rs-|- 2.:r< - ;r 3 + 1 Sjt* + 24.tr + 10. 
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4 ;. We are sometimes required to determine a particulat :o- 
etTicient in a product. Remembering that terms in the product of 
two expressions are obtained by multiplying every term of one 
expression by every term of the other, it follows that we can pick 
out any desired terms in the product and hence any desired co- 
efficient. 

Ex. Find the co-efficient of Jt* in the product— 

(3.1*5 3^4 _ ^ n ^3 _ .r + 2)(2.t''' "■ 3.r -f 

The terms giving rise to x* in the product are - 2.r< x 5, 

~ 4Jt:3 X ( ~ ^-a X 2 x\ Hence the co-efficient of 

== ~ loffi 12-1-6^8. 

S* Indirect Multiplication and division.— Sometimes 
.1 product or a quotient is obtained conveniently in an indirect 
manner, as in the following examples. 

Kx. I. Multiply (ar-fn!)(.f“-r '' 4 - + 

Denoting the product by P, we liave 

P - (ar + a)(x^ + a^){x* + a^){x ^ + 

V{x -a) = {x - a)(x + ^^)( r’ 4- a^){x^ 4- ('P)(.r*' 4- a^) 

— (x' - 4- 4- a*){x^ ffi «*) 

= {x^ - 4* a*'){x° 4- a^') 

= {x^ - rt”)(.r^' 4- = {x'^' - ^2*'’). 

■ 

' ' x-a * 


= .t*' 5 4- '‘i? 4* .t'‘ 4- 4" .t'^2 ‘ ^ 4- ‘ ^ . 


P- X. 2 . D i vi de 4- x^y' 4- x*y* 4- xy^ 4- ^ 

by X* - xy+xy^ “ .r/* yvK 


Here 


quotient — 


x^ 4- x'y ^ + * xy yy^ 

X* - x'y 4* xy* - xy^ yy* 

(.t*^ 4- + .r^ 4- xy yy ) xj£“ - y*) 

{x^ - xy 4- xy^ - xy-^ y y*){x yy X It -y) 

-y'' _ 

U5 -yy^x -y) U'5 ■ 4 -/DL*-' ~/j 


XS -y S 

~ 7 ^y 


—x*y xy + xy^ y xy^ yy . 


EXERCISE CX. 
Multiply (using detached co-efficients). 

11 . 5x^y3x^-2xys by 3.r*~4ar + l. 

2, .rS 4-344-2x3 4-7.r®-3.r4-2 by 2^*-3jr4'4. 

3 . ~ I-2:® + fa:— 4 by Ix^ - -f^r y f . 
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Dhide (using detnched co-efficieuts) 

5. ~ 1^3 + 2-r= - ^^x + 5 by lx"* - + 2. 

0 . Multiply 6;ir^-3;r^ + 7;ir3 — 2r- 7 by {i+xy. 

7 . Pick cut the co-efficient of x^ in 

' ( 3 ^^ “ 24r^ + 7-^^ “ 5-^* + 7x- 2 ){ 7 ^x^ — 4;r’ f 7;r - 7 ). 

8 . Pick out the co-efficient of x^ in 

{\x^ - 2x^ + |jr3 — 3;r*-f 4jr — 5)(|;r® - 2;r 4- 3). 


6. Homogeneous and Symmetrical Expressions. A; 

expression is said to be homogeneous in two or more letters whei- 
each term of the expression is of the same dimensions in thos? 
letters. 

Thus 2U!*i + .r 3 is homogeneous and of three dimeosion- 

in a and x. 

An expression is said to be sym^netrical in two letters when * 
is not altered by the interchange of these letters. 

Thus 3;r3 4-5^^'4-3j/3 is symmetrical with respect to x and j'. 

The prodtict of two homogeneous expressions is homo^enc 
ous and its dimension is the sum of the dunensions of the ex- 
pressions. 

For, if one expression is of the degree m and another of the 
degree then each term in the product (being obtained by multi 
plying some term in one expression by some term in the other 
is of the degree m^fiy i.e. the product is homogeneous and of 
w + w dimensions. 

Ex. I. Multiply •¥ ^x^y — 2 xy^ - 2)^ by x-^-y, 

multiply by using the method of detached co-efficients : 

34 - 5 ~ 4 -b 2~2 
3+ei+ I ~2-fO-“2 

Here 8 = 34-5, i = 5 - 4, -2= - 44-2, 0=2^- 2. 

Now the product is homogeneous and of degree five. Hen^e 
the product = 3;rs 4- 4 - x^^ - 2xy^ 4 - oxy* - 2_ys. 

Ex. 2. Find the homogeneous expression of the second degree 
symmetrical in Xy 5^ which is equal to 32 when -2, r- 3 

and equal |o 16 when ,1:= - i,y>»2, 2^1, 

A homogeneous expression of the second degree which’* : 
symmetrical in xr, y, jr is of the form 

>&(x*+y* 4 "- 8 ^) + /(>'s: 4 * 5 r 4 r 4 -J 9 ')> where, k and / are constant. 
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-'^^Putting ^=i,j==-2, ; and again .r=r: -I, j = from 

given conditions, we get 

i 4 ^- 5 /= 32 .„,..( 2 ) 6^~/=i6 (2) 

Solving we have ^—3, /«2. 

Hence the expression is 3(jr'*4'>"*+.s'“)>|-2(j5' + xr.r + -r/J, 

3 « Zero and infinity. In Mathematics the student will 
observe that zero has two meanings. When j is subtracted from 5 
or a from a, the remainder is nothing, or, absolute zero. Again, 
when a quantity is dimmished gradually so that it can be made 
smaller than any small quantity which can be named, such a 
quantity is said to be ultimate*)/ equal to zero. 

The latter definition requires a little explanation Suppose from 
a finite straight line AR one half is taken away, then one half of 
the remainder, then one half of what remains and so on, what is 
the final remainder ? It is evident from the process that each 
remainder goes on diminishing' and by carrying the process 
long enough, we can make tlte final remainder as small as 'we 
please. This is shortly stated by saying that the final rent;rinder 
is zero. 

Similarly, the word infinity (in symbol 00 ) is used to mean a 
V^antity which can be made larger than any large quantity. 

A quantity which is neither zero nor infiinUy is called a finite 
gmntity. 

3. Forms A x 0 , 0 -~Ay A-~ 0 . 

We already know that Ax 0 = 0 , so also 
O X A = 0 . ^Again, to find 04 - A. we see from 
the adjacent scheme that 04 -A = 0 . 

Lastly, we come to A 4 - 0 . To understand this we consider the 

7 7 7 * 

values of in which the numerator is con- 

I * I I 

10 10“ I 03 

stant and the denominator goes on diminshing. It is evident that 

7 7 7 

I ’ ’ _f_ 

10 10* icP 

are fractions which become larger and larger. 

Thus i=7o, -^ = 700, -^=7000 

10 10* io 3 
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Hence if the denominator of a fraction becomes smaller and - 
smaller (the numerator remaining constant), the fraction tends to 
become larger and larger or shortly. 

00 (infinity). 

Note. If AB*«o, then either A=»o or Bawo. In other words, if the 
product of two ( or more ) guantities be zero^ any one of them may be zero. 


3L0. From If we divide o by o, the quotient may be any 

(finite) quantity as shown in the annexed \o{ 

^ Q oKi any quantity 

scheme. Hence a fraction of the form - / - ' 

o 

is indeterminate in value. 

The student will understand more of this form afterwards. 


11 Theorem. If the sum of the squares of any number of 
real quantities be zero, then each of the quantities must be 
separately zero. 


Let^'+j'^^o, Then*.* the square of a quantity (positive 
or negative) is always positive^ we have y^ both positive. Hence 
the sum of .r* and (two positive quantities) cannot be zero, 
unless = o and/’ — o simuitaneously f.r. unless .r and / be both 
zero. 


.Similarly, if Ar’+/’ + .?’ = o (^r,/, r being real), we must have 
I — o. 

Note. The significance of the word real in the Theorem will 
be understood when the student reads about imaginary quantities. 

Ex. I. If a^i-b^-\-c^~}abr, prove that either a + ^ + o or 

,i-b^c (a, c being all real). 

From the hypothesis,rr^-f = 

either a-f = o or {a-by-^ib-cY-hic-aY—o. 

The latter (a-^)’-h(^^-c)*d-(£:-rj)’— o gives by the theorem 

1l2i. Inequalities. A quantity a is said to be greater than 
another quantity b \f a~b is positive. The following is an important 
theorem on ineqalities. 

The sum of the squares of two real unequal quantities is 
greater than twice their product. 

If a and b be real and unequal, the theorem states that 
a^-^b*>2ab. 
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We have {a-dy positive, whether a>d or 
/. a^ + ^ — 2a/>\s positive 
a*-^lf*> 2 ad. 

JNcte. If a and be real and equal, then a* 4 ’< 5 »« 2 a<^, so + 
never less Ilian 2ad. 

Ex. I. If a, c be real and unequal, prove that 
a^’\-lf'\-(^'>ab^bc^rca. 

We have a’^-Vlf>2aL\ 

c^’\'a^> 2 ca. 

/. adding 2 {(f ■\-b^-\‘C^)>2{ab + bc-^ca)^ 
or + if>ab i'k' + ca. 

'I . .r' y 

Ex. 2. A man receives' ths of Rs. lo and afterwords - ths of 

f X 

Ks. 10. He then gives away Rs. 2o. Show that he cannot lose by 
the transaction. (C. E. i88r.) 

The man altogether receives (>i) lo rupees, while he gives 

away 20 rupees. We assume x and^^ to be real and positive. 

Now 10-20 

_i x^+r)io 

xy 

— “ 2o.r/ 

xy 

~ 1? (x-y)‘\ which may be aero (if x and y be equal; or 
xy 

positive (if x and y be unequal but never negative. 

■■■CM) io<2o, or the man cannot lose. 


EXERCISE CXI. 


1 . A homogeneous and symmetrical expression of the second 
degree in x and jv shall be equal to 3, when x and y are equal to 
unity, and shall be equal to ii, when ,r~2, y^i. Show that 

- 7^ is the expression. 

2 . If 4 * 4* C* = + ca prove that a^b^c. 


NTo^v 


In eiu^mples 2-7 the quantities n, b^ c are real. 
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? 

3. if (14 + prove that 

1. 

4. If I ■\-d^-^b'^~a^'b-k-ab^ prove that a=b= i. 

§. If4a^+s^^-h sr^=:2(a^+2^c+S^^l prove that a=b==c, 

6. [f bj c bt real, positive and unequal, prove that («+/; 
(l>-\-c)(c+a)>dabc, 

7. A man receives ^^i-^-ths of Rs. 5 and aeain — ths of 

f j & ;r + 2« 

Rs. 5. He then gives away Rs. 10. Show that he cannot lose by 
the transaction. (P. E. 1889). 


13‘ Conditional relations. — We have already considerecl 
various conditional identities. The following are additional examples 
Ex . I . If x(b-c) +^(c ~ a) z{a - ^) = o, prove that 
bz — cy cx — az_ay-bx 
b-c c — a a-b ' 

From hypothesis, x{b-c)-f‘y{c’-d)-f-z{a-‘b') — o. 

Also identically, a{b-c)4-b{c-<x)-Vc{ci-h)~o. 

, , ..... b-c c-a a-b 

, , by cross multiplication, r = • 

cy-bz az-cx bx — ay 


, bz — cy cx - az __ay -- bx 
b-c c - a a — b ' 

Ex. 2, \i ax-^-by-Vcz — o and -4- - 4-- — o, prove that 

xyz"^ 

a.r* 4- by"^ 4- cz"^ 4- (« + 4- 1) [xy +yz + zx) - o. 

From the given relations, ax+by-f-cz^Oj 
ayz 4- bzx 4- cxy ~ o. 

Hence by cross multiplication, 
a b c 


x{y^ - JS”*) y{z^ ~ .1:“) z(x^ -y^) 


= h (suppose) 


a=^A^xiy*-z% b=4y(z^-x^)y ir—^z(x^-y=‘),.,(i) 

/ . ax^ = A'x^( y^ - 5 ^*), by' = ky\z' ~ x% cz' = kz'^{x' -*/’). 
Adding, ax' 4- by' 4* cz' 

= - z') 4* - X*) 4* zHx' « j®)} 

= -^{y-^)(fif~;r){x-y)(x/F/ir+^-r)...(2) 
Again from (1) by adding, 

4- F f •=^{4r(y« - z') ~ x') 4-4*^ ~ y*)} 

- s)iz - x){x . .(3) 
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H'ence from (2) and (3) by division, 


a+d-hi^ 


(xyi-yz-^zx), 


whence ax'‘ + + cz^ + (« + ^ + r) {xy + ;:.r) 0. 

Ex. 3. Find the condition that the expr. + + + + 

may be a perfect square with respect to x for all values of x. 

We proceed to extract the square root Urns. 


X*' + ax^ 4 * i>x* + c'x 4 - r/ ! ,t'* + 4 - 

1 2 b 


2.1'=' 4- ^ 


ax] 


\(Xt^ 4 

d\x^ 


2 4- • 


2 .r 4 “iW 4 - 


4/; — cr®| 

4b -a^ 

8 

4b -a\ 


4 


Vex 4 *^/ 

8 ^ ■^V « 7 

If the expression is a perfect square for al’ lues of ,r, the above 
remainder must be zero for all values of x. Hence ‘ ^ 

-o and d- ^ conditions give 

a{^b - a^) = 8e and (4^ - a'^f = 64^/ 

^ C' — I'O 

Ex. 4. If a :, z are unequal, and if 2rr ~ 3/ = -- y * - , and 


2a - 3, 




• then will 2a-3.r=l--“-~ , and + 

S X 


From the given relations, 

2f2/-"a4^ = (- 3 '-x)*...(i), 2az~3z^=^(x~y)\,..., ...(2) 

/. By the subtraction, 2a (y -z)- 3 (/’ - s ^) ~ (z ~yXz - 2x -hy) 
y~-z is not o we divide out by it. 

Then 2a- 3(y-]-z)=2x-y-z, 

ar 4 -/ 4 -^' = « ( 3 ) 

Now to prove 2a-5.r=-‘^~~'^- , or, 2ax- sx^^(y- z)\.,.,.(4)^ 
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Evidently (4) is true, for subtracting (i) from (4) we 
2u{x-j/)- ^y^)~(y--x){y- 22 +x) or dividing out by x~y 
which is not o, 2 a {x f /) «» ~ 

or + = which is true by (3). 


EXERCISE CXII. 


1 . If x{d-i )-^y(c-a)-{-2(a-d)—o^ prove that 

— <2 _<i — b 
y-s”' 2 -~x~ x-y' 

2 . If + + and - 4-^ 4-^=0, 

xyz 

prove that ax^ + by^ 4- 4- (<2 4- 4- ^ 4- 4- x){x +y) = o. 

3 . If-r4-^-=i and prove that £’4-^“i and 

iy^4‘i-o. (B. M. 1887). 


4. If 4: + * “”.y + > then xy^S' i, or, x—y=^ 2 , 

0+ 0 


0 . Show that if ^^4-^ — and a-b-\-c is nat = o, 

cap 

ihen'^-^+?;. (C.E.1875). 

7 . If ab-\'ac-\-bc~ i, prove that, 



14 -/^^ I 4-t'y (r +<'i®)(i 4-^")(r 4-^j * 

2b . r 

, prove that a-k-b’^^c^o 
or, If- *(^'* 4 '^**). 

9 . If .r 4 - K« 2^, show that (i) {B. M. 1882). 

x—z y- 2 ' ^ 

(u) 4 = 1. 

x — s y — z 

If a 4 -^ 4 -t'=o, prove that 

iib be ca 

if 4- ab 4* b^ Vbc -^c r* 4* ca 4- ti® * ‘ 


a If + . 

^ 4* a^b £• 4* fi 
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= 0 , prove that 



‘ + + -b' > + ,>“ - f“ ' 

12. If -r, .r be unequal, and j'*+-’ + wj'.; = r = + .t:’+ 

^ .r^ 4-:^’ + mxy^ then each — |(jr* 4*>'® 4* 

13. If .r, y, 2 - be unequal and 

ays azx axy , 

, then each^.r4*4'4-: 

14. U — If - — c‘- shew th at 

ab-c- be- ca-b* 

+ 7 .--^-+ 7 -,r=°- *® 9 n. 

‘^r+'fe:/«-^i+i + w«+r+«’+7/="'- prove that eithe. 


/w = i or (i 4 /)(i +w)(i 4 -//)- 

y 


16. ^ then each. 


tn ^“2 I j b-j b -2 l 

17 . If -== T and , 

-r y b X y a ’ 


then 


e-i c-2 


{ILP. 1889 ) 


(M. M. 1869 ) 


18. If 


I - 2 bx-\‘b^ 


ab * 

I -xy^ r 4 -> 


MISCELLANEOUS EXERCISE i^APERS tIV). 
Paper I. 


1 . 


2 . 


a 


4. 


5 . 


Solve the equations : — 

(i) a{x+y) - b(x -y) 2a^(a^ - b% (x -y) 4a^b. 

(i i ) 2(x — a}{a + b) - {x — $b) (a — b) ~ Sab, 

Prove that {b - efie - af 4- - a)Ha -by -{-{a- by(b - c)' 

~la^-¥b^’¥(f-bc- ca - ab)\ 
Find the values of B, C, such that the equation 
x^- 2 x-i‘i^Aijf'^i)'^.B(x- 2 )-C may be an identity. 
Without actual division find the remainder w^hen 
X* - 2x^ - 2x* - I is divided by jr - <*. 


If a : b^e 




\ / prove that 


K4-7A^ 


ae-h ee 

bd+d/' 
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0 . Prove that {2a-Td-\-cy{d-c) + (2d-^c-ha)%c-a)-bi2c^a + l/f 
-{l?--c){c-a}{a- d). 

7 . Eliminate 2 between 

X V 3 

dx+ay-cy-yds^as+cx— — + 7 +-. 

a b c ' 

8. Simplify 

a\a + b){^a + r) .^^b-\- c)jj> + a) c%C’{’a)(c 4* b) 

{a-~b){a-c) {b-c)(b-a) ^ {c-a){c~b) 

PAPER II. 


1 . If .r’ + A:+ I =0, then x^~i and + 1 — o. 

O o- rr x^-ys y^~2X 2^-xy 

A. i^impiity (x-hy){x + 2y{y^2){v-^y(2+x){2-^yy 

3 , If = -he, prove that 

a{b - c){s ~ ay + b{c ~ a){s - by + c{a — b){s ~ e)’ = o. 

4 . Eliminate ;r and y from x+ ijx — a^y -k-ily-b^ xy-^il{xy)~L. 

6. The expression ax-z^ is equal to 30 when x is 3; and to 42, 

when AT is 7 ; what is its value when x is 4‘3 ; and for what value 
of T is it zero ? (C. E. 1874). 

0 . Prove that a(/;4-e)(^* + e*-rt*)+^(e+a)(e“ + «*-<^^)+e(a + /^) 
X (a* 4* - e’) = 2abc{a + 4- e). 

7 . Resolve into factors (^-e){i +«2e) + (e-^i)(i -f /^e)(i +ba) 

^{a~b){i^ca){i-^cb). 


8 . ,f£=>=2p,ovethat5+|i+^^ 


(x+y+z)^ 

{a-\-b+cy • 


Paper III. 


1 . Plot the points P (o, 8), <2 (- 4 » MX ^ ( -2, - i). 

Find (i) the co-ordinates of Z?, Ey F, the middle points of 
QRyRPyPQ, respectively (2) the equations to PD,QEyRF. 

2 . If a^b—c-^dy prove that either of them is equal to 

abed fi I III 


(B. M. 1887). 


£l^4*t 

3 . If : b-c : dy then : P \ \ c^p^^abg-k-b^r : Pp-y^cdqArd^r. 

4 . Eliminate x^y and z from the equations— 


y S X 


^3 X Jf 
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5. homogeneous and symmetrical expression of the 

.'cond^^cgree in x and y which shall be equal to 3 when x and j 
ire^Wn equal to unity and shall be equal to ii when x = 2^ }>■-■■■ i. 

(P. E, 1900). 

6. Prove that — = ^ad{a 4 - d){a^ + a/; 4- 

7 . Resolve into factors— 

(i) a(a + 2 dy- b{b 4- 2 ay 
(i i; 4(a - by -{a- 4 b){ 2 a 4 * 

8. Simplify : — 

(i) (<^ 4 *c-a)^ + (r 4 -<?-< 5 )^ 4 -(tr 4 -<^~c) 3 - (£i 4 *^ + c‘) 3 . 

. 3 < 24 - 2 // 4 - 2 c 3 ^ 4 ' 2 c + 2a 3 <r 4 - 2 a 4 - 2 /' 

(i^ -- b: ' t - c, (/> -- . \'yb - it) (4: - a)(c /;)* 


Paper IV. 


1* Show that 4J! + (i “rt)^4-(i ~«)(i ~^.y4-(i “i2)(i ~/>X* 

2 . Prove that x‘> -k’px'^^Vqx'^^^rX‘\‘S is a perfect square if 

r* and - 0 q-\'Zr^o, 

3 . Find the cube root of 

84/*'*' ~ 364^*° -f- 6642” — 6342* 4 - 33rP “ 9 ^"* + I . 

4 . Eliminate Xy y, 5r from the equations 

c~‘\-b~=^2fy —2q-y b^-\-a^ — 2/1. 

5 . Show that, \f a I b^c : fiy then 

(i) <2 4 -/^ : 4 ^ 4 -^/ : : ^J{ 2 a^-y >^) : slhc^-'^d^ 

(ii) ab^cd is a mean proportional to and b^+d\ 


6. 


7 . 

t a. 


If™±-=; 




b^c c + a 424-4^’ 

X 4 - 4 - 2 ’ ax-¥bjr + cz 
a-hb + c^ bc\cadrab 


prove that 


Prove that \(b-cy-y-{c-dy-)‘{a-byY 
^ 2 {{b- 4 :)< 4 - (c - ay + (42 - . 


Prove that ( i - <2*)( i - 4p)(i ~ c*) - (a 4- b€){b 4- £‘ 42 )( 4 : 4- ab) 
== (l +«i^<r)(i - - 2abc). 
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1> 

2 . 

3 . 

4 . 

5 . 

6 . 
7 . 
8 

1 . 

2 . 

3 . 

4 . 
6 . 

a. 


Paper V. 




Solvs (i) 

0-^c c+a a-^b 


(C. E. 1902). 

('") ~ 0 . 1) ab(cx-i) 

b{c-i-a) c{a-^b) 

Jf2 yS 2-2 

If <2 : : y~c ; 5^ and — +-^-4-^.= i prove that 

I _ci' b^ ■¥ (f 

Prove that -r’""' — is divisible by both — and x"' - r 

If a-\-b-y c~Oy show that + + + + + 

Eliminate ;r .jv, from the equations = 

s^—xy — c^ {X’^y-^sya-\‘b+c) — i. 

o- j-r a* — a^- ab^-yb* 

P I ^ IjL + ^4- 

If (<* + + + + = + then a~b = c--^ f/ 

... (a + dy , (^+r/)3 , (^+^)3 

Simplify - ^ -_ ^ 


Paper VI. 


Prove that Sa^b^c^ + {b^ + a*)(r= + a* - b^){a- + b^-c°) 

- (a'^ -hb^ c^){a -k- b-k- c){a-{- b ~ c){a - b c){b-h c - a). 

Factor i se a^ib 4- ^) + b^ic 4* <j:) + c^{a + ^) + abc(a + ^ -h r) 

Eliminate .r,>', .sr from — — ~ "‘ 5£ - - " 
P q r 

px^-qv^rrz^o. 

If oA' + == a + 4* prove that 

Prove that 

(i ) {a- S^)i3^ 4* ^)3 + (S<i - b){a 4 sby = 32(a 4 b){a - by 

(ii) (a 4 4 ~ ( 2 « 4 3 -r 4 b){b 4 jr)3 

= (a - ^)(a 4 24r 4 by. 

If a I b=^c I d=sg show that 

27 {a + 6)ic+d){f+f)=^bd/ + 



miscellaneous examples IV, 


-con'd + prove that 

4 . --l^r - -/J-! = . 

ls-^){s-~c) {s-i'){s-a) 

8. If x — dy'\-cZ'\-du,y = ax-¥cj::-\-i/Mf 
z=^ax + fy 'l~ du^ u=ax+ fy -f cz, 

then ----- + , - r-_~i. 

i+a i+P I -t-^ i d 


Paper Vll. 

1 . Prove that (bed + eda + dab + ab < )“ - a/>i'd{a + /^ + r + c/ 

•• ' d>( ~ ad){i-a - bd){tjd -- af). 

2. U a : b-~r : d, pro'-e that 

3 . K d ~ + r, b^ r + ~ a ' b, 

I I * 

prove tnat ■ ~ l 

^ 1 4 -^? i 4 -<y 

4 . Eliminate x, f from the equations 

X +/ + !;--=: a, ^'s + .c-.r -f xy == by xyz = t:. 

5 . Divide ,i'^-6,r+5 by .r’-2.r+ r by the method of detached 
co-efficients. 

0 If ---~.=5 -A.-„ ^ shew that each o( these fractions 

bA'i- C'i-a a-yb' 

- • or - I. ^ 

7 . Prove that 2*"- I is divisible by 15, if « be a positive in- 
teger. (M. M. 1875.) 

B, Find three numbers which are to one another as 2 ; 3 : 5 
and such that the sum of the greatest and the least exceeds die 
the third by 24. 

Paper V!il. 

1. I f ab -h be + ca — Oy prove that [aArbA- c)^ - + b^ -p - ^aln:. 

2 . I f (a + ^ + e){a A-bA-a)^ {e + dy a)(y A-dAr b), prove that each 
of these quantities is equal to 

(a — e]ia — d)(b — e){ b — d } 

(^{iA~b~~e~~dy 

3 . If a + < 5 : b-^'C^cA^d: nf-h<2, prove that a~c or aA-bA-c A d^o. 

4 . Simplify 

ja ~JP ^ SAziy 4. {£z 

(a ~ b}{a - e))x -ay{b-a){b- d){x - b) '^{c-a){e- b)(x - e) ' 
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6. Prove that a0~c){i -Vca)[i a){i 

+ c{a - b){ r + bc){ i-\-ca)~ - abc{b ~C){c~ a){a - b), 

6. 1 f - bc\ y =^b^ — ca^ S’ — - ab^ prove that 


x'^ -ys __y^ — s,r_2:'‘-xy 


— (a-hb + ^Xx-hy + y)^ 


7. If + = prove that 


8. Eliminate Xjy, s from the equations 

ax -h by + C2: — Of bx + cy + aji^ — Of cv + ay y bs' = o. 


Papp:r IX. 


1. If {ayb + c'y~^(bc'yca-hab)f prove that a — b==c. 

2. Solve the equations 


(i) 


a + c + 

x-2b X ~ 2a X + 2b X + 2a ' 


(M. M. i888.) 


. a — b a yb 2{a^ 4- b"*) a yb a- b 

(jj) .4. .. .^2. 

A' 4-/ y-x a^-b^ xyy y-x 

3. Prove that a{b ~~ c){x - bX^v - <r) 4 - b{c ~ aXx ~ t")(.r - a) 

y c{a - b){x - a){x ~b)~ ~{b- (f)ic - aXa ~ b)x. 

4. Simplify 

bi(x - aY _ ca(x~-bY ab{x — cy 
{a - ^ (b - c){b - a) (r - «}(<:: - b) ‘ 

av-bx r.r~<ir bx~a' .1 . -t' - 

, /> a ^ a b c 

6. Show that the last digit in * 4- 2'-''**^* is 5, if n be any 

whole number. (M. M. 1868 • 

7. If a ; b~c : df prove that 

(i) {Jay Jby : (v^‘^'4- JaX — a-b : c — d. 

(ii) 5^* ; ify^d^. 

8. Eliminate y, s from the equations 

yys'^^^ iyx’^ * xyy’^^‘ 
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Paper X. 

' 1 . * I f {ax clY = (a- + + c%v^ +/’ + prove that 


2 . Find the first four terms of the square r(»ot of + and 

from the result deduce the square root of loi correct to s’x phces 
of decimals. (C, E. 1877). 

3 . The expression a.i -<^y is equal to 10 when x-z and r - 3 
and it is equal to 25 when a-~3 and p— 2 ; find its value when 

4 . Show that ■ . \ \ , . - - . - 

(a /?){/> r'i(f-ya) ^ 


(B. M. 1895). 


5 . Prove that — *7 + t 

m -t- a/j m + /fi ! 1 1 + ra 


(a-/f)(^~£'\(r - a) 

-ry . , . (M. Al. 1884). 

(m + ap )( w + bc){vi f ai) 

6. What must be the form of m so that may have 

both a" -hx"' and a"-x'' for divisors, ;/ being any positive integer ? 

Cvl. M. 1875). 

7. If.r : ii—f : : c, prove that 




(C. E. 1901). 


8 . Eliminate x, f from the equations x^ 4- 3,r^rrrt»^ 4*3 ,rV 

b'\ rjf^c'K 


CHAPTER XXVL 

LAWS OF INDICES. 

1* The student is already familiar with the index laws for 
positive integral exponents. For convenience we state and prove 
these laws here in one place. 

2« First Law,, where w and are positive 

mtegcrs. ' 

Proof. By the definition of a power, 

to m factors ; a'‘ — axax •••••ho n factors. 

X a” — {ii xax /// factors) x (a x a x *»*to ft factors; 

* ~ax ax ••••••to factors 

by def. of a power. 
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Oor. 

integers. 


(see art. 5, Chap. VII). 


V'" 




Second Law. — where m>n 

a” 


and = - where 7 n<n 


and n are 

positive 

integers. 


'‘^Proof. 


Cl xay. - to m factors 
X X - to n factors 


% 


when fn>n^ we get 

X X * to m n factors) x {a x x •••to ^ factor s) 
a*^~~ ay. ay. 10 ?i Factors 


^ayay to m~n factors 

= (see art. 4, Chap. VIII). 

Similarly when ?n<.n.^ 

%. Third Law. = = where m and n are 

'positive integers. 

Proof (a"" )” = a”' X a"' • • • to n factors (« x a x • • • to w factors ) 

X X a X ‘“to m factors/ 

X to « rows 

X X •••to mn factors 

— (see art. 3, (i), Chap. XVTI), 

Similarly, = 

Hence the «th power of the /?.th power of a quantity =the wth 
power of the «th power of the quantity *= the w«th power of the 
quantity. 

, S- Fourth Law. {aby^ where m is a positi\e 

Integer. 

Proof. {abY'" — abyaby • • to m factors 

— {ay ay •• to m factors) x (^ x ^x ••• to w factors' 
==«"*//”. (see art. 3, (ii), Chap. XVII). 

Oor. (abc \ . .)'« =: . . 

/a\^ a*** 

- ®. Fifth Law. 1^1 = where is a positive integer. 

Proof. ^ ^ factors. 

_ X a X • • to w factors 
~ X // X • • to factors 
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cond student will observe that only two of these laws are 

tSI^Ps^dent^ vis.y Laws I and IV. The Laws 11 and Hi can 
be aeduced from Law I and the Law V can be deduced from 
Law 


Suppose m>n, so that m-u is positive; then from Law I 

a'""'' X ^ " = a”'. ^ 

Hence dividing both sides by if\ we get 

= ^ w’hich is Law IL 

a 

Again we have, n factors. 

terms, j 

(a*'*)*' = which is Law HI. 


Lastly, from Law IV, ^ ^ 

Dividing both sides by we have 


X 


S The 6ve laws of indices have been prove t from the funda- 
mental principles of Algebra, on the supposition lijat the /»{ft<rs are 
positive integers. They become meaningless when the indices are 
positive fractions, zero or negative quantities. 

3 

Thus it is absurd to say that a^~ay.axa to I factors or 

a~* ^axax •••to- 4 factors. We can, however, define symbols like 

or but as it is necessary that all algebraical symbols should 
obey the same laws, the meanings which we may give to fractional 
and negative indices must be c nsistent with the first index law. 
Hence taking the first index law vis, x ^ ^ to be true for 
aii values of m and n let us see what meanings must be given to 


t 

symbols like a\ or a't which are at present unintelligible. 

For example, to find the meaning of 

Since the first index law should be always obeyed, we must have 

-i j 

or a* xa‘'=a* (1. e, d), 

j * 

is such that its square is equal to a or 

\ 
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Again, to find the meaning of or- . 

Since the fir3t index law should be always obeyed, we must have 

“2 ^ 

a^‘ 

We proceed to find the meanings of fractional and negator- 
indices in general cases. 

d. Positive fractional Index. — 'J'o find the jneanino of 


e 

(d whe*e p and q arc positive integers. 

By assuming that x for all values of m and//, 

^ p p p. _!_/ 3P 

and by putting we get id ^ a'^ — id ~ a"' ^ 


L t. P. .^P, JP- 

Similarly, id xa’^ xa!^ ~ ^^a"' 

l^roceeding in this way, w’e get, 

/ / / 

(d Xid X to q factors = <'? ’ or \(d / —aP 

P 

Hence a^^ is such a quantity that if it is raised to the powei 


the result is (dj or in other words, id is the root of aP, 


Hence d- —'iJaP ; thus a'r may consider a'^ as the foot cj 


the p^^^ power of a. As a particular case is the 5/tii root of a. 

Again, by assuming xd‘-~d"*" for all values of m and n, wc 
get 

id X d^ — a''' , 


X id xa^ ^d^ Xid —aP . 


f i 

Similarly, xa^x 


p. 

to p factors — or 
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a ; thus we may also cxmsuier as f.he 
power of the root of a. 

Ex. I . a^'= f {a^ j or — ( ^ )^. 

Ex. 2. 2''"^ = Vl 2 ^) = V^i 

or=(V2)’. 

Ex. 3. 8i = V(8’) = V 64 = 4 , 
or = (V8r = 2= = 4. 

10 Zero Index. 7 o find the tneanine^ of a"'. 

Since we have assumed x for all values of m and 

we have, putting m~o, 

a'’xa'‘---=<r^«=2a\ /. 

Thus any {finite) quantity r.tiscd to the e;ero power is equal to 
unity. 

Ex, 3^"= I, 

11 . Negative Index. To find the meaning of a” ^ where 
p is positive^ 

Since we have assumed X/'r^ — for all values of m and /r, 
ue have putting m = -p, n—p^ 

a~^y.a^=^a’~^-^^--==a\ 


But a''= I ; a‘^xa^= i ; i.e. a~^ — \!a^ or ^ 


Thus oT^ is the reciprocal of ; hen<'e if we change a quantity 
into its reciprocal and change the sign of the index ^ the value is 
Ufichanged. 


Ex. 1. a““ 


I 






Ex. 2. 




__i I 

~Jy~ 


Note. 

of* ‘ 


It is useful to remember that 



and 


off _ ^ 

Ir’ a'"' 


I 

Ir 


iz We have thus obtained meanings for or definitions of a 
* positive fractional inde.x, a zero index and a negative index on the 
assumption that the first index law is true universally. We are 
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now to show that these difinitions fully obey the other indt 
or, in other words, the other index laws are true for all 

i indices. 

Since the seeond law is deducible from the first (see art. 7) with- 
out any appeal to the definition of a power ^ we infer that the second 
law = <2'"*“’* is true for all values of m and n. In the 

next two articles we shall prove that the third and the fourth laws 
are true for all values of the indices ; and since the fifth law is dedu- 
cible from the fourth without any appeal to the definition of a power^ 
(see art. 7) itJipUows that the fifth law is true universally. 

Hence all the index laws are true., whether the indices are posi- 
tive or negative., integral or fractional. 

13 * To prove that {a^'y^=a***'\for all values of m and n 

Case I. Let n be a positive integer 7 ?t unrestricted in value. 

Then to « factors 

W4-W + ...to « terms, , , 

==a by law 1, cor. 

4 > 

Case U. Let n be a positive fraction*^ (where p and q are 
positive integers) and tn unrestricted as before. 


Then 

= of ^ fractional index 

= by law III, since / is positive integer 

put 

, by def. of a fractional index 
substituting for ^ . 

Case III. Let n be negative and =->/ (where/ is positive )> 
ni having ary value. 


Then 

~-s — L by def. of a negative index 

by cases I and H, since / is positive 

by def. of a negative index 
substituting for -/. 
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^ To prove fhat for ail valuis of m, 

,’Ei 

Case 1. Let m be a positive integer. This case needs nu con* 
sideration here. (See art. 2 ). * 

Case 11. Let m be a positive fraction equal to"^ where p and q 

are positive integers, and let {abY*''~k. 


Then k = {aby^^ = {ab'f . 




4 ' 


^ [aby ^ ^ fractional index, 

— by law IV since is a positive integer, 

f Vf^V 

— 1 '^y ^ fractional index, 

( ^ V 

= \a'^ b'^ / , by Law IV- since g is a positive 
integer. * 

Hence extracting the root of both sides, 


/ p 

k — iV^ b"^ — 


/. {abf’ — 

Thus the law is proved for any positive index. 

Case III. Let m be negative and equal to—/ where p is positive, 
integral or fractional. 

Then {aTf^^iaby^ — by def. of a negative index 
by cases I and II, since/ is positive, 

. b~^ b}' def. of a negative index. 

The case when «¥=:o is left for the student. 

Thus {ab)'**"»a'”b^ universally. 
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15 . Operations with fractional and negative ir 

The ordinary oper dions of algebra are applicable to expressions 
involving fractional and negative indices, for the index laws are 
imiversally true. The following are added by way of illustration. 

Ex. 1. Simplify * 

The expr. =:a " ^ A* ^ ^ ■“ ^ ^ 


-a^b ^ X 






Ex. 2. Simplify 

■v “ ' 1^,1 - \y'' '}■- 'y’ I ’ J 

The expression 

~ ' 'r< ^.r ” ^Yx ~ y " ’ } 

- .r ~ ’ )' ’ j~.i' ’ j' '.V V’ .)■ '.r ’ J 

I f*- " '> ^ 

.r ' V'Kr~ y ''x •’ r ’ ^x~ y ~ ' ' 

- - 2 4- - 5 'I 4-10 - 1 5 

- X ' ^ :? ,/ i » 5 ‘ D — 

s I r 1 r, I 4 I 

Ex. 3. Multiply jr-^ 4-/^ 4-*r by 4-;fj- 
Arrange the expressions in descending powers of x. 

2 T T I 

-r ^ 4'-r 4*4''^ 

5 4 I ' I 

7 - ‘ S * '> 

jr ’ 4--r®4'‘^ 4*.r-\y~ —product by x^, 

' J 5' T 4 . 4 .1 

- xA'*^ -- .r ^ - X y-*- — product by - .r 

> 14-- * 

4-.r4y* 4-xM'‘^ —product by a/* 

7 I ” " 

x^ 4-rT'* —complete product. 

ISTots. In multiplication and in division it is advisable to arrange the 
expressions involved in ascending or descending powers of some commoir* 
letter. 



LAWS OF INDICES. 


171 


El f 4 > Divide xy~ ~ +.r” "r + 2 by xy ' 4 - \y ^ ~ 

Arran^je the expressions in descending powers of .x\ 
that 2 = 2x* ; so I = Lr°. 

, V- 3 yy’-’r-+2+.r-y ^ 

'yx'' - A + V - 

4 „ 4. 2- _ 2 * 

x^y 


^ - x-y 

‘ f 2 4.r r 

4 2 

2 


-i 4 r 

r A- A'- - V" 


“2 

2 4 d 

r ~ A' 

'^ 4 a- 


__ 4 4 

X " •' r 

'• - r ■r' 4 A-"W“ 

_ ^ 

’ __ 4 *' 

A' ' r 

'-A' A/- 4 r’"j- 


_ 2 _ 4 4 

4 a 4" ' 

1 A' M'' 4 a '>'4 


Ex, 5 Extract the square rout of 

T 

^^2 ^6 


Simplify and arrange in descending powers of a* ! 

x^ 4- p - 4-1 X - lx ' - x"' 4- y,x " - p.r 4 "ar * - - 


t_r~lx ' 

2,r4"A'=i ^ 

-r <;.i 


, "A'"4;Vr“ ^ 

r 4~ ^r* -■ 3 ^-1': , 2 I — ^ 

^x s_.^.ri™.r^- 4 ,^ r ^ 

the required square loot = .r4 o 

Ex. 6. Prove that 

T T I _ 

I 4A'^"~"4-r”‘''^'^ f 4 a"'~"-’4a"''’''^ i 


We hav'e 
Similarly 


X"''' 

I 4 A''"'”' 4 ~ a-'^A * + 

1 _ A"- 

4 a‘'‘"’'’ t -r~"'4.r''' • A'"'* ’ 

T 


and 


I 4 4.t:^ " .r" 4 - a:' “ 4 A'"''" 


1 

observing 

■•^4 a 


i4- 


I. 

4‘.r*''' 
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Hence the expression 

_ r~” x~^ 

x-'y + 
jr"'" + ;r~'‘ +,r~^ 


Ex. 7. Divide by at"*'* ' 

Let =^> — ^• 

Then ,r“' ^ — 

Similarly y" — 


'-k'l 


~-b\ 


/. the quotient 


= ,r* — 


16 * Exponential Equations. Equations in which the 
unknown quantities occur in the exponent are called exponential 
equations. We add some typical solutions of such equations. 

Ex. I . Solve the equations. 

(i) 5'-''^3~525 (ii) ~ 3"^*= 162 (iii) 2^=1. 

(i) Since 625 — 5% we have — 54 . hence 2;r~ 3 = 4 or ;r — 3^ 

(ii) Here 3-* 3^+' = 162 or (3- i)~i62. 

• 3^ < ^.2= 162 or 3*'* =81 — 3^ 

.r + I — 4 or x — 3. 

(iii) Since 1 = 2^, we have 2"~2'^ 

.r==o. 


Ex. 2. Solve the equations. 


2' ’4- =64 (i) 

= (ii) 


From (i) ^ or 2'^* a’-" = 2^ 

• 2' -2*^ whence .r4- 1 +2 ^*- 6 (iii) 

Again, from (ii) = 3 * or 3 *’' 3 -^‘^* = 3 *. 

3=^'' ^ = 3** whence 2 .r+_y 4 -r =4 (iv) 

Now from (iii) and (iv) 

-t'-f 2 /= 5 , 2.r 4-^=3. 

A *ir«=A ^«:2i. 
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EXERCISE CXIII. 


1. 

Find the value of : — 



(i) 27’ (2) 27“ 

( 3 > ay (4) (r)-'' 


(s) s'-o.y" 

<‘> F>(' 0 "'^C 4 ’) 


i8x,V"'-9.ci’'--’. 

^ 7 } 

f 8 > '”y'^’’'''>\ 2 s- 

S'-'-xs''-' ^ 

2. 

Simplify 



(«) ("""’y 

(3) y(a*/r\-) 


(2) 

( 1 } 1 .r 3 )3 X (8.f ) 


15) 

T n 

1 '. ? 


(6) 



V .r-^ 

y ) 



y. {<i ‘If 


,s, 0:)--.(j:)-'' 

<?r 

3, 

Multiply 



1 1 1 1 
( I ) x"^ 4- y^ by x^ -y~ . 

. ' 3 IV 

( 2 ) .1 4 - x\r^ +,r /y X ^ 


(3) -hj^^ by .r ' ™j' ^ 


L 1 ^ ^ 3 - * 

(4) yx^ - 3^/ ^ + 2 x y^ by 6.1 ^ - 2 y ^ -f yxy ' 

2 3 „ I 51 J t I _ t ^ J 

(5) x'^jy-^ -i-x^y ^'’+x^j'^ by x-y^+x-^j' ^ ~ .i 

4 . Find the squares of 

(l)Ar''+^K=. (2) x^+y'' -h:r-. (3) « ^ ^ -f r 

(4) (a^xy^ -i-ia-x)^ (5) I + 3 -i-~=^r + 2.r'' V'- 

5 . Divide 

-I 4 3 ^ ^ .i X t 

( 1 ) x4-6a -^x ^ -hOa'^x^ 4-(/ + ^x + Ju^x^ by x ^ 4- a^. 

(2) ^2:5 +3’^ by x ' + «' (C. E. 1859.. 

(3) 4 -ha’^ by x'^ 4 -a"^x^ 


(C E. 186:). 
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Divide 

4 ^ A 

(4) ;i:* — 4 .r D' - 9^v^jy ^ + 36)'“'^ by + 3j/“ ^ . 

(5) hy (C. E. i860.. 

6. Resolve ini / factors 

(i) (2) (C. E. 18571. 

(3) ^ + J - + 1 • ( 4 ) ^ • 

7 . Find the H. C. F. of 

2 2 T 2 1 

(1) .r-^ -4, ;r-^ + io,r^ + 16 and ~yx^ - 18. 

_ ^ _ I _ I 

(2) x~'+bx ' + 11.V ’ + 6 and x~' + gx ^ + 2yx ’+27. 

8. Find the L. C. M. of 

I I 1 1 

(1) 6.r® - I i.r*^ 4 - 3, 6,r^ 4-25,^'^ ~ 9. 

(2) a 5 4 Z/-'^ - a^lf\ a + b. 

9 . Extract the square root of : — 


4.4. _fii4 17 


(1) 

■"‘X 

4 2??‘’a''’ 4f? ^x ’ — 2a ^ x ^ 4 -( Z ^ 

(C 

12) 

(.r‘4.r 0 

-4 (.v '4-r“'0 4 12. 

13) 

I -{.r>'4(i 

-.r')Al-rD^‘}'7 


10. Divide .r"''" 44 - ' x'^’‘ ^ by .r'-*'' ' 4<^^ 

11. Divide fr4Z’4<-'4 3 (Z»‘ 4r ‘/c* -bb^) by a'^ +b^ 4i ■ 

12. If fn--tr\ ;/-=fF’ and shew that xjz— i. 

13. If (t — b\ b=^c \ prove that i. 

14. Iff?''--/'' shew th.it (f?.7>) ^ ~a^ ^ and if a~zb^ shev- 

that b= 2 . 

15. Solve. 

(D 3’-"'- 243 (2) (3) 2"+*3"+- 

{ 4 ) 3 '^"~ sr -‘ 3 (^ (5) { p ! qr ^'''=^ qipy ’^* 

16. Solve 

(I) 3'^>-^=8r \ (2) 

2 ' =io>'--j 9 '-- 
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p:lkmentarv serds. 

X. When the root of n qu;inthv nut expressible bv an mte.^er 
or a hnite fraction, and therefore < annot be exactly obtained, it is 
called a surd. 

Thus \'S surds. Ibat though in surd ^oIrn^ 

are not really surds ; foi they aie respcst vely etpial to 2 and 3. 

Note- An 'Oijehraical expression like Va n calieb a surd, aithougli for 
particular values ol a such h'- 4 <jr o i' is n«ft a sutd antlinudically, 

JX. A surd is also called an ’^:'a*'ioual ([u intit while (pnu'i- 
lities whi('h are not surds are -r the s.ikc of di''r nctiun < ailed 
rational quantities. 

3- The order of a surd is denoted by its root symbol or surd 
index. 

Thus ,,^ 5, C/b surds of the second, third and ;>7th orders 

respectively. 

A surd of the second order is called O’" dratic, a stu'd of 
the third order is called cubic, and so on. 

Ihiis are quadratic surds ; are cubic sur<*>, 

5 - A surd is called a monomial when it (('Utains one term, 
binomial when it contains two terms, trinomial when it contains 
three terms ; and so on. 

Thus v/3i 4V5 t x/"'^v 5 mnnotma! smab ; 

are binomial surds ; + \’7 + V‘ b Ar-f Jr Ant 

trinomial surds. 

Monomial surds are called Bimpie Hurds? ; while surds otlio 
than monomial are called compound Hurdw. 

C- We shall consider some cases of reduction and transforma- 
tion of simple surds. 

(1) To redi/u a rational (fuanti^v io the Joroi of a surd of a 

.foen order Thus a = J V‘«db, 

- =r. A/(3‘‘ I -- E/ ( 8 f I, and so on. 

(2) To transform a mixed suui into a complete iurd. 

Thus 

2a \f {2u}Wb=^ 
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Conversely, a complete surd may be sometimes expressed in rise 
form ci a mixed surd. 

Thus — n/ ^ab'^<:'ybc=ab'^c \!bc^ 

V405 = V8Tx~5 = \!^i X Vs = 3 VS- 

(3) To transform a surd of any order into a surd of a dijfci cm 
order, 

— a surd of the w/th order, 

VS — S 5 V 5 ’> ^ surd of the 4th order. 

(4) To traftsforin surds of different orders into surds of tf.r 
same order. 

Consider the surds 'fa., V^^ V‘'^’ 

The L, C.M. of the root symbols 3, 4, 6 is 12 ; hence the surd'> 
can all be reduced to those of the i2th order. 

1 4 

Thus \la ~a^ - 

«; TO 

This transformation is useful in comparing surds of ditferer,: 
orders. 

Thus, to compare Vii. 

Here = 5= = = '^/(i25i, 

V* ^ ^ 1 1 I C’ = vT ^ = V ^ 2 1 . 

Hence ^/5 is greater than V^^* 

(5) To transfoni a surd into its simplest form. 

ICx. I . v' 72 fff X 2 )-^ 6 f 2 . 

Ex. s, uvi-H. 


^-X. 3- 


In transforming a surd to the simplest form the quantity under 
the radical should be integral and as small as possible. 
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7, Surds are said to be like or similar when :I;ey hn\e the 
.ame irrational factors, being reduced to tatir simplest It -ns 
ce essary ; otherwise, they are unlike or dissimilar. 

Thus 3 Ja, ,,’2, 7 ^'2, are like surds ; so also 12}, 27 * ;ue 

' ke surds, for they are equal to 2 and 3 ^'3 lespectively, 

0. (T) The sum or difference of any number of like sui tis may 
be obtained by the rules for the additiun and subtract ion of like 
terms. 

Ex. I. 9 C 2 + 3 v'-- 7 C :3 = tV + 3 - 7 ’C- 5 v'-- 

E'.. 2, 2J:2', + 2Jm-7J?,o 

- ' 2 2 ; X 5 ) + 3 .,^/t 4 X 5 ) - 7 1 b X 51 

10 v'i + 6 V ' 5 " 28 Js ---12 ^^5. 

If the surds are unlike, iliey ar^ si nply connected by the signs 
of addition and subtraction, and ' i inot be furilier siu-ulified 

2 } The product of two or invne simple surds of the order 
nay be immediately tvritten down fron> the formula 

\'tix X d‘ 

Thus 2;/5-'^c\T=3X3x k't5X7n-6 ;/:35 . 

+ X J{(t - />] '■ 

If the surds are of different orders they must be first reduced ^ 
lads of the same ordei when the preceding method becomes appio 
dole. 


Thus V3><-v'5-V3'x2 2 x'( 3 ’'' 5 "' 2 0 'i--i 

i C(2"-1' x.tr’( 2 i<-r- .r'j- 0{2'!X- -.f), 

’,3) The quotient of one sin^ple .surd by another of the 
may be immediately written down from the formula 



J{x‘-Sx-¥(y) ^ f{x - 2 )(£ -_ 3 ) _ fx -y 

Jix^ - 6.r T 8 j V ix - 2 ){x - 4) V x - 4 “ 
P.—II.— 12 
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If the surds are of different orders they must be first reduced tc 
surds of the same order when the preceding method becorr,e> 
applicable. 


Thus 

J 3 


27 ' 


^J( a ~ x) ‘ V [a - xf V {a~ xf 


Operations with Compound Surds. 

J 9 . The following examples illustrate operations with compouip 
surds which will be performed as in the case of compound ration?.’ 
algebraical expressions. 

Ex. I. ( 5 n/ 2 - 2 v' 3 X 5 V3 + 3 

-^25 ^/6+ 1 5( J2 Y - io( J 2 >y 
= 25 V6 + 30 -30 -6^/6== igj 6 . 

E . 2 . { fj ” \ + 3( + 3 \/'^0 ’ + ( i 

- If ^fa -h s//^ + 3/^ Ja -I- d Jb, 


EXERCISE CXIV. 


1 . Express : (i) <ri>^ in the form ^2) aPfc in the form 
2 Transform into complete surds 



(l) (2) 


(3) a'H>c\ (41 ^ a A+-. 

3 . 

Express (i) 


'Y as a surd of the third order ; 


( 2 ) 

_ 1 

a‘/~-r 

as a surd of the fourth order. 

4 . 

Express ; — ( i) 

II,? 

as a surd with ^ as coefficient. 


(2) 

III 

a^b'C^ 

as a surd with 2abi as coefticien 

5 . 

Transform into surds of the same lowest order 


(i; \la, \/b. 

'C'-. 

( 2 ) V-^ V3, V4. 


(3) 5 % 2 vT'\ v^ 2 , V8, V 7 . 

6 Compare : — 

(0 V*cV 37 - 12) v^ 5 , V 8 . (3) 3 v'2, 2 ^/5, v'l 2 r: 

7 , Simplify — 

(I) 6 ^/i 2 4 - 4 V 75 - 5 v^io^- '2) 2 Vi^ + 5 V 54 - 3 

* 3 ' 7 v^*-' 2 ^ 27 + W* 2 -- 2 ^^- 1 . 

8 .^22 

(4,! ^''S8+ , . (C. F. 1882). 

N 2 3 
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Simplify — 

(5) 3 4 V405 - 2 1 2S0, 

(6) 4v^'^42)- ^;4-3v^73“2^'*. 

s 3 

a. Prove that V4, 'vh v^'.'29r6) are like surds 

9. Perform the operations indicated. 


(I) 

2'.y3X3V5X7vS- 

(3) 

Vs X V 

11 , . 1 , .,^ 243 -: 


•? 

5' d-7 

( 6 ) 73 -V 

10 . s; 

rnplify 


H) 

( 2 + 

''sO -51 '2: i + v'-’ 

^3) 

1 2 ~ 

4v''''r'3sV' + 3 7"'. 

( 4 ) 

( Jo + 2 

v''5+ C/’)' V’ “ ’ v^S S" ^^ 2 ). 

H) 

( ^/.r 4- 

y 

y 

1 , 

( 6 ) 

(s^~ 

' 4“ I )' s' 0 4 b ~ 3 ). 


Rationalization. 

I. 0 It is often necessary to multiply one surd uv another 

that the product may be 7\itiona(. In MU'h a < '' e em h is (alle4 

tl'. ' rationalising factor of the other. 

IX. Simple surds. .'\ simple surd like u • may' be 
rationalised by where pUi is the defeat <4 the />*cc7/c;/u/ 

min from unity. 

I’hus a ralionalisintt facU^r of a'' is T.rc n , 

a rationalising factor of a^b '' is (> '■ i. c. u-'cb 

J, 2» Binomial quadra Mo surds. Since we have (ai- 

V ~ the surds a~r Jb^ a - Jb are each the rationaiisin.. 
factor of the other. 

Similarly, since (a Jb-^r Jb ~ i J'/ a^b - r(/, li ff>ru)w •, 

a ^b may be rationalised In’ muluplying it !)y njb-i 

ind tvVr versa. 

Two binomial surds like a ~Jb differing only in the 

^igns which connect their terms are -aui to be Conjugate. Hem e 
a binomial quadratic surds, is rationalised by multiplying it bv 
^'011 rugate. 

X3> In dealing with a fraction having a surd denominator it 
advisable to rationalise the denominator by multiplying top 
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and \ ottom of Uhe . Cion by the rationalising factor of the deivj 
mma.oi T Jvva>c. easier to treat a fraction having a ration.4 
de])< ’'oinator thin one whose denominator js irrational, specially ? 
tn ui j case * i r;c!m»^ijcal calculations. 

Ex. I. Find the value of- 7—. 

Rationalising the denominator, we get 

7 _ 7 ^/ 2 _ 7 x 1-4142 9'8994 
-j; — j =-Y— =49497. 

Ex. 2 . Find the value of . 

7 + 3^5 


The expression: 


. 3 + 2 Js 7 - 3 Js ^ 21 - 9_V5 + t4 v5- 3o 
'7 + sJs ' 7-3 Js " 49-45 

^9 + 5 5 _ 9 + 5 X 2*2360 ^ 2 * 180 0 _ ^ 

4 4 4 


Ex. 3. Find the value of' 

~X) 2 


(B. P. 1883d 


The expression -- 


{ v/(i-Ar) }= 


{ +'^)+ -s/(* { ^/(^ +-^) - - ^)i 


\ X -k- I ~ X - 2 >J( \ - X-) _2 - 2 Ji \ ~X^) _ 1 - 'J(l -x ^) 

(i +,r)~ (i - at) ~ 2.r “ X 


a / 3 


Js '~-J3' 


JL- = 3^’='’73:'o5_. 

u ^ 577o5- 

VO 3 o 

EXERCISE CXV. 


1. Find the rationalising factor of — 

(i) (2) 3'"- X. 7 ^. 

2. Rationalize the denominator of and simplify 

il) 5 • /jv 3 +SJ 3 

5+3^/3• 

... sjs + sjs, J(r+Ci)- J (x- 

7^‘^3-''275 J{x+a)+ jlx- 
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3 . (:/iven V 2 ----J- 4142 , 2-2360, J6 :.44'->4 

cilcuiaie to 3 places of decimals the value of 


(I'l '/; • (>i 

V 5 

3 j’ 

IV 

s/3 ■ 

- 

(4. f 5 > 

s'3+ J 2 

sC-s/C 

{ 6 t -* 

" Ja ^ 

4 . Prove that ' 

2 • 5 ’ . ... 

•C. F. 18771 

5 . Simplify 



(i; 4- /, , 4 ' 

1 


v' 2 4 - f A^/ 3 -r- 

~ 4 “ •) 


(X\ ^va 

Jo- vO 

+ 

■ ^0 4-2 

(C. F. r 8 r 7 

.r 4 - ,^/Lr' a- 

,6 m- <r'; 


' a ~ A,^/(a - ‘v) A' • 

s ' 



, , v^a'‘ -r I 4 - \ ~ ^ I 4 - 1 - - i 

(4^ /--- ; 4 - , 

Va 4- I - V - r \4r'4- i 4- V.i'- i 

Properties of Quadratic Siirds^. 


1^* A quadratic surd cannot be ectu''’ ‘ ; the sum or differ- 
-jHce of a rational quantity and a quadratic so* d. 

If possible, lei Jx^-~-a± scpianr.i;, r -1 ; ■ 

.r - - b --- ± 2.? ^b < -r, ± 

Thus an irrational ('{uantity is equal to a rational quaniity winch 
IS impossible. 

Hence ^,6r cannot be equal to a± Jb. 

15 - If ^^ 4 - Jb — r-V Ja\ then , b -</. 

For, if a is not rf/ua/ to let - f 4- r, r ifeiny nec essai ly 
rational. 

Then r + .r 4 - ^/b~~i'+ or v 4 - Jb~ ^/o' 

That is, a quadratic surd is ecjual to the sum r 4 a ratirm b 
quantity and a quadratic surd ; whn h )s impossible q\rt. 141. 

Therefore we must have -cand hence from the yuen lela'am 
also b~i/, 

16 - If Jc-f- Jd, then 

From the ^iven relati^pn by squariiq^, 
ci']r *Jb~C’\-d-f~'2s} cd. 
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Htn equating the rational and irrational parts, 
sjb=-2jai. 

/. a - J 0 f + d - 2 J cd~{ - \I^T- Hence etc. 


17 To find the scjuare root of a-\- 

Let J{a+ Jx-i Jy where x and y are rational and 

positive. 


Then, squaring, a+ ■\-yy2 J xy 


Art. 16. 


+ a -^x (i) 

+ jb=2j.i^ ( 2 ) J 

To solve (r) and (2) we have (x-yy={x-\-yY-4xy~a'~i>. 

/. (3) 

or x-y^ - (4) 


Taking (i) and (3) we have 

-r =l\ay J{(i- - /d}, y — l{a ~ -* /^)}. 

sj'.r= ± ± ; 

and since from (2) X *yy is positive, we must take like sign- 
log ether before the radicals. 


tlie required square root — + Jy 

- ±[\/\l‘^ + l J(cr-iO\+ 

If we had taken (i) and (4) we would have got the same 
result. 

Similarly by assuming Jia- Ji^) — Jx- Jy^ or, from art, 16 v.e 
get J {(I - Jd) J{(r - /d} - J{la - I ^y(a“ - ^)}] 

Not©- f rom (i) we must have a positive and if is rational 

f. <r. a* — (5 a positive perfect square, the value of x and y are rational, and 
the square root Vt +Vy becomes a quadratic surd. If a^ — d be not a 
perfect square, the square root as found by this method becomes comph 
cated. In such cases we may sometimes proceed as in ex. 2 below. 

Kx. I . Extract the square root of 1 1 +6 ^^/2. 

(Here 121 - 72 — 49, a perfect square). 

Assn me J{ ii-\-6j2)~ Jx + Jy, 

squaring, 1 1 -r 6 ^/2 = .r + 2 Jxy. 
.r4-y'=ii, 2jxy~6j2, or, 4:19' « 72. 

Hence (.r ' y)“ — 121 --72 = 49. 

■ x~y~±7. Also.r + y=u; x= 9 or 2,^= 2 or 9. 

the required square rooj= Jx+ Jy — ±(3+ \^2). 
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Ex. 2. Extract the square root of 10 + 6^- 5. 

Here, 100— i8o~ ~ 80 which is not a perfe<'!; sqiiaTe : m) 

the preceding method is not suitable. We may proreed thus ; 

to 4-6 == 2 +6) : and since 6* — i2^'5) 16, a 

-quare, we can find the scjuare lOot of 2 ^^5 -f 6 by the pje< edmg 
method, and it is found t be ±(r“f-v' 5 '- Hence the lequued 
square root^±V 5 H+ ±lV5 + \d 25 1 

EXERCISE CXVi. 

1 . The product and quotient of two similar quadrats^' surds aie 
j.iiional ; and conversely. 

2. drove ihi*. the sum or doEu-e.n. e of t>.v() diss.imhir surd.'i 
an not be rational. 

3 Prove tha* if two simple (juadratic surds cannot be ledm'ed 
! ) ‘wo others whit.h ))ave tlie sa ..e '-rai.onal jvtrl, hen prodm t is 
rrational. ((’ .Id 1882). 

4 . Extract the square root of 

ii) 144-6 v-5- ' 2 ) 7 - 2 ^'(\ { 3 ' 2 h 

(r S - - v'^>' '5) 5 + .i \'5- r v'so 20 

Irrational Equations. 

18 In solving equations involving small we are 0- i ttiomdi/e 
them /a’, transform them so that they may be free fromm'Urd 
juantities. The lollowmg examples \m 11 ill ustrate the met 1» o! of 
Kioonaiisation. 

Ex. I. Rationali/.e the etju.ation vh'+ 

By transposition, J<c + . 
vSquari ng, a + q- 2 Jia/? ^ c 

Transposing so as to brn.g the radi(\al <-)n one side, 

2 ^/(a/n --C- 

Squan ng, gc?/-' — + - 2^ ir E 2f?/> — 2/c . 

a-+/cEr-2(^£ - 2i (Z - — 

Similarly, each of - Jr ^ o, Jrr- J/^-h J. o, - Jrz-h 

v'c E being rationalised gives tlie same result. In hu t we 

have the identity. 

* \'aE •Jc'jiJa-j' Jb— Jc)' Jb^ \I^)i v'He Jb-\- J ) 
— E E C* - 2bi - 2La-~ 2ab. 

Hence any one of the four factors on the left being equated to 
ero gives the same rational result. 
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Ex. 2. Rationalize the e^jnation v^<r4- Jci~o. 

liy iranspusit.on, ,Ja+ Jl>= — (^/r+ sjd). 

/. Sq'iaringj -^2. J((id)~c-\-d-\-2 Jicd). 

Transposing, 2[J(ib-- Jcd)~i' + d—a~b. 

Squaring, i\{ab-\-('d— 2 \! abed— {c -{• d ~ a -- dr. 

/. Transposing, - 8 J{abcd) = (c-\-d -a — df - qi ab-\-cd) 

“ a' 4- + r- + iP — 2<sr^ — 2ac — 2ad— 2bc ~ 2bd- 2cd. 

Squaring finally, 64 (d^cd 

= (cr + //“’ 4- + rf*' - 2<rr/; — 2ac - - 2bd - 2 jr/ j*. 

19 W'e now consider some rases of irrational equatioi 
which when rationalised lead to simple equations. 

Ex. I . Sol ve ^{x + 1 1 ) + ^{x - 1 6) = 9. 

Transposing, AyCt 4 *ii) = 9- .^/(,r->i6). 

Squaring, .r-i- 1 1 = Si +Cr-~ 16)- 18 sj\x- 16). 
Transposing, 18 ^/(u'- 16)^ 54 or ^{x~ 16) — 3. 

X - 16 — 9 whence .r — 94-16- 25. 

K\. 2. Solve ^(x+ i) 4 “ 6'. 

Squaring, a 4- i 4- .r' ~ i 4- 2 ^/(.r''' - 1 ) = 4a' - - j . 

Transposing, 2 J'x' - i) — 2.r- i. 

Squaring, 4.r -4-- 4.1- ’ — dx 4- 1 , 

4.r- 5 or 

Ex. 3. Sol ve .J{ x^ 4 - qr 4 - 1 1 ) - J ur* 4 -a- ~ n — 4. 

Transposiugq -fq.r f 1 1 ) ~ 4 4 - Jix'-^ 4-.r - i i. 

/. Squaring, .rH-9.1 4 - 1 1 164- .1'- ♦ .1 i 4-8 y'^Lv' +.r- i), 

8.r “ 4 -- 8 yA’.r'' 4- .r i ), or 2.r — i ~2 J {x' 4- .r — T i . 

S(iuriring, 4 - 4.1- 4 - 1 4.r^ 4 - 4 -^' ~ 4 , whence .r ^ 

20 In some irrati<mal equations special methods may ■ 
usefully employed as shewn below. 

Ex. 1. Solve y/(.r4-28')- = 2 ..-(i) 

We have identically (a 4-28)- (r -yS') --20 (2 '. 

From (1 ) ami !2) by division, 

ia 4- 28 ) -(u-4-8') _20 

J {x 4- 28) - y'la- + S ! 2 ’ 

y/(.r4-28)+ y/(-r4-8l--- 10 (3. 

Adding (i) and (31. 2^6.1-4-28^—12, or, .^/(.v4- 28 i~ (■ 
y, .r 4-28 - 36, y. .r~8. 
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Ek. 2. Solve J( 2 x + 7 )- J{Sx t -5). 

We have identir.rjy (2.r + 7 )~ (-■»' ^ U)- (5^+ hj -- (4? 5 . 

From (F) and (2) by division, 

^/( 2 .i' 4 - 7 ) + I ) - “h u +■ (■ - 5 ' 

From (i ' and ( 31 by addition, 

2 v\ 2 ,r 4 - 7 )=r“' v^(5-v-FiX or, ^^121+71 -- vS“-^' + F 
/, 2,r + 7 - S^'d- 1, ‘ t - 2. 


E\. 3. Sol\’e 


1 - I 


(C. E. 1S8 


XX)- I 
2 

Since {(IX - i)-~ ( s/ (i.r ■ 1 ,, v-rr- \ s, iih' ef|uation hei'ornc'’ 

I 

s'a.> - i 

; -t 

V'i.l d- 5 
t 

S a’ 


/ . - / 

V V (cr-f n; V ar 1 ! 


(s' 


! i - 4 + 


or 


f 


s^xr ^ I “-'8 or \ <li' -■ •) 
(IX " 8 u heiK '■ .r- ' . 


Ex. 4. Solve f ' f . ^ 

vF»'S-2i - 3 - 3) } ^'(41 f- ! 

Fationali/e the denominator^, thii-. 

.r- 7 .1-7 ^ ?' 4- 

^/( ;r 4- 2 i - 3 -f 2 '5-3 ' \ 2] x 7, 

_( r -- 7d 4-2; 4 7: 

(,{■4 2)-'j 

, , .r-4 .1 - 4 d v'‘ F 

Sumlarly, , ■ ^ . 

hr- 3/- I 

4r - 13 (4- -- 15 ; vFp- 4- I -^41 

^/U.r 4 - I ') - 4 [^xx I i - 10 

H ence ,^/(.r -4 2 4- 3 4- 4 ' ^ - 3 ' 4- 1 -- ^.'(4 r i- 1 1 : 

, . A^/|.r 4 * 4 - sj (x - 3 ! -■ v' ^ i j- 

Squaring, (.r 4- 2 4 r - 3 ) 4 - 2 V'( .r 4 2 i - 3] 4 - 3 

2 v^'a' 4 2 j {x - 3 } 2hi 4 I /. 

Removing 2 and squaring, 

(.V4 2 lhl'~ 3)::r:-f.r4' I i"", 


a i 0-3 
V ' ‘ 3 ' ' 

M 


x~ ~x — 6 - A* 4 2,r 4 I , hence a - 
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Ex. 5. 


Solve . 

a) ~ J(x -a) C 


iJv coniptjnendo and dividendo, 


■' X - 4 -^ 7 + ^ X - a) -{‘(Jx + a— Jx — a)__ h-^c 
* V X + 4- \Lr — a) — { Jx+ a — J x -a) ^ 

. 2 si \X -ra) __ b-\-c J^x-k-a) __b c 
•• 2j(X-a)~J-c J(x~a)~b-c • 


Squaring 


X + a 
X — a 


b^-hc^ + 2 hc 
4 - r* ~ 2 bc ' 


Again, applying coniponendo and dividendo, 

* _(/>"' + <* + 2bc) -f {b'^ -f - 2 b c) 

( X -htr)- fx — a ) (b' + c'"* + 2bcj — (/d + c- — 2 be) 


, whence 


, x 4 - f 

a 2 hc 

2bc 

V.^. 6. Solve + , 

a ~ - ,r’j sj{(i 4 A') 4- a - .r) 

We liave 2 a 4 2 — .r") — { y^/{a -h.v) 4 J{(i - .r)}*’ , 

2^7 -- 2 Jia' ~ x~)^-- [ ^/(^74.r) - ^/{(i ~ x')Y • 

^7 4 1 J(.7 4.i;) f J(^7~.r)}" 

|^/q74-rj- J{a-x)}^' 

Mence the given equation becomes 

1 ^4^7 4 1') 4 + -1')— v/(t7— a") 

; ^ ^7 4 A'} - J{a - .r )1‘‘ ^ ^'' 1/7 t -r) 4 J{a - .r) * 

. U'(4 4-r)4^/q7-.r)p , , 

/ / whence 

[J{a + x)~ vV-A))^ 

v'C74.vi4 iij{<i~x) 


division 
% 


Applying coniponendo and dividendo 


, uf 4^-4 
/'i /7 -.r* 


c 4 l_ 
< ~ J 


or squaring, 


<i 4 X 


r 4 2r 4 I 

4 - 2r -c i 


Agan, by componendo and dividendo, \ whence at— 
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EXKRCL^E CXVII. 


Solve the folhnving equations 


1 . 

3 . 

5 . 

7. 

8 , 

9 . 

11 . 

12 , 

13 . 

14 

15 

17 

18 
A. 
20 . 
21 
22 . 

23 . 

24 . 

25 . 

26 . 
27 . 

29 . 

30 . 


v^(.r + 7 1 -= v'.t + 1 2 . 

J I .f + 9) == Jix ~ 6) + 3, 4. 

3 . 1 - 4 - 2 =- v/i/ 3 r^ 4 i 8 i. 6 . 

2{.r 4- 2 ) - I 4 - 4 . 1 -'' -f 9.r 414 ). 


Vl 3 • + 16 ).^ n'' 3 £ '4 2 . 

2 1-4 3) ^24 v\2.r 5). 
N^‘ 3 '^'S" 7 't“- v'\v^’ .V 
*C. K. 1877 ). 


9''{4.t ^ 4 2o.t 4174 Jt,\ -T- 1 i.t' S- io)| 2(.r 4 2 ). 

.f 4 f^T 9 4 .i'''i = /. 10 s + s v.rM- 9 )~- 9 . 

;^/'I {.1 - ay 3- 2ao 4 — . 1 ' - a - />. 

Jis I ~ I -J-- I - 2 ). 


-r -/’4 

J' .r ’ 4 1 1 X \- 20) - - -r 5;,v - 1 ; • • 3. 

s'( 3 -> + io) 43 >'- 5 )-- ^ 16 . ^'i 2 i-fi 3 ) 

n/U' + 5)+ JA- 3) = 2I2+ s'il- 
4 {2.V +91+ J(2x -9)9 + 3 ^ '7 . 
vl3>' + 5) -* 3 )^ v''5>-<7> 

v'.4>-l-9)+ v'(2.! + 11 )- v'',7i +3j+ s'(9.i + i';- 

v/.V+ /l-r- 41 - r>! I 

v'(l+.vi+ v'!l + ■ + v'^.l ■■ 

3.1;- t ^ I 

s'l3-»')+‘ ’ 


M. M. i 8 ,S 6 \ 
1 C. E. 1875 ,'. 
(C. E. 1879 ). 
'C. E. iKKi). 
.V -.91 . 1 . 


X 


4 

a - 9 


1-4 6 ) “3 

x-~2 ^ .r 6 

vSr4-2) -2 ‘ “3 

I I 


■“ 16 . 


1 


2 )"^ ^'(x 4 Jt 


28. 


•J.r - 

Jix-r i) - J^x- 1 j 
Jix ^ t}+ J yx - I ' 
il 4 sjxif —X‘) 

(i — \J[a' - x'^j 
/r 

J( a i-x)^ a - .r s r* ; 


;M'-t 1 )- 
- I. 


sj\ r -f- 1 ) 4 
<(: F. 1882 ). 


^^(xXcl) f J<XX'’/) 
Jix-i-U)- ^^(a- 4 /-F 


^ 2 - ^^S[L±^JZ. . 

** ^ ai-x)+ J^a - a F 
2b c 
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QUADRATIC EQUATIONS. 

1. An equation which when expressed in a rational integra- 
form, C()ntains the second, and no higher powers of the unknown 
quantity, is called a quadratio equation or an equation of 
the second degree. 

When all the terms of a quadratic equation in x are transpobci 
to one side, it takes the form 4- c = o where l\ c 

some constant quantities. This is called the general form of 
(juadratic equation. 

2i. A quadratic in which the term containing the first power f ' 
the unknown quantity does not occur is called a fnre quadroh 

'File general form of a pure cjuadratic is ax'- i or .r*-- ^ . Hen * 

the values of .r are immediately obtained b)* extracting the .scpLif 
roots of botli sides 


ITius we get ±x~~±^^^ , which gives only two 
solutions, 77.7. 
shortly .t'=- ± 

Hence a pure quadratic has two roots which are equal 
magnitude but are of opposite signs. 

Ex . I . Slove 3-1'* - 1 9 4( 1 1 -- .r * ). 

Hei e 3 r= - 19 - 44 - 4.1=. 
transposing, +4* --444- 19, or, yx‘ --63. 
or, ±3. 

Kn. 2. Solve , . 

2 X 4 7 (.1 4- 2)Lr ~ 2) (.r‘ - 4)U-i'‘ T 7 ) 

IVluUlplylng by I2.r 4'7>'.r*-4), the LC.M. of the denominatr 

I lu ~ 4) +7) h 3 - 

1 1.4- 44^- 8 r"4- 28 43, or, u.r’ - 8 j-=— 28 4 3 4 44- 




3-F-‘- 75 . ot \ .4^25. J ■•= ± 5. 

... kr 4u)f.r4 w/d iw.r 4fJ'H.i'4c'‘> 
Ex. 3. Solve ^ = , . .: 

(.r ~ md ){.v - d) f.v — a K mx - d 


(C. F. 1880 
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I 


'r.'iking 


alternately + + - > , 

^ ( w.r + j(-V -f /O Ot' - , i . 1 - /A 

.r^ + .r;Vz + ;;///) + abm _ ~ ri b -f fna ; + abm 

/7/.1 - -f- x{ii 4- w/?) 4 - <.^0 mx" - x\b r nia ) 4- ub 
__ cl iff. of niimerat< >rs _ -j Irr 4 - w/’ 4 - /’ 4 - ^uu) 
cli ff. of den in inaiors ,ruc 4 - /’^'b 4- b 4- wa) ~ 


supposing' .1 is not zero, 
.v* T x(<i + //lb) + ab/// ^ m.r'^ ffib)xab. 


\ r*i I ~ ifi)~alh I - w), cji\ t‘ --‘ttK X — 4: ^{ab'). 


\ EXERC'ISE CXVIII. 


Solve the following equations : — 


1 

8 .r^ - 2 

7 - 17 

2 . 

3 . 

‘ +3 

7 a- 4 * l 

4 


2 .r 4-5 

ii.r 4-4 


6 

.r 4 - 7 ^. 

a--7_ roo 

6 


.r - 7 

. 1 - 4-7 .r "“49 


7 . 

ax -f b 

a 4 - bx 

8. 


CX^d 

(' + </x 


9 . 

4.r’4-2 

8 . 5 .r^ 4 - 10 
■t- - - 0 . 

10. 


. 1 -^ 4 - 3 

-f 9 


11. 

i 4-.r^ 

7 _ vi 

4 - ” —a . 

12. 


^ I 4 - .I f 

' (i - .rf 


(3 *' 4 )( 6 4 - S-t ) 4 - (x 4 - 1 Y - 4 J 
\r » _ "Jr ~ I I > - 3 
XV a'- I 4a -3 2i 

{■i-S'f 

' ■■+ ' + ‘ =^0. 

a: + 1 1 -v + 2 .V - 1 3 

x + x X - a b 
— 4 ~ — , 

x-a .i+x 

(v-p l Aq-i.r - I )' 

“ 10. 

i.i' 4 l)'4-( r-- I r 


3 * Every complete quadratic ec^uatson (.an he reduced U' a.e 
torm (r-r* + ^.r 4-c — o, or by dividing throughout i>y the co-efficient *4 
i‘3 to the form ,r" 4-/.v-f </- o, vhere p and y may be positive or 
negative, the co-ellicient of being 4* i. 

To solve \ px we factorise the left hand side thus : 




= x* 4 -/.r 4 " 



adding 



to get a perfect 


square and then subtract 
it to keep the value on 
changed. 



fLzM. 


4 
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.'. -]rpx-{-(j --0 ^ives 

either .r + = o or ,r+^- =o ; 

- - 2*2 


.r_-. ^Ar'4^/) or r= J- , 

2 2 ■ 2 2 

This may be shortly written x~ . 

Ex . S ol ve x^ + lx - == o. 

We have x^ + lx ~~ I 

— ,r'*4- (-/Jr - ", adcim^^ and subtracting' { /. ' 

-= f.r + -/^ -f \ + 12 - \ 

,'. either .r-f '! —o, or, x- \ ~o. 

.'. .r “ — or % 


4:. Let us now consider the general form of a quadi./. 
equation, T'/r., + + d' — o. 

We have ax^ + Av-hi 



. . r 4 /' r -I- < ™o gives ^supposing r? is not zero; 
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either .r+ -r =^0, or, 

2 a 2(1 

/j sj 

, a + - 0. 

2 a ''xa 

. _ /> V'Vr- 4 rfi- 

2 ii 2 a ' 

b - 4 u 

or, X - — 4- 

2 a zx 

th'‘t is, . 

Ex. Solve 8 a'“ - 2 .r - 4 = 0 

We have 8 .r" ~ 2.1- - ^ 

~ b+ \ / 4 'i' 

2 a, 

~ 7 f) 


Bfr* - 7-r - 1 ~ \ 

d *' f - *') - fq, addm., 
and subtiat tmg 

---Km- - ; + .> ■ 

’ - s 


u( r~r \ 'j[x “ , j. 
either .r-f ‘ --0 ()i ’ 

X- -- ‘ or h 

Note 1- i A>ni the ai'Mve \vt* see that the quiuiralK' Mj-iaiK.’, 

V /'dt ~ 4>/ ) 

'/I ‘ -f/'.i -fc lias two roots. ' . i tiesc ro.48 ''houl'^ 

2 a 

he Cvontmifled to meioory by the ■^tiident, and it! any particuki t xanij'lt 
li. y obtain the S'')iut!on by ^ub'.tlt^Uln^ tie- value- < v, . 

Thus in the above example - K, /■ 2, ■ - 

2± J{ - 2 i- - 4 S. - ^ 1 
2.<S 

. , 1 r 

- - ^ or ~ as betorc. 

16 

Note 2 In the e<|uaUon a\'^ + ‘>x-h' =0 tl v\e ratiwnali/L the numer.i. 

'<>r- of the roots vve can write thtou it> the nit - 7 

Note 3* The student will oijserve that we have altove, the 4 fnei-d 
tnethod of resolving any expiession of the +■ int * fact -r-. 

atid tins IS the process to he used when the iin tjj'od > facton-atiUL hv 
trial fails. 

S- The method of solution of a qundratic equation pixels .n 
the preceding articles may be convemently ptesented :n a 1 V,'l 
different form as follows ; — 

'V t\ , 1 . Solve 6 x~ - 7.r T 2 ~ o. 

Transposing, 6 x^- y.r— - 2, 
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Dividing by 6, -7*. 

Adding to both sides, 
.r"' - ix + (ly* 



, 144 .* 

A)“=GV^ 

Extracting the square root, ±y\- 

or 

' ■^x. 2. Solve ax^ + l^x-hc=o. 
Transposing, ax'‘-^dx— -c. 

Dividing by X‘ ■\-~x— ; adding 


(I \ 2 a/ a \ 2 a/ 

■■■ (-0- 


to both side>. 


Z'® — <\ac 

4 a~ 

Extracting the square root, .ir + ~ = , 

— <6 + v^Z;* — 4ac 


We may state the method of solution thus : — 

(i) Write the equation so that the terms containing the un- 
known quantity may be on one side and the constant term on the 
other ; (ii) divide both sides by the co-efficient of the square of 
the unknown quantity ; (iii) add to both sides the square of halt 
the co-efficient of the unknown quantity ; and (iv) extract the 
square roots of both sides, 

, Hindu Method. The following is the Hindu method 01 

solving a quadratic equation given in the Bee; Ganita of Bhaik >> 
AGtaryaj a famous mathematician who flourished in the beginn n. 
of the thirteenth century. 

E X. Solve ax^ + bx + c — o. 

Transposing, ax‘4-bx~ -c. 

Multiply by 4 *'?, 4a^x^4-4abx= - 4 ai\ 

Adding b'-' to both sides to make the left-hand side a per:t 
square, 4a\t^ -f 4t2/u' + b'^~b^~ 4ac. 

, ' , {lax + by - b‘ - 4ac. 

Extracting the square root, 2 ax 4 rb— ± ff^- 4 ac). 

2(U-~- ~b± fib^~4ac). 
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We may state the Hindu method of solut' ju thus ; — 

(i) Write the equation so that the terms containing the un- 
known quantity may be on one side and the constant term on the 
other ; (ii) multiply both sides by 4 times the co-efficient of the 
square of the unknown quantity ; (iii) add to both sides the 
square of the co-efficient of the unknown quantity in the original 
.equation ; and (iv) extrac. the square roots of both sides, 

7- Nature of the rpOJtf* her '-/u fu -o be a quadra- 
tic equation and suppos(f<^^ u are rativin.d. 'fhen the roots ate 

™ Z'’ 4- b'^ ~ ) —b - Ir ~ 4r'?r) 

2u ’ 2a 


Now the ({uantity under the radical sign, 4^?^ nuiv !)e 

zero, positive, or negative. 

(i) If /r — 4Ut - o (or - 4uc), the roots are equal in maq/u- 
hide a?ui of the ^e: h being - ^ at; are real and 

ratioftal. In this case the equa: :Oii is said to have a pair of equal 

roots. 


(h'^ If /r -- 4 ^n' be positive (or /4> quo), the roots are ov?/ and 
um'quiiL They are in ihi;' case ratuutal or ir'rational according as 
IS or is not a p)erfect square. 

(iii) If />"--4<7c be negative (or i, the rocts aie said to 

be imaiqinaiy. For, ..J 'Jr — js,ac) is a quant’*’ whose square is 
nt'gative and is therefore called ituaq'tnajy as opi used to real. 


The quantity — whicli thus discriminates the nature .4 
the roots of the equation -f Zn’4-/ ~ o is called its di^cri 

minapt. 

Ex. Determine ihe nrdure of the roots of the loHowing 
equations : — 

(ii 4.r"~ I2.r 4-9 = 0. (li) 2.r -4 3.1* - 5 ---o. 

(iii) 3..r- - q.r 4-5=0. < i v ) 5 i'" -f 3a' 4 - 2 = o. 

(i) Here the discriminant - qtrt 12)"- 4.4.9 -o Hence 
the roots are equal, real and rational. 

(ii) Here the discriminant = 4.2( - 5) = 49 which is 

positive and a perfect square. Hence the roots are unequal, real 
and rational. 


(iii) Here the discriminant - 4trc = ( — 9)^ - 4.3.5 = 2 r which.' 
|>ositive but not a perfect square. Hence the roots are unequal, 
real and irrational. 


.5v) Here the discriminant Zi’~4frc’ = 3" -4.5.2= -31 which is 
gative. Hence the roots are imaginary. 

13 
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Note. The student should distinguish between irrational and imagi- 
nary roots. In the formei case the values of the roots can be found to 
any degree of accuracy, though they cannot be exactly determined ; while 
in the latter case no real roots can be found to satisfy the equation, for 
a negative quantity has no square root, whether exact or approximate. 

Thus in the equation ~Sx-\-S=o, 

_ 8 ± ^(64 “ 32 ) _ 8 ±4 J 2 

2 2 . 

=-4±2^/2 = 4±2X 1-4142 

=:6 8284 or riyib to 4 decimal places. 

But in the equation .r“-2x + 2 = o, 

2± V(4-8)_2± V(-4) 

.V ^ - -- , 

and ^ince we cannot extract the square root of - 4, the roots are 
imaginary. 

EXERCISE CXIX. 

Solve the following equations 


1. 

a:=- 

7.r -f 1 2 0. 

2. 

a- -2a' -35 = 0. 

3 . 

I5.r 

^ - 8-r - 63 0. 

4 . 

l4.v-‘-4l.;r+ 15 = 0. 

5 . 

I5.r 

"+-r-2 = o. 

6. 

8.r= + 22;i: + 9==o. 

7 . 

77U'"-- i)-72,r. 

8. 

35 a'“+a'~ 204 . 

9 . 

io.r 

2_. 2i,r= 187. 

10. 

57a'=+5a'- 22=0. 

11. 

2,V^ 

+ 6 1 X - 86 1 — 0. 

12. 

3.r’- 104a'- 1739 = 0. 

13 . 

2ijr 

^-58;t-- i 43 =-o. 

14 . 

22a'''-f* 1 23-^ — 67 = 0. 

15 . 

ax ' 

+ 2/>a- + r = o. 16 . 

3(a' - i)(.r - 4) + 2(a: + 2)(ar - 3) 4 ^ 

17 . 

{2X 

+ 0 ( 3 -^+ 5 )'l-( 4 -i- + 3 )^ 

= 3(.r+i 

)( 5 -*' + 7 ) + > 9 - 

18 . 

{ x - 

1 

1 

1 

ll = (-v- 

(C. F. 1861 

19 . 

Resolve into factors : — 




(I) 

5 a-= + 7 x- 9 . 

( 3 ) 

~ 7a'’ + 2ar + I . 


(3) 

+ 7;r + 4. 

( 4 ) 

4;*:’ -9a- 4 - 2. 

20. 

Sta 

4 e the nature of the roots of the following equations 


(t) 

1 1 A*"*- 46:1' + 39 = 0, 

(2) 

3a" - i 8a' + 27=0. 


( 3 ) 

4-1-^ - 7a' + I = 0. 

( 4 ) 

2a’~ 5a+4 = o. 


Irrational equations. We shall now consider sonit 
irrational equations which when rationalised lead to quadratics. 
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Ex. I . Solve -r + ^(5.1* -f 10) ~ 8 
Transposing, v/(5.r+ io) = 8 ~.r 

. squaring, 5.r + i o — 64 ~ 1 6 x + x". 

,r*-2Lr+54 = o. x~$ or 18. 

On substitution it is found that only the root 3 satisfies the equa- 
tion, and therefore .1'- 18 is an extraneous solution. The latter, 
however, satisfies the equation x~ io)"S, 

Ex. 2. Solve 7- i6)=^2.r. 

T ransposing, - — 16 » ~ 2.r - 7. 

. ■ . squari ng, r'-* -- 1 6 - 4.r- - 28.r -f 49. 

3.1'* - 28a' -h 65 o, whence 
A ~ 5 or - 

On substitution iv is found that rione of the values of x satisfies 
lie equation or there is no solutio ' to the equation in question. 
These values, however, satisfy the equation 7 -f J{x^ - i 5 ) -~ 2.r which 
when rationalised leads to the same quadratic as in the case of the 
proposed equation, and it is therefore a matter of chance wliether 
one or both the roots of the rationalised cjuadratic will satisfy the 
proposed eijuation. In su('ii cases therefore we are to see by actual 
'Substitution whether tiie values of .v so obtained satisfy the given 
equation or the other form. 

Ex. 3. Solve + 2U' - 8) -h r- 4 * cjx - 2 - * - - yx - r 8). 

H ere v/b'f 2)Cr 4 - 4) + Jix - 2%r +11):^-= U' -« 2 )(8.r + 9). 

/. Either ^/(>-2) — o, which gives .v -- 2. 

or J ix 4 - 4) 4 J I. .r 4 - n ) \ 8.r 4 - 9) 

Xo solve this, square both sides ; then 

i' 4 - 4 +x 4 - 1 1 + 2 4 4 n j ^ 8u: 4 9. 

2 v/(r + 4X-^'+ n)-^6.r-6. 

Dividing by 2 and squaring, »ar + 4 )(a' 4 - 1 1) — (31' ™ 3)% 
or .r" 4 1 5a' 4 - 44 — 9^-’ - 1 8.r 4 9. 

This gives Sr"* - 33,r~ 35 = 0 whence 5 or - 

by substitution it will be found that the root - J does not satisfy 
the equation ; hence the solutions are 2 and 5. 

Note. The student will observe than in this example we have made 
vs: .f the following principles : — In the equation A.P«»B, P having a 
common factor P on both sides, either P««0, or, A*B, 
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For, write the equation in the form A.P-B.P = o, or, P(A~B)=o. 
Then evidently either P = o or A-B = o which gives A--B. 
See p. 244. 

hix, 4. Solve — xY + ax = x. 

By transposition, \\i -{-x/ - ax~x - n/(i -xY^ax. 

Square both sides ; then 
( 1 4- .r ) - ax •= x^ 4- ( i - xY •\-ax~2x J{i~ x 4- ax . 
or I 4 - 2x 4- x'" ~ ax —x^+i - 2 x 4 - x'' + ax~' 2 x - 2 x 4- a” 4- ax ' . 

.*. 2X [ - 2 ;tr 4- -V'' 4- ax) ~ x^ 4- 2ax — 4X. 

Divide by x and square, then 

4 - Sx 4 - 4.r* 4 - 4a X - x- 4- 4 - 1 6 + 4ax - Bx ~ 16' i. 

3.r'* == 4(1' - 1 6r? 4 - 1 2 = 4(<rjr — i ){(i - 3) , 


E\. 5 . Solve {a 4 x) ' 4 {a - x) * -- 30?=* - .r=*)^ . 

Transposing, 0? 4a-) ’ 4 (a ~ x) '■ - 30?' - a:^) ’ — o. 

Now remembering that if A 4 B 4 C — o, then A’ 4 B' 4 C 
ABC, we have 

(a 4 xY 4 {a — .r)'"* - 27(a- - .r-) ~ - 9{/? 4.r) ' (a - -r)-"* (<r - .r*) . 

^ -()(a^-x^} '' 0?=* - .V")-' 

= -g{a^-X'), 

(a 4 xY 4 (a - xY ~ * SO^'* - .r*). 

2 O?* 4 -v') = ! 8 (^^? - xq, or, a' + x^ ~ 91 ’ - gx\ 

io.r*-S(?=' or x'-—- ; hence x — -h— . 

5 ~ JS 

9 . In some equations involving’ irrational denominators, it i; 
advisable to begin ]>y rationalising the denominators. 


Ex. Solve 


J{l -;r)4 1 

A I 


Here - + 




I 

X 
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Multiplying both sides by .r, - J(i i +• J(i +.r)+ r - i 

Squaring, i + .r + 1 + 2 v^(i -f .r) = i - ,v. 

2v'(i+,r)= 

Squaring again, 4 + 4-^ = 4.. =* + 4.r + I . 

4a"* — 3, whence .r= . 


10 1 n some 

usefully employed. 


irrational equations special methods may be 


Ex. I. Solve 


a 4- X 4 - ;J(a- ~x ) _ i\r 


Hy comp, and 


d’vid., 


2 -U *') 


or 




a-\-x 
a - ur 


bx-\-i^ 
bx ~ c ' 


.Squaring 


(I .1- _ /^^r’ + 2 A-’.r + c* 

(I - X b\r-' ~ zbc'X 4- ^ ’ 


Again by comp, and divid., 


a 

X 


IV 4 - 
2hc'\x 


Multiplying cross-wise and reinovmg x fronj i. *th sides, 
b\x' 4- c** = 2abc\ or, b\x' -- c\zab - 1 *) 

. *. X - ± J{2ab - c"). 


Ex. 2. Solve Jf6T^4-7r4-6)~ v'^(7.r-4' + 2) ”U'4' 

We have indentically(6,i'‘4- 7.v 4-6} - (7.i"‘4- 7.r 4-2)™ (a - - 4). ..(2) 
Hence from (i) and (2) by division, 

J[Gx-^d7x^6)d s6 7-r4-7-t'4-2)=- -- (.t - 2)....(3) 
From (i) and ^31 by adding, and dividing by 2, 

^,/(6.t:"4>7-t' + 6)^2. 

. 6x^ 4- yx 4-6 = 4, or, 6.1'^ 4- 7-^' + 2 = o . 

This gives ,r= — or ~ 

Ex. 3. Solve I ox-‘ -- 7U.- 4- 4) 4- s/i^x^ - 3.V 4- 2) 

= s/(4.r^ - 24r 4“ 3) -h 2.r^ 4- 2.r + 1 ). 

We have indentically ( io.r’ - 7x4-4) - (8-r^ ~ 3x 4- 2) 

~(4x=- 2x 4- 3) - (2X'' 4- 2.r 4- 1 ......(r) 

Hence from (r 1 and the given equation by division, 
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*y(lo;r= - 7;r -f 4) - ,y(8;ir^- 3:r + 2) 

= ^/(4;t:’-2;r4•3)— J{2x‘^-k-2x^rl) ( 2 ). 

From (2) and the given equation by adding and dividing by (2), 
J(io;r'"-7Ar+4)«* ^(4^=*“ 2;r + 3). 
io.r’-7;r + 4 = 4;r^--2;r + 3. 
or 5^+ 1 =0 ; when x~{ or 

EXERCISE CXX. 


Solve the following equations : — 

1 . 3^'+ 2. 2 -\- J(:^x--ii)=^ 2 x. 

3. ^/(-^■ + 6) + J{qx - 2) ~ 8. 

4. ^/(5~^)+ VU-i-8) = 5 J(2-a). (C. F. 1873 )^ 

5. ^/(x" ~ 3 -r - 4 ) F 5 ^/( r* ~ I ix + 28 ) = 4 (a - 4 ). 

6. iJU'® ” 8.r + 1 5) F ^{x'^ + 2,tr - 1 5) = (4-r* - 1 8;»: + 1 8) . 

7 . J{i-x-\- x^) - J{i-\-x + x^)^- a. 8. \f{x F a) - \/{x - a) - />. 


9. (i F-v)^ F(i -'.r) ’«2 \ 

10 . (- + 3y\^Av-:3\-. 

\2 -v-' 3/ V2-»'F3/ 


(C. F. 1885). 


4 '!' ty. 

4.r"~9* 


n. 

la 

14. 

15. 

16. 

17. 

18. 


12 . 

\ (l I - OX 


J (<?’ F x) F ” x) _ 

v/(/!' +x) - - -r) “ 

.v+ S 
A - - I ) 4- F - I ) 

-s/ 15-^*F7^' + 3)+ ^^(5-^' + 7-»^F6)-3. 

F 4<^'r F 4«*) ~ F 4^J-V “ 4«'") ” 2^^. 
v/( 9 a“ F 1 4-^ ^ 1 5) - F 1 4-'‘ F i) a ~ 4. 

2.1' - 1 ) F J{3.r - 2) “ J\ F‘' - 3) + v^‘ 5-^' - 4 >■ 
J{ 1 2A-'* -- 8 a' - 5) - J^yx'^ - 5-^' F 41 

^ J(8.r^F3.v- 


v^l3-r''Ffu'F7^ 


II \Vc append a few illustrative examples on quadratics 
Ex. 1, Solve F 7"*^ 1890'K 

X-2 2{x-l) 6 ^ 

Multiplying by 6(x-2)!.r— i), the L. C. M. of the denominator? 
6 {a - 1 ){x F 2) F - 2 )\z\ - 5} 23vr ~ 2 )Lr - i ), 
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/, 6 ;r ®4 6;r- 12 + 6;r®-2i.i'+i8 = 23x*-69j»'4'46, 

or 54 ;ir+ 40 = 0 . 

. 54 ± N/( 54 ’- 4 -n- 4 o)_. 54±34 


Ex. 2 . Solve £±6^S£rJ.4 = 5. 

~ X~ I X-i- 2 X~ ^ 2 

■■■ 

3 ^ _ 

* * Jr - I x -\' 2 .r - 3 

3('^ + 2)Cr~3)~ I2{x- i)(.r-3) + l'r- i)U-+2) = o. 

or simplifying, 4,r^- 23;r+28~o. 

23± ^./( 2 ">"- 4 • 4 “ 28 )_ 23 ±o 

•• ' "“8 '8* 

= 4 or I 

e,. 3. 

. 28 9 ^ 18 56 _ 

* * .r + 1 yix - 2 ) 7l2,v + 3) 2 X -f i ’ 

or " )-^ ( ^ J 

\x+l 24 + 1/ V2l' + 3 X-~2/ 

- 28 ^ , 7 

’ * (.r + 1 ji 2X +11 ' * (2-r + 3 M‘.r - 2 } ■ 

28 ( 2 jr-f 3 )(.r- 2 h-. 9 ^r-f i)( 2 .r f l). 
or 38 .v‘ - SS-r- 177 -0. 

Solving this .x 3 or - ! i. 

_ _ , x" + 2.r + 2 ,r'-f 8 .r + 20 ,r* + 4-t + 6 .r’ + 6 r + 12 

Ex. 4. Solve -f , . 

^ x-^i X + 4 X + 2 .f + 3 

Here ^x + I + -^-^^^ + (,«r + 4+,4j 

-(^ + -+.r+j)"-(-‘'+3+r+3)- 
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1423 
;i;+l x + 4 x-\-2 2r-h3‘ 


By transposition 


L— 

x-r4 ;r+3 x-t2 x-^i' 

X X 


• ‘ (.T + 4 )(jr + 3 ) (.r + 2 )(.r -H ) ‘ 

Hence either .ir=o or (.x+4)(.v + 3)=(2; + 2)(2r + 1). 

This latter gives ;r'' + 7.r + i2=:r'* + 3-r + 2, 
or4jr=-io; /. ;r=-~ 2 |. 


Thus the roots are o, ~ 2 

Ex. 5. Find the ratio of 2: to ^ from the equation 
35 .r“ + 3 .ry- 2 j/’=o. 

Dividing by y, 35 +3^^^ -2 = 0. 

• ■* = ~ 3 ± J(.9 + 4 2 . 35 ) ^ -11 = 1 or 

’ * 70 70 ^ ’’ 


EXERCISE CXXI. 


Solve the following equations : — 

1 . Mx^ - x{dc 4- )’\-ac^.o. 2 . {a^ - )x^ 4* 2ab^x 

3 . (x 4- a - 2dy -{x‘{-2a — by = (^r 4- by 

4. (.r4“a)(;r4'^)(A'4-^-)~«^c. (C. F. 1895 L 


6 £±? + 4 := 5 £± 3 . 

r 8 


7 . 

9 . 

10 . 
11 . 
12 . 


6 . 

8 . 


iV4'5 2.i:+i 


.rjf 6 _ 1 

.Y + 7 a-t' 2 ~ 3 .v + i‘ 

3x4-2 

3-5.r4--i25*^-75-^+i'375 

, 6 x “ T i , xr 4 - 1 3 j 
S* -4 “ ’ 2X4* I ^ * 

^ 35 - ^ 3 ,r ~4 
1 4“ 2.1- 34*4-1' i~xr*^3- 4^'* 


5 --r 4 "-.r .r4-2 

= 5 - 76 . 


20 JY - 9 


(C. F. 1885). 


2 x* + 51+3 2 Y® -^ 2 ^ _ tlf* + * 8;tr4‘ I o 4r^4-22j:4“ 12 

-r-f 2 44-3 ;r 4“4 > -^ + 5 
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Solve the following equations : — 

Id. 7 A- + 5 . i^" 9 .r .. 2 ( 6 .r 4 - 4 ) 

’ 9~2.r 21 7 

16 . 7 r , 

{x-S){x-c) {x-c){x-it) {x~aj(x-d) 

16. (l +.r+;tr=)»= +x^+x*) (C. F. 1903). 

17 . Find .r ; y from 

(0 7 V* - I Z^y - 2y^ =0. (2) 3.r^ - $^xy + 34^"' ~ o. 

18 Find X ; y from 

^‘■+;tv-6r . 2.V= + 3 . 19 /+.V’^, 

Z 2 *- The following are some equations reducible to 
quadratics. 

Ex . I . Solve 36 a'^ - 2 5;r* + 4 = o. 

As.sume x^=^s^ then 36.sr^ — 252' -f 4=^0, 

or -4X4.0'- i) = o : whence r = { or 
or i, whence Ar= ±^-, ± 

Ex. 2. Solve I sx^ -f 4.r > — 17 

I 

Multiply both sides by .r '' and transpose, 

2 1 

th en 1 5.v-^ - i 4-4—0, 

1 

Assume — then 15.2'’- 17^44 — 0, 
or (5^' - 4/(3^ — r) = o ; whence or * . 

.•. r’ = t or : .•. ■v=,''A or 

Ex. 3. Solve 2(.r’-3.ir + i)’ + 5(.r’-3.r+ r) + 3 = o. fC. F. 1873). 
I.et x'^ - 3.r 4- 1 — r, 

then 2 s^ 4 $2 4 3 = 0, or (2ir4 3)(2^4 i)-o, 
y 2^ - I or - I . 

- 3a' + I =« - or, - 3X 4 1 =* - i . 

Solving these quadratics, 

3 ± J - I 

^ — j 2 . 

Ex. 4. Solve x^ - 5x - 7 ^(.r* -* 5^: 4 6) 4 1 8 = o. 

Here (.r* -r 5.r t 6) - 7 J{x* ~ sx 46)412=0. 

Putting yj{x*- 5.r t 6) = ^, the equation becomes 12^0^ 

whence 2 = 3 or 4* 
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Thus iy(;r=’-5.r + 6) = 3 (i), or, 5;i;+6)=4. 

Taking (i) and squaring, 5;r+6 = 9. 

2 

> Taking (ii) and squaring, jr"* - 5;r+6 — i6. 

. ^ 5 ±J ^5 


Ex. 5. Solve (a + +- 1 2(a -xY — l *“ 

I 

Dividing both sides by 

Putting^--^^^ " = 5, we have 
12 

-j — = 7 or Z* ~TZ ^r \ 2 — 0. 


. . a + ,r 

. . z^i or 4 ; ?.e., or 4’' 

Hence by comp, and divid., 

- r 4« - I 

— . a. or, . (i» 

3''+ 1 * ’4''+* 


Ex. 6. Solve 


x^ T I i.r--8 x'* + 2-r -8 ar’- 13 .V“ 1 


Putting .r’- 8 = ^, we have ^ + ^_- - + 

(^ + 2.t) (r~ I3.r) + U- 13 T) (j4-iix) + (:r+n;r) (£' + 2.r)--> 

whence multiplying and simplifying, .^’==49.1'“. 

2 '= i 7 -v. 

Hence ;i'" - 8 = + ix and jt-= - 8 = - ^x. 

Solving these .r= ± r, ±8. 

Ex. 7. Solve (;r+ i)(-v -f 2)U + 3)(x-h 4) = 24. 

H ere {x^ + 5.r + 4)(.r* + 5-^ + 6) = 24, 

or (.^ + 4)(-3^ + 6)«24, where + 
r*+ ior=o, whence z^o or - 10. 
x'*4-5x~o, or 5.1*== - 10. 

Solving these quadratics. 


.r=o ,-5 ; 


. zJ^jsZlrJLL^ 
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Ex. 8. Solve (.r + a)^ + (.r + 3)^ = 2r* 

Express -r4-«, .r + ^, as the sum and difference of two other», 
thus : 

let .r + £? = v-f/A . ^ a + d . a~h 

. ^ > so that j'^x 

' 2 2 

Then the equation becomes (/+//y -f ( 
or 2(^4- 6Ay^ + /^") = 2{'*y 
4* 6Ay^ (//4 _ r-*) = o 

“* i 4(//^ “ I 

2 

a-¥b 


/. f- 


x-\- ^ == ± N/"~3//^±'^7(V>”4-rQ’ 


a-\~b 


± \/-3/c^±'J[iMViy 


The same method may be applied to the equation 
(a' 4- “ U' 4* by — 2x\ 

Ex. 9. Solve 4.r^ - i6.r^-l-23,r^- i6.r4"4 — o. (C. F. 1882). 

Here 4(.r* 4- 1 ) - i6.r(V 4- 1 ) 4- 23,r’ - \ 

Dividing by ,r-, 4 ^.r-4- - i6^.v4- ^^^4-23-0. 

■I 

Put A* 4- —2. SO that ,t*^4 — — .s-- 2. 

X X' 

Then - 2) - 16^ 4- 23 — o or 4^^ - 1 62 4- 1 5 --o 
.2= I or iy ix., x+ ; or X +■ ^ - j. 

Taking ~ have 2.r= - 4* 2 — o. 

, x-2 or J. 

Taking 4- == 5, we have 2.v= - 3.r +2 — 0. 

3±J-y 


Not©* An equation is called reciprocal when the co-efficients of 
terms equidistant from the beginning and the end are equal. The above is a 
reciprocal equation of the fourth degree and its solution deserves attention. 
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Ex. 10. Solve 3^ + 3®*^ — lo. 

Multiplying by 3% 3*^ + 3'*® 10.3'. 

/. 3*^^-io.3"^+9=o, (3"- i)(3^'-'9)==o. 

3' = I or 9, i,e,^ 3° or 3=. 

/. x~o or 3. 

Ex. n. Solve (x4-<3)3 + (Ar+4^=83r3 + (a + ^)3. 

Here {(a' + a) + (at -t- ^)}{{x + ay — {x + a){x + ^) + {x 4* ^?y} 

— { 2 X -}-(« + <^)}{4A''' - 2 x{a^ 4 - (a 4* ^y} 

or, ( 2.1* 4- rt 4“ 4- x{a + d) + a^ -ad d^} 

= { 2 x 4-^4- ^){4 a;'* — 2 x(a 4- 4- (« 4* 

/. either 2.r 4-^2 4-^=0, which gives ,r= -lia-^d), 
or A® x{a d) i- - ad -jr d^~ 4 x^ - 2 x{a 4- 4- 4- ^)% 

z.e.j x'^ — x(a‘i-d)+ad~Oj which gives x^a or d» 

TT L' 1 ax + d .dx-]-a (a^^d^x + z) . _ „ . 

Ex. 12. solve (A. I. ,893). 

Hence, + 

V^.r4-^ / / c'x-fa + d 


ir,r4'<2 4-^ * 


^a*4-^ ^ cx+a 


This gives a= o, 


a — c ^ d — c __a-ird-2c 
cx + d cx + a cx -f a -^ d 

== , 4 . Ar^' 

cx^a-k-d €X’\-(i-\-d* 

Transposing, 

<i{a-c-) -d(d-c) 

{ cx 4" d){c'x 4” 4* (i-'.i* *t 4* d){c~.t' + a) 

,\ a(a ~ f')(i:.r 4- rf) — - d(d ~ c)(('x + 

. , a^(a - ^) + d^(d - i:) 

whence 

EXERCISE CXXII 


Solve the equations :— 
1. 4Ar* - 5.r^ 4“ I ~ o, 

3. 6.i:**4»iI.v'‘’*lo. 


2. 9 J.«r-5J-=2i. 

I s 

4. 21-r^-f 5 x““ 4 - 22 « 0 . 
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Solve the equations : — 


5. 

7. 

8. 
9. 

10 . 


11 . 


12 . 

13. 

14. 

15. 
10 . 


17. 


18. 

19. 

21. 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


30, 


32. 

33. 
84. 


2 1 jr ^ 2 ^ . 6. .r + = 

(x + ay + (.r - ti)** ~ 2d\ 

gx^ ^ 6.r -f I - 8 - i ) — o. 

xir + I ) + 3 J{' 2 x^ 4* 6.r -f 5) ” 2U 2 - x) + i . 

(.r4'4X-v+ 0- J('^"+5)C^'~3)=^3'^'+3i- 

3 . 3 * I 

(.i‘ 4- m) ^ 4" (.i* //i) ^ = (// 4* )(.r'' ~ m-) 

H 


■ d 4" 

(A. I. 18S9), 
(C. F. r877). 

(C. F. 1889), 
(C. F. 1884). 


_4___ It 

- .r - 14 .1"'' “ 2.r - « 4 x~ 1 4 
{x-^a){x’\-'}^a){x ■irla){x'\r’]a)^lZ^a\ (C. F. 1905'), 

( 2x - 5)(3.r 4* I )f 2.^* - I )( 3.r 4- 7) 800. 

(2.r~i)-'(4-v~ i)(4^v-3)^3- 


4- ii.r + 10 bx- 4- 19-1' 4- 1 5 
(;r+iX + (-v-3)'’ = 256 . 

I ox^ “ 1 9-1* “ r 9-1' 4- 1 o = o. 

7 2 X ^ - 2 o 6 x ^ -f 469.!''' -- 306.V 4-72— o. 


150 


iM. 1889 }. 


20. ^’- + 21“ + (.1+3)*= 17 


(i) -IT’ +1=0. (2) .r‘+l=o. (3) ,v' -i=o. 

20,t4 4- 1 2-r3 ~ 1 03.r= - 1 2-tr 4- 20 =» o. 

(j--3)(.i--5)(.t'-7) = 6. 4- 2- 

(X- l){x~ 2 ){x- 3) = (a - I ;i<2- 2}((l- 31. 

(S-r + 8+’ - (3.1- + 5)’ = 8 1'3 + 27. 


-r 4- 1 =.r3(-r4*2). 


29. 3'4-3^‘’ = J2. 

I - * n'^-*'"4*8 

A'4- V.r"4-8 


a + cja + x) ^ fi4-jr _ a ^ 

a 4- - -r) X a — 2 cx ’ 

_a4*<^4*r 

bC'-'X ca - x^ab — x x 


(II W f86i). 
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Solve the equations 

35. + J- == ~ ^ 4 . J 

x+a x-\rd x^-a-c * 

36. ^ 
x-d x-a b a ‘ 

:37. ~+'‘-,= io('^-4Y 
3 V3 r) 

38. (.r - bc){x - C3)(;t' - ab) = + c)(c + a)(a + ^). 

39. (<* — ;r)'^ + — 4r)3 3=(<^-|,(^_ 2 ji:)3. 

40 ^ cx — d 

a-\‘bx c-^-dx a — bx^c — dx* 


(P. I. 1892). 
(P. I. 1892!. 


Problems leading to quadratics. 

''^Vu "T “"S'der some problems leading to quadrabc 
equations. The method will be clear from the following example! 

Ex. I. Divide 30 into 2 parts so that their product may be 125. 

Let .tr=one part, then 3o-,r=the other part. 

By the question, 4 :( 3 o-.r)= 125. 

.-. .v’- 3 o.r+ 125=0. .r=5 or 25. 

Thus one part is 5 or 25 ; the other p,art is 25 or 5. 

Hence the parts are 5 and 25. 

Ex. 2. A person buys a number m sheep for Rs. ico If the 
prices were 8 annas less per head, he could have bought lo rnore. 
h md the number of sheep bought. 

Let number of sheep, 
mo . 

price in Ks. of each sheep in one case, 


Thus 


-i + 10^ price in Rs. of each sheep in the other case. 

By the question — - = 4 » 

X x-h 10 * 

This gives .r^+io;r- 3000-0. jr=5oor ~6o. 

Neglecting the negative solution, the number of sheep- 50. 

Ex. 3. A number consists of 3 digits of which the sum is 15 
and the sum of their squares 83 ; and if 198 is subtracted from thi 
number, the digits are inverted. Find the number, r 

Let 3 be the digits in the unit's, tens’ and hundreds’ 
places respectively. 

Then th©i number— .r+ iqy + loos'. 
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By the question, 

x+jy + s^iS (t) 

+ = (2j 

lOj'+lOOS- 198- 5 -+ lOJ'+ loor (3) 

From {3) 99(^ - .r) = ig8 or ir - ,t*= 2. 

Also from (i) 


Substituting m (2) 

(ar/y+^t(!M)-- 83 . 

This gives loj/ + 21 -o, whence/ = 3 or 7. 

5 = 7 or 5, r=5 or^3. 

Thus the number is 735 or 573. 

EXERCISE CXXIII. 

1 . The product of 4 consecutive numbers is ti88o. What are 
the numbers ? 

2 . A takes 5 days more to do a piece of work than /?, and if 
they work together they can finish it in 8^ da>s. In how many 
days can A alone do it? 

3 - A man travels 84 miles and finds that he could have made 
the journey in 5 hours less, if he had travelled 5 miles an hour 
faster. At what rate did he travel ? (A. L 1891). 

4 . A boat’s crew' can row 18 miles down a river and back again 
m 8 hours ; if the speed of the corrent is 3 miles per hour, at what 
rate can the crew row in sHll water ? 

5 . The men in a regiment can be arranged into a hollow 
square 3 deep ; but if 39 are left out, they can be arranged into a 
solid square having now on each side 10 men less than before. 
How many men are there in the regiment } 

6. A person bought a number of eggs for Rs. 3. I2£i.f. ; if he 
had bought 20 more for the same sum, the price of each would have 
been 3 pi«s less. How many eggs did he buy ? 

7 . Divide 117 into 3 parts in continued proportion so that the 
sum of the first and the last may be 90. 

8. The area of a rectangular field is 7} acres, and the sum 
of the lengths of two adjacent sides exceeds the length of either 
diagonal by no yds. Find the lengths of the sides, (M. F. 1889), 
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9 . Find two numbers such that their sum multiplied by the 
greater is 140 and their difference multiplied by the less is 24. 

10 . Find three numbers such that their sum, the sum of their 
squares, and the sum of their cubes are respectively equal to 8, 
26, 92. 

11 . A person bought 12 seers of sugar and 10 seers of tea for 
Rs. 8 , and it is known that for each rupee he received one seer 
more sugar than tea. Find the price of each. 

12 . The sum of the three sides of a right-angled triangle is 12 
and their product 60. What are the lengths of the sides ? 



CHAPTER XXIX. 


QUADRATIC GRAPHS. 

1 . The Gtudent is already familiar with the plotting ot 
points in a system of rectangular co-ordinates, and the drawing 
of the graphs of linear functions. We shall here consider the 
graphs of quadratic functions. 

Symmetry in graphs. In an equation like a ’ + 2,17* 

4 - 57^ — 0 in which the pcjwers of ^ 

/ are even, if we change7 into--7 ^ 

the equation remains unaltered. 1 ^ 

Hence if {x, y) be a point P on 1 | 

the graph (hg, 34), then Cr, -7) is j +T ; 

also a point /^' (>n the graph on ! 

the other side of (TV aud equally O 4.1 j X 

distant from it. Hence the ! 

graph is symrtietrical about the -7 ' 

axis of X. Similarly m an equa- P' 

lion in which tfie powers of .v 

are even, the gr iph is symme- Fig, 34. 

Irical about the axis of/. 

Again, if an equation contains no odd power of 7 and no odd 
powder of X, the graph is symmetrical about both the axe^ ; if (.r, 7) 
bt a point on the graph then (.r, -7), ( -x, v) and (~,r, -7) are 
tx)ints on the graph. Thus rta'^4/7’-*c is symmetrical about 
both the axes. 

Before plotting points on the graph it is useful to note such 
cases of symmetry. These considerations of symmetry reduce the 
labour of plotting to a considerable extent, for symmeti^ about 
an axis being known we need only plot points on one side of the 
axis, the points on the other side ol the axis being exact reflections 
of those on the first side. 

Graphs of parabola. 

3 . Graph of y — x\ 

P.— II.—14 
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Take the units of abscissa and ordinate to be each i'". Put 

Ar=o,* ^•2,-4 find the corresponding values of jand tabulate 

as follows : — 


X 

0 

±‘i 

±•2 

1 

j ±-4 

±•6 

CO 

+1 

F 

±1-2 

± 1-4 

± 1-6 


+ CO 

y 

0 

'01 

•04 j 

! 1 

•16 

•36 

•64 

I 1 

1-44 

1-96 

2*56 

L_ 

00 



Now plot the points (o, o), (-i, -or), (.2, -04) etc., also the points 
(-‘I, -oi), (-•2, -04), etc., and draw a continuous curve 
freehand through them. This is the graph (fig. 35) of 

TV»e curve is called parabola. 

Note. I • The graph is symmetrical about the axis of 7, for 

there i.s uo odd power of x in the equation- Since x can have any value 
from -oo to -fao, the graph consists of an iniinUe branch sytumeUicaily 
placed with respect of the axis of 7. 
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Again, ^ cannot be negative for any real value of a ; hence the graph 
lies wholly above the axis of x which is a tangent at the origin. 

Note. 2. The graph .r* will he similarly found : it being the 

.ime as that ofjy=s +jta but turned on the other side of the axis uf a, 
djown in fig. 36, 



Fig. 36. 


Not©. 3. The graph of for a positive value of a will he of 

Joe same general appearance as that of^awa'^, and the graph of yvaax^ ; for 
-I negative value of a will t>e of the same general appearance as that of 
>= ~jra. 

4 Graph of y^ax^ ^^bx^rc. We shall consider two cases 
'According as a is positive or negative. 

(i) To draw the graph of/=3;r*- i2;r + 8. 
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represent -2 in measuring x and i in measuring j'. Then plot the 
points (~*S, 19*5), (--6, 1^*3), (0,8) etc and drawing a curve 
freehand through them we get the required graph (fig. 37) begin- 
ning and ending at an infinite distance the axis of a. At the 
point 0 ' (2, -4) the graph turns and the point is called a tur?ting 
point on the graph. At a turning point the ordinate is either a 
maximum or a minimum. In fig^ 37 the ordinate is evidently a 
minimum at the turning point, for it increases on either side of it. 

(ii) To draw the graph of 

Tabulate the co^respond'ng values of x and y as follows : — 


J 

1 -- OG 


1 

-ij -.8 

-J 

1 

— p-1 

0 i -2 

1 

..|.6 

•8 

I 

1 

- CO j 
■ 1 1 

1 

1 1 

-5|-i-5| 

1 i 3*2 

7 Sm 

9-6 1 10-4 1 

1 i 

10-8 

n 


1-2 

1 

1*4 : 1-6 

1-8 I 2 j 2-4 j 2-6 

2-8 

3 


oc 

00 

6 

! 

1 10-4 i 9*6 

1 ! 

8-4 I 7 1 3-2 i -8 

1 1 1 i 

i 

1 -1.5 

"" 5 


~ 00 



Fig. 38. 


Take units in measuring x and y as in the case of (i) above and 
plot the points and draw the graph as in fig. 38, beginning and 
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ending at an infinite distance the axis of x, The point 0 
(i, ii) is a turning point on the graph at which the ordinate is a 
maximum. 


5. Change of origin. Sometimes 
equation by changing the origin 
to another point, the axes bemg ^ 
parallel to their original direc- 
tions. Let OS and OV be the 
original axes and let the point 
O' be {/iS) with reference to these 
axes, so that ON~h, ON—k. 

Draw O' X\ O' V parallel to 
OXy 0 K respectively, and take 
these as new axes of co-ordi- 
nates. From any point P draw 
PM' AT paiallel to OV to meet i 
aX' and OX m M' and M res- 1 
pectively. 'fhen the co-ordi- q 
nates of P in the two systems of 
axes are connected thus : 


we can simplify an 
Y' 

I P 


O' 


M' 


N'"' ' M 

Pig* 39* 


X 


X 


we have OM-^ON+NM^ONa-O'M' ; 


or old A'~// + nevv .r (i) 

Also /XI/- M'Ma- PM'^O'NA-PA f, 
or old^— /^-f-new j (2) 


If any relation between old x and old/ are known, we eai 
from (i) and (2) obtain the corresponding relation between new ^ 
and pew V, i. e.y from any equation having Das origin we can obt<nn 
the equation having O' as origin. 

Sometimes the graph of an equation may be convenientb 
obtained by a change of origin. Consider the equation /"5’ 

- I2.r-f 8 which may be written in the form ^==3 (..r — 2)^-4 orjiH 4 
--•3(,r"2)*’ Now transfer the origin to the point (2, —4) (point C 
in fig. 37) so that for the old co-ordinates x and w?rite -Y-p2, Y- 4 
respectively where .V and Y respectively denote the new abscissa 
and new ordinate. Then the equation j + 4 — 3{.f ~ 2)'' become^ 
F ~ 3A’X which is therefore the equation of the curve referred 
the new* axes Thus the graph of /—3a'®- I2x-f8 with O 
origin is the same as that of 1'— with (7 as origin, and it 
easier to draw the graph from the second equation with respect to 
the second origin. 

Similarly the equation - 4x'*4'8-r-i-7 may be writter 
y,,. -*41 v- n, or,j~ 11 - - 4(,r- t)X 

Hence transferring the origin to the point (i, 11) fO' in fig. 
and calling the new absci^sa and ordinate A', V respectively! wt 
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have Thus the graph of ~4.r» + 8r f 7 with O as 

origin is the same as that of with (/ as orighi. The 

student should draw the graph from this new equation with 
reference to the new origin (the tuminf( pointy 

Generaily the graph oi y ax^ bx -V c coincides with that of 
y—ax\ only that they occupy different positions with respect to the 
co-ordinate axes. 

The graph of y^ax'^'^-bx^c is therefore always a paral> la, the 
value of a determining the shape of the n ve. When a is positive 
the curve opens out upwards (fig. 37) and when a is negative the 
curve opens out dowfjwards (fig. 38). The equation by a proper 
change of origin, can be brought to the fo.m (the new oriyin 

btiny the turning* point), as iliustrated above. 

Hence an equation of the second degree which contains the 
second power of either r or ^ (and not of both) and no 1/ repre- 
sents a parabola. 

y. Suppose the annexed fig. represents the graph of/"* — 
which is a parabola. The f/rigin 
O is called the Vertex of the 
parabola. 'I'he axis of x is called 
the axis of the parabola. 

If we set off OS along the 

point S is called the focus of 
the parabola and if we set off 
along A7J produced and 
draw MX'M' parallel to the axis 
of y, then MX'M' is cal.ed the 
directrix of the parabola. 

Take any point P on the para- 
bola and draw PN perpendicular 
to the axis. Then from the equation 
y'^^ax we get PN^^^OS.ON, 
or the square of the ordinate {the 
Perpendicular from any point on 
the pmrabola, upon the axis) is pro- 
portional to the abscissa {the por- Fig. 40, 

iion of the axis between the vertex 

and the foot of the ordinate). This is an important property of 
the parabola. 

Graphical solution of the /quadratic ef/uation ax'^ybxyc — o 
(first method). 

As an example, let us solve the equation - 5.1 - 2 ~ o 
Dividing by 9 so as to make the co-efficient of x^ ec^ual to -f 1 
and sransposing. we get ■ 554- 4- *22. 

Now taking the units of abscissa and ordinate to be eaGi T' 
draw the graph of (Fig. 41) and cm the same scale draw 
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the graph of the straight Vine/ = *55;r+‘22. To draw the straight 
line we observe that x~i gives /=» 77 and j/=o gives - *4, 
Hence the points (i, 77) and (-*4,0) are on the straight line. Now 
^ the points A and B common to the two graphs and/~'55x 
-4- '22, the y is the same; hence the abscissae are given by .r* 
= -55jir + ‘22, or, in other words, the abscissm of the points of inter 
section of the two graphs are the roots of the equation ;r'*=' 55 .r 4 - ' 23 . 



Fig. 41. 

The roots are therefore from fig. 41 found to be -'27 and '82 
nearly. 

Since any quadratic equation can be reduced to the form 
TT—pxA-q, if we have a well-drawn graph oi y^x\ then by drawing 
the straight line y-~pxA-q (or by simply placing a ruler in the 
position of the line) we can read off the roots of any quadratic 
equation. (Observe that scale must be same for both the graphic 
and same scale must be taken along both the axes'). 

Graphical solution of the quadratic equation ax^ ^-bx-^-c-o 
(second method). 

Draw the graph of y^ax"^ k-bx ^^c. Then for points on the 
graph for which / is zero i.e. which lie on the axis of x, the abscissa' 
are given by rt.r’4-<^.r-4-r = o, in other words, the roots of the equa- 
tion + c — o are the ah sc is see of the points where the axis 

of X meets the j^raph of y ~ax^Arbx-\-c. The roots are real and 
unequal, real* and equal, or imaginary according as the x-axis 
cuts the graph in two points, in one point, or, does not cut it at all. 

Ex. I. Solve the equation 3X*- i2x-h8~o. 

Draw the graph of /==3x*~ 1 2x4-8 (see fig. 37); then theabscissm 
of the points where the graph cuts the x-axis are the roots re- 
quired. Remembering that in measuring abscissa in the figure, 
the side of a small square of the paper represents '2, the roots are 
read as '85 and 3’ 15. 
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Ex, 2. Trace the changes in the sign and magTiituJe of the 
function 7 + 8a' — 4,t'* as .i' increases from - oo to i-co. 

Draw the graph of_7~7 +8-r-4ar^ (see fig. 38). Now observe 
that in meisuring abscissa the side of a small square in the fig« 
represents ‘2 and in measuring ordinate it represents i Then u is 
seen that the function 7 + 8ar-4.r'* is zero when .r~ ~ 7 or 27 and 
that its maximum value ~ 1 1 which occurs when .r— i. Also we 
have the following * — 

(i) As .r increases from - co to -7 the function is negative 
and increases algebraically from - 00 to o. 

(ii) As .r increases from - 7 to 4-1 the function is positive and 
increases from o to ii (maximum value). 

(iii) As .1' increases from -fi to + 27 the function is positive 
and diminishes from 1 1 to o. 

(iv) As X increases from +27 to +0?, tho^ function is negative 
and decreases algebraically from o to ~ 00 . 
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1 . 

Draw the graphs of ; — (i) 

j/ =^.1-4-2. 

(ii) 

.r’ - 2. 


(iii) 

- .r^ 4 - 2 . 

(iv) 


2 . 

Draw the graphs : — (i) 


(ii) 

" 5 ^- ^ 


(iii) 


(iv) 

V ..-2 ~5.vM’7- 

3. 

Draw the graphs of ; — (i) 


Ci) 



(iii) 


(.V) 


4. 

Draw the graphs of : — (i) 


(iii 

X . - ~ 37^ 


(lii) 

.r-~ 3 j‘ 4-4 

(IV) 

3v" 4- 4 . 

5. 

Draw the graphs of (i) 


(ii) 

r--'- 


(hi) 

m - 'r’ 4-6 

(iv) 

X--- - iv* 4 " 6 . 

0 . 

Draw the graphs of : - 
(i) 

(ii) y X " 2x^. 

(iii) 

-.i4-2xh 


7. Draw the graphs of : — 

(i ) }‘~ 2,r' “ 5 A' + 2. ( i i ; j' ~ 3.r'‘ - 4.1' + t o. 

(iii) y = 2 X'~Sx-h 3 > (iv) 4v==^8x + ^-^ 

8 . How would you reduce the following equations to the form 
j' = ax^ ; — 

(i) 7 — 3;i''‘’~ 5;r-f 8. (ii) - 5.r"4* 3,r~ l r. 

9 . Trace the changes in the sign and magnitude of the follow- 
ing functions as x increases from -co to +00 and hnd their 
maximum or minimum values : — 

(i) 2.ir=-3.r + 9. (ii) -3.!r’ + i-+2. 

10 . Solve the equations graphically : — 

(i) 64:’- 7.r4-2«o. (ii) 1 5^:®+ 13^ - 20~o. 
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10 - Graphs of a pair of straight lines. 

Ex. I.’ Draw the graph of = 

Tabulate as follows : — 



„ con>ists of the graphs ; 

r jg. 42 ( I —I). 

which we know to be 
the straight lines P Q and F'Q' respectively. They intersect at the 
origin and are perpendicular to each other. 

Cscnerally a homo^^eneous equation of the second degree in x and 
y represents a pair of straight lines through the origm. 

Ex. 2. Draw the graphs of 2/’- 5.r + 4/ + 6 ~o. 

(i) Tabulate the points thus 


0 

I 

2 

3 

4 

- I 

- 2 

... 

1 

1 

3or~i 

|2or-*5 

! i 

1 

i oro 

1 

0 or '5 j 

1 ! 

- I or I 

4or- 1-5 

1 

j 5 or - 2 1 

... 


Plotting the points we find that the graph consists of two straight 

lines, one RS passing through (o, 3), 2), (2, 1), (3, o) and 

the other K'S' passing through (o,- i), (1, - *5), (2, oj, (3, *5)..,... 
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Otherwise : .r"* - xy - 2y^ - S-r + 4/ 4 - 6 = (jr - 3)f .r : j - 2 ) . 

Hence the graph consists of two straight lines .r+j - 3= 0 an. I 
x-2y-2^o. These are RS and R'S' in ligure 42. 

Note. In general, a quadratic equation of the 2nd degree in 
X and y resc^vable into two linear equations in x and y, re** 


presents two straight lines. 

Ex. 3. Solve graphically the equations .r® -4/’- 0 (i) 

2x+y S ( 2 ) 


Draw the graph of 
.r“ — 4v''==o whicti con- 
sists of two straight lines 
O P an d O Q (.r + 2y o, 
x~ 2 y--o) and also draw 
the graph of 
the straight line fi K in 
the figure. Let HK inter- 
sect OP and OQ m R 
and S respectively. The 
co-ordinates of R and S 
give the roots, which are 
^v-3‘35»2; J- 



Fig. 43. 

11 . Graphs of circles. 

Ex. I. Draw the graph of -fj'* ~ i oi 7= ± . 

Take the units of abscissa and ordinate to be each i". Then 
putting ar = o, -i, *2, *3 etc. obtain ihit corresponding vab.es of 7, 
and tabulate as follows ; 



Now plot the four sets of points (0,1), (-2, *98)... ; 

(-•L-99), (~'2, -98)... ; (a,- 1), (•i,-- 99 >“ ; and (-•i,"- 99 ). 
(- *2, - ‘98),... and joining them by a continuous curve we get the 
graph which is a circle (fig. 44). 


Note 1* Observe that we cannot have x positive and greater than i, 
nor X negative and numerically greater than l, for in either case 
y becomes impossible. Hence the graph lies entirely between the 
straight lines xmi~i. Similarly y mu'it he t»elween 

otherwise .r becomes impo.ssible, thus the graph also lies entirely between 
the straight lines >'«• + 1 and j*at — i. 
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Note 2 That the graph of i is a circle, may be easily seen. 

For if we take any point (jc, y) namely P, on the ^raph and PM be drawn 
perpendiciilar to the axis ofjr, then PM^-h OM^sai /.<?., Of^mi 

which shows that the distance of any point P on the graph from the origin 
is I. lienee the graph is a circle with origin as centre and radiuss=i. 

NotS 3 . In general an equation of the form is a circle 

* with centre as origin and a as radius (the axes being two perpendicular 
!-diameters) for the distance of any point (;t, y) on the graph from the origin 
^ is 4'>'*)=a, a constant. 

Conversely the equation of a circle of radius a referred to centre as 
origin and two diameters at right angles as axes is 
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Fig. 44. 

Note 4. In the equation xa+y — a* the powers of x and y are even, 
hence if we change/ into -/ and xinto~.r the equation remains unaltered. 
Thus if (x, /), be a point on the graph (x, -/),{ -x, /), (-x, — y) are 
also points on tlie graph. Hence the circle x® + is symmetrical about 

the axes %,€. about its diameters. 

Ex. 2 . Draw the graph of 6/ - 1 2. 

This equation can be written as tr- 2)“+(/- 3)^==25. 

If we take anv point (t,/) on the graph, the square of its 
distance from (2, 3) w., (;t:- 2)’ + (/- 3)“ is equal to 25 i.e., 5* 

The distance of any point on the graph from the point (2, 3) , 
is 5. Hence the graph is a circle with the point (2, 3) as centre 
and radius— 5 (fig. 45 ) 
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Jn general, any equation of the form {x hy i-{y ~ 
represents a circle whose centre is the pomt (/^^ 4 '} and 



Fig. 45 - 

Scale -2" - I along both the axes. 

. f 

Conversely, the equation of a circle with the point (A, /*) as 
centre and radius a is {x~/iy-\-{y- 4 y^-a-\ This may be written 
m the form -r-" T r -f .C^.r + c in which Iho oo-efficientH of 

X- and are equal and there ia no term containing xy. 

Ex. 3. Solve + 25 {i)- 

I3,r+I4--9J (2). 

The graph (i) is the circle with origin as centre and radius=r 5 
and the graph (2} is the straight hne PO as in the figure 46. 

( To draw' PfJ, observe that when o,y "6-5 and when x 7 ,y^o]. 

The circle is intersected by the line /*Q at /\ and .S', the co- 
ordinates of these points as read off fom the figure are I— 

(2.r, 4.5) and (4.3, 2.6} respeaively. 

Hence the roots are 4 3) 

/ = 4-3, 2-i/ 

Note- 1. The student*should observe that the same scale most b 
used here (and in similar cases) in drawing the graphs of both (f) and (2) 
and the unit should be large enough to give distinctly the points A and S. 
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Ex. 4. Solve (i) 

5,r~4/+20= o.. (2) 


The equation (i) can be written as (.r-- 2)^ + (/~ 3)= = 25. 
The ^raph is therefore a circle with the point (2, 3) as centre and 
radius™ 5. Describe the circle. 

Again equation (2) represents a straight line. 

To draw it observe that when Ar= •~4»>'~o and when a^~o,_y = 5 
(scale i). The points of intersection of the graphs are R and 
.S' (hg. 45), whose co-ordinates give the roots a'=:2*4, y = 8 ; 

- 2 - 8 , /= 1 - 5 - 

Ex. 5. Find the equation of the circle passing through the 
points (4,6), (8,10), (16,12). 

The general equation of a circle is Since it 

passes through (4,6), (8,10), (16,12), substituting the co-ordinates 
of these points we get three simultaneous equations in /, € viz. 

4^£f4-6/-c= - 52 (i) 

8je + ic/- - 164 (2) 

i6A'*f i2/~r=« -400..,. (5) 
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Solving we get^^= - 30,/= 2, - 56. 

the equation of the circle is 3o,r 4-2>'~ ■ 56, 

or (.r- 15)"* •}-( 7 + i)^= 170* The centre of the ciicle is the 
point (15,-1) and radius= 170 =4 3-04. 

EXERCISE CXXV. 

1 . Graph the following equations: — (i) 9.r® - 1 — o. 

{2) A* ~ 5-rj/ + 6^ - o. (3) — (4) 

(5) ^•"+/*’ + o.r- 14)/= - 33. (6) ± J(64~.r"). 

(7) 6,r*^ + 63'''— lo.r- 8/~8. (8) \()y' — i6.r “ 24y~ y . 

2 . What are the equations of the circles in the following cases : 

(i) centre (0,4), radius 5, (2) centre (3,2), radius 7, 

(3) Passing through three points (2,3), (4,5), (8, 6), 

(4) radius 6, passing through (4,6), (-2, r2). 

3 . Solve graphically : — 

(1) .r»-9i'’ = o, (2) .v>+9'' = 25, (3) .t’-6.r+_,-»-4,-r_-i3, 

X +>' — 4. X — 2y -- 10. X 2 K 4- 1 1 . 


Graphs of Ellipse. 

12 Ex. I. Draw the graph of 4.r*+i6r^-9 ?.c., 

3 '= ^/( 9-‘40 . 

In order that y may be real it follows from (i) that 9~4-r or 
(3 4 2a') (3 -2.r) must not be negative. Hence 2,r must lie between 
~3 amd 43, or ;r must lie within the Innits - i’5 and 4 i 5, Hence 
\ve tabulate as follows taking only the values of .r froin “-1-5 to 
4 I ‘5, bt)th inclusive : — 


X '\ 

-4' :-N 


•5 

! 

» : 1-5 

y ^ 

1 I : ! 

0 j ±*55 ±-70 i 

i 1 i 

±‘75 

± ' 7 ^ 

±•55 i 0 

1 1 


By plotting these points and joining them by a continuous curve 
by free-hand drawing we get the figure A B A' B' as shown in 
47. The curve is called an ellipBO. 

It is oval-shaped and symmetrical about both the axes, as it 
should be, for its equation docs not contain any odd 

power of X or y. 



224 MATRICULATION ALGEBRA. [ChaP. 

Note 1 . The points A, A', B, B' where the graph cuts the axes are 
four prominent points which may be at once found thus : — 

Put ji «o in the equation + i6j/®5ss 9, then the values of jc(±t*5) 
give the intercepts O A, O A' on the axis of x ; again pul x = o, then the 
values of ^ y±.’75) give the intercept OB, OB' on the axis of y. 

Note 2 - We have seen from (l) that x must be between ±1*5. 
Similarly putting the equation 4;r® 4- 1 6jy* *= 9 in the from xe» 
we find that j must lie between +.'75. Hence the graph must he within 
the rectangle contained by the straight lines HLi‘5, ;i'=s ±,75. 
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The graph of (2) is therefore a circle of which the centre ir.e origin 
and radius equal to J. Now it follows frt»m (i) and {2) that for the samr 
abscissa, the ordinate of the graph of (r) is halt the ordinate of.lhr g;aph ; f 
(2). Hence the graph of (i) can be constructed hy drawing a curve free- 
hand through the points of bisection of the ordinates <'f the graph of (2) he., 
of a circle whose centre is the origin and radius This is show'n in 
fig. 47. The units of ordinate and abscissa are each taken to he I’k 

Ex. 2. Draw the graph of — 32.r-f v - loy-f 25 —o. 

Here4(.r-4)" + (7-5)" = 64orj~5 - ± y()4~4U--4)^ (i). 

The values of .r and^ may be tabulated as follows 


r j o i I I 2 3 1 ^ ^ 

y 5 ! io' 3 ,--* 3 ii 1 * 9 , — i -9 12 - 8 , — 2 - 8 ' 13 , - 3 i 2 ’ 8 , — 2 8 

I i ' i 


6 j 7 : 8 

’• 9 , - 1*9 10 - 3 -*3 3 


The curve is as shown in fig. 48 
(Scale •!" = I) 

Observe from ( i ) that x lies bet- 
ween oand 8, for, all values of x be- 
yond these limits make v impossible. 
Similarly y •' between 13 and - 3, 
for all values oJ y beyond these limits 
make x impossible. 

The curve is an ellljise whit h lies 
between the st. lines a* - o, a* -- 8, 
- 3 - 

It will be easier to d»aw the 
curve by transferrirg the origin tf> 
the second point ^>(4,5) with parallel 
axes A 3 () A'/, I', O IV for ilien the 
equation becomes 4jr“-f r--^64 (2) 
and we get the same curve more 
easily as m ex, i by tabulating 
points with reference to the new 
axes as follows : 

a— o, ± r, ± 2, ±3, ±4. 
Fig. 48. >'== ±8, ± 7 8, ±6-8, ± 5‘3, o. 

Generally an equation of the form -f 4-/r « r where a 

and A are of the same sign represents an ellipse, fbr by a change 
of origin it may be reduced to the simplest form A.t*4-b3'**C'. 

p.—n.—is 
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Giaphs of Hyperbola. 

13 . Ex. 7 . Graph of ue,, ± V( 4 ^*-“i) (i;. 

We See from (0 ^hat in order that j may be real 44:*-- i or (2^+1) 
X (2;r- i) can not be negative, hence jr cannot lie between ± *5 x 
can have positive values from +*5 to -f 00 and negative values from 
- *5 to- CO but can have no value between -*5 and 4 *5. Confin- 
ing our attention to the positive values of .r', we tabulate thus : — 
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Take the units of abscissa and ordinate to be each 5" let the 
side of a small square represent 2 in measuring x as we!! as f. 
Then plot the point (*5,0), ('6, 7), ('6,-7) etc. Drawin^'a 

curve freehand through them, the right hand pait of fig. 49 
is obtained. 

Again, taking negative values cf .r corresponding to the positive 
values of the last table, the values o( y remain the same. Tlotting 
these points we get the left hand part of tig. 49, 

Thus the graph of i consists of two infinite branches 

spreading out in opposite directions. I'he graph is called the 
kyperdo/a. 

it is symmetrical about both axes which is evident from the fact 
that the equation contains odd power of nei tfier .t nor jc 

The whole tabulation may be shown as follows 


r ± ‘ 5 i: '6 

±’8 i 

± 1 

± 1'2 

±1-4 

±i 6j 

i 1 

±2 

• • ' 4- ' jO 

y 0 ,±7 

±r2| 

±17 

±2 J 

±2-6 

±J 1 

± .) 4 

±3'9 

... ±00 


Note 1 . Since a can not have any value between +•5 and — *5 the 
:tirve has no portion of it between the lines » 4 - -5 and a —'5, Observe 
tFiat as jr increases 4/ also increases, and that the curve has got two infinite 
branches spreading out in opposite directions. 

Note 2. Generally, any equation of *be form AA'^ — Byi 
— C (where A and B are of the same sign) or of the equivalent 

jfZ y2 

form -^^ — ^=1 represents a hyperbola. 

Ex. 2. Draw the graph of 

4.r’~32.r-/^+ iqr 25. 

The equation can be written as — 

4U'-4)^-(j-5? = 64. 

By transferring the origin to the point O, (4,5) with parallel 
axes XiOtX\f and the equation becomes -64. 

The tabulation with reference to the new axes is as follows 

{x can not lie between ±4, for then / becomes unreal). 


X 

±4 1 

± 5 


1 

! : 

4 00 

y ' 

0 ' 

±6 

i t 

; * i 

1 

+ J3'9 j 

+ CO 
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Plotting the points with reference to the pew axes, we get the 
graph as shown in the figure (50). 



Generally an equation of the forni (where 

a h c are of the same sign) represents a hyperbola, for by change 
of origin it may be reduced to the simplest form 

%%, Rectangular Hyperbola. Graph of j = 

Suppose we are to draw the graph i/.r. Make a table of 
corresponding values of x and j as follows 


a* ^ 

0 1 

•••! ■' 1 1 

*4 

•6 

•8 i 

I 

I ’2 

I 

I i 

... 1 .0 1 5 

2 3 

i 

1-67 I 

1-25 

f 1 
; ' ! 

■83 
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1*4 I r6 J -8 I 2 ! 2*2 {' 2*4 : 2-6 2*8 3 3*2 3*4 ... 


71 I *62 *55 ! *5 *45 j *42 j -38 , *3^'^ ! *33 ' 3 ^ i *29 | ••• ,, o 
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Fig. 51- 


Scale 7 "— unit. 
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If we take .r-~ - -f,- -- 4^ etc., we find >'= - 10, - 5, -2*5 
etc. Now taking the units of abscissa and ordinate to be each *5' 
plot the above points. 

The graph is shown in fig. 51. It consists of two infinite 
branches, one in the first and the other in the third quadrant. It 
is seen from the figure that the graph approaches the axes of co 
ordinates more and rnoie. It will never meet them. 

Def. If a straight line approaches a curve so that the distance 
between it and the curve becomes less and less as we proceed 
towards infinity along the straight line, the straight line is called 
an asymptote to the curve. 

The axes of co-ordinates are symptotes to the graph of r— i/.i 
which is called a rectangular hyperbola. 

In the equation if .r is made negative also becomes negative : 
hence the curve has two branches which are symmetrically placed 
in the u/and quadrants. 

IS The graph o( y — {ax d) can be made to coincide 
with that ot y — kjx by a change of origin. 

Ex. I. Draw the graph of • 

Here,y^ 3'f* or (i) 


The values of a aud r may be tabulated as follows : — 


1 1 

1 0 1 

• 

2 

3 

4 

5 

9 ; . 

-i “ 

i 

-9 

ZC I 

^ 5 

9 

7 ; 

6 1 . 

\ 



-4 


I ’ 


o 


•6 



— 00 
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Plotting these points we get the curve a? drawn in ligur'? 52. 
The curve is a rectangular hyperbola, the point (2, 3) beisig its 
centre and the straight lines x~2 and 7=3 its asymptotes. 



Note L The equation, (1) on transferring tl)e origin to the 
(2, 3) with parallel axes, becomes 12 and the graph may he drawri 
from the transformed equation as in Kx. l. 

Note 2- Generally any equation of the form or of 

the equivalent form (x-t/i) represents a rectangular 
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hyperbola ; for by a change of origin it may be brought to the 
simplest form 


16^ Solutions of equations. 

Ex. I. Solve graphically 

>'““4^’=- 64 (i) 

3j' - io^=-o (2) 

The graph of (i) is a hyperbola 
and that of (2) a straight line, 
y’Q. (Fig. 53]. 

To solve the equations graphi- 
cally is to find the co-ordinates of 
the points ((>, /^) of inter-section 
of the graphs. The roots are 

therefore 3, - 3 ; 

10, - 10. 

Ex. 2. Solve graphically the 
equations 

(i). 

xy =^40 (2). 




1881 

mi 

MH 

■■DEI 

in 

■1 

■II 

IHH 

m 

r! 

-S: 

1 

bS 


HI 

y 

FHH 

S 8 

■n 

8n 

w 


n 


M 

1 M 

mi 

IS! 

S 

n 

■■ 

Vi 

im 

■1 

■II 

HH 

ml 

in 

Ml 

mi 

■■ 

WdM 

m 

Ml 

m 

!■ 

■M 

■1 

HI 

Ml 

■■ 

HH 

81 

IS 

■■■ 

E 

Pm 

fAWM 

y 

88 

■1 

HI 

SS 

■8 

■■■ 

in 

■■■ 

h 

IS 

81 

18 

EM 

■1 

B| 

■■ 

HH 

m 

■■■ 

in 

K'MM 

nS 

■■ 

■■ 

■■ 

■I 

ss 

88 

is 

■1 

■■ 

HH 

88 

in 

■■1 

IW 

im 

■■ 

III 

81 

w 

n 

M 

8 S 

HH 

HHi 

UUi 


53- A‘unit = *i". 
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The graph of equation (i) is a circle and that of (2 ‘ a rcv utoj^ular 
hyperbola (fig 54). The co ordinates of the pchits of their inter- 
section A\ .S', A", .S", give the roots which are 

X — 5, 8, — 8, — 5* 

^ = 5t -5> -8. 

1,7- How to recognise '^he nature of the curve represented 
by a given equation, from an inspection of its form. 

I . A quadratic equation contai/dni^ the C'^'^arc of cither a\ c/', 
ind no xy represents a parahola. 

Equations of the forms (I'i y-* - ax (2) x^ ~ ay (j) x --ay' yfv 
-r- r (4) 4- /y.r 4- r, represent pa?'a(>olas ; g oeiny ,ons/ants, 

II. A quadratic expre^aon equated to zero represents t’xo 
-fraiyht lines if it can he resoh'ed into tsoo linear j ax tors. 

III. A quadcufic eouation coniaininy the squares of both x and 
r and no xv represents ( i) a tirtle :ohcn the eo-effc lents of .v and y 
are equal and of the same slyn {2^ (nt ellipse sohen die co-efhicnts 
are unequal and of the same siyn ,■ a hyperbola :t - n the eo-effi- 

■ ients are of opposite sly ns. 

Thus(\)ax yly^==--i or {2) a d s. by y .y yfv ^ e solll^ represent f 
a i Ircle if a-b and they are of the same slqn (n) an ellipse if a an / 
b are unequal but of the same siyn (iii) hyperbola if a tnd 0 arc (f 
opposite signs. 

If an equation i>L of the form ax^ y bv"^ o. and a., / are of ^ the 

me sign then x^-^o, y ^ of the equation rr-^-xseifs the <>riyin. 
(^bser^'C that if a and b are oj <.‘pposite si tnen “O 

represents tioo straight lines {See 77 tibvue). 

IV. EquatloiK of the form (i) ry -- h\ or i2 ) xy y av y b“ - ■: 
represeytt rectangular hyP>erboIaq>. 

EXERCISE eXXVI. 


1 . (iraph the hdlowing e(piations 

(i) .r-'+j'’--4. (iii .r+,V' -- 9 * a'*“-y'--4- - f- ---^ <) ■ 

(v) 4 .V-f 9 r--i. fvi) 4.r— 

(vii 1 1 4 a'" - 9 >''' o- (f) V ^ ^ ^ ^ + 3 “ -J' 4 - 4 -o. 

(xi) yr^y^v' - 8 x- 96. <xiii 4 -'^" - 33'' - 8r ^96. 

4 c 9 , 

2 How would you reduce the equations (i,; 4'”.,. ..i 

^ 2 1 ■“ 3 


(ill 4 'V' = 4 .r - Sd h 9 d 


h . 

X 


3. Draw a graph which gives the square roots of numbers 
from o to 2. 
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4 . Solve: — (i) + 3y-h6j=o. 

( 2 ) y"=4i,2j/=-3.r" = 2. 

is) x"+J^=-25, A7-12. 

(4) U''+i)(j'4-2) = 8, 2a'" + 3J''==I4- 

5 . State b> Inspection the nature of the curves represented by 
the following : — 


(I) 

25^*" -36/-=o. 

( 2 ) 

4x^ + 4y- 

-81. 

( 3 ) 


( 4 ) 

4 y''^ 48 . 

( 5 ) 

4x^ - 

sr-- 

-40. 

(6) 


( 7 ) 

5.r* 4 - 6j - 0. 

(8) 

2.r‘ + 

-2+- 

= 0. 

( 9 ) 

xy~6. 

(10) 

.r" 4- 5.17 + 6/ +. 

r + 5 j-( 

I>=^o. 

(I 

t) ;/ = 

= 3 .r» 

4 - 6 .r + 2. 

(12) 

.1- +7'= + 4 .a' + 6j' 

-45- 


(I 

3) 

+ + 

( 14 ) 

.rr + 2.r + 3V--- 5. 

f.50-- 

• 

' + 4 

(16) 2a 

' “ 3 

,y^ + .r-2+-=h 
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PKOdKESSIONS. 

1 . A number of quantities formed according to some definite 
law forms a Beries. The quantities constitute the terms of the 
series. 


L Arithmetical Progression. 

2 i. A series is said to he an Arithmetical Progression c*: 
shortly, an A. W when the dilTercnce between any term and ti e 
preceding one !.-> constant. T'his constant ijuantity is called tla 
i'////£0'fV/< c of tlic series, which is therefore equal to am- 
term <>f the series minus the term. 

Thus the senes 5, 8, 1 r, 14, ... 21, 19, 17, 15, ... 

are Aritiimetical rrogressions. 

In the first series the ronHm)n difference is 3, and in the secont! 
St is -2. The first senes in N\hiLh the common difference is 
positive is an in< teasing ;\ T. and the set ond in which the common 
difierence is negative is a decreasing A. P. 

Note. It evideri? if the ‘^ame qinnliiy is added to, nr, sul 

{lacted hosn caefi term (4 .rn A. P., the rcMiUmg series is an A. P. \^it: 

I he sd/K’f common rhtTerence ; also if each term of an A. P. is muUiphn' 
(or divided) by the >amc quantity, say ilie resulting series is an A. P 

with A ^or times the previous common difterence. 
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3- The A. P. of which the first term js a and conimt^n 
difference b is : — {a-\-2h)^ ^^+3^'), 

Here we observe that in any term the multiple of b is less than 
the number givinK the position of the term m the series bv i : 
lieiiCe we can wnte down any term of the series : for example 

the loth term + (io - 
the 1 6th tei m — ^r + (i6 - 15/^ ; 

and generally the //th tei'iii t 0 ; - i)/a 

Ev. r. Find the 15th tern» of the senes 10, 13, 16, 19, 

Heie n 10, b - 3^ r 15 
the 15th term - to + (i5 -1)3 - 52. 

K\. 2. !s 142 a term of the series 7. i r, 15, 19. ... ? 

Let 142 be the //li'. term of the senes. 

Then 142- 7 4 - (// - i ) » “ 4// + 3 
4;/ -=139, or, ’ 

Lilt n must he a positii’' ifitayr ; hence 142 is not a term of 
the senes. The fractional value of ;/ indicates that 142 lies between 
the 34ih and 35th terms of the series. 

If <vty i'ojo icrin^ of an A. P. 'irc yi'ocn^ the sen'r) n 
( cnr.pU'tchy bfioion. 

l.et the /th term of an A.P. be P an 1 he /di term Q, then 
the first term and the common differtm e of the senes ate 
obtained from tlse equations 

P ay if - \)h\ <2 oyfj- i)b, 

M\. 3. Find the 16th term of the series of which the 5th term 
-- n .and the loth term - 21. 

Let be the fiisl tei m and c the common difference* of the 
sei les. 

Then 1 1 -^d/ + (5 - ij/b-- ^ -f 4/4 21- f/4-(iO" i;/' ay(p. 

a-^- 3 

ilence the i6ih term -- 3 4- (16 - 0“ 3 + 3'^~33- 

Kx. 4. If the fnh term of an A.L. is v! and the </th term 
find tlie * Z + ^/ith term an(] the '/-(/Hh term. 

Let a he the first term, b the common difference. 


Then oi ■- 4- ( vs _ j )/> { j) 

// — ay(/7-~ i)b (2) 


. m-n~* p- (/)b. or b~ ‘ - 

P-^I 


(3; 



236 MATRICULATION ALGEBRA. [CHAP. 

Now the f ^ - 1)^ 

i)d + gd 

— ;/z4- --X^— from (i) and (3). 
p-q 

Also the {p -^)th lernr~<2 + (/-^- i)<^ 

~ aAri^p ~ i)b — qb 

~?n - ^ from (i) and (3). 

p-q 

Ex. 5. Find the condition that /’*, ( 2 > he respectively 

^Ihe pth term, the yth term and the rth term of an A.P. 

Let = first term, /^ = common difference. 


Then \we ha.ve P~a-^{p— i)b (i) 

( 2 =^a-{-{q-i)b (2) 

+ i)b. (3) 


The required condition is obtained by eliminating a, b from 
{I'h (2). (3). 

Multiply (i) by y-r, {2) hy r-p, and (3) by p-q, and add, 
then the right-hand side vanishes and we have 

j>(f^^f')^{ 2 [r-p) + /v{p-q) = o for the required condition. 

EXERCISE CXXVIl. 

1 . Find 

(1) 2 1 St term of the series - 3 , 4, ii, 

(2) ?/th term of the series 9, 8^ 7*, (C. F. 1884). 

(3) «th term of y, 1886). 

2 . Are (?) f)0 (?V) 71 (f//) 100 terms of the series 7, ii, 15, ...? 

3 . Determine the A. P. of which (/) the loth term = 9 and the 
15th term^- -J (it) the 12th term^ 10 and the 7th tenn^i5. 

4 . What are 1 1 th and the ;/th terms of the A. P. of which 
the 6th term is -3 and the 9th term is 7 ? 

5 . If the pih term of an A. P. is q and the <7th term /, find the 
wth term. 

0 . If the (/4-yhh term of an A.P.'.is m and the (/-<7)th term 
//, find the/th and 7th terms. 


5 . 7h p/iti the sum of u mtmbtr of terms of an A./\ 

Let first term and common difference of the series. Let 
// be the number of terms and the required sum. Then 
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— a -r +•(«+ 2//) -f ... + — 2)/>}4- + — l)/\ {l) 

Also puttini4 / fur the last or 7?th term <i-»- (// - t i/>, and writing 
the senes in the reverse order, wc have (common diff. = - ; 

i- — /+i/ - /’) + (/'-’ 20) + +{/- (n — 2 )/'l • + {/ - (// - !)/'}••••• i ?) 

Adding (i) and (2) we have + + // term'r 

— ;i{(t -f / '. 

= ? times the average ol the first and the last terms 

Again, “ubstitiiting for / its value a-rift~ iV^ we have 

.9 = y~2(i -hi/i- 1)0} (//> 

The lorm'ihu </) and (//) should be committed to memory by the 
student : he should use one or the other, as the data in any question 
may require. 

Not© 1. Itt an A.l\ the cf any two Utni'i t jiidt'Jaut Jfov; tii* 

'ginning and the end r die same. 

For, tlie rth term of the series (i) above frttni the beginning-- 
o + (/*'- I and the rt'n term from the end =- rib term from the 
beginning of the .series (2) above and ~l-\r- j ]b. 

Hence the sum of the rth teimsof th.e given seiies from the 
beginning and the end ■- - ui) f/- ir- j )(\ 

teifc, - last term. 

Hence the sum is constant for all values of 

It follows fiom the above that if the number of terms of ;u> A. 1 ‘, 
be odd, this constant sum is twice the middle term ; and d the 
number be even, it is the sum of the two middle term.s, 

Not© 2' If the sum (d w terms of an A./\ he given and als^' the .sum 
of n' terms, the senes can be completely delerm.ned. 

For, if first tei i, /^ — common difference, they are 
determined from 

s = ^\ 2 a-^{n- l )/d, " I )'^i ■ 

Ex. I. Find the sum of the first n natural numbers. 

Note- The numbers I, 2, 3, ...are called nafttra/ tni^nhtn. 

Here first term = i, last term=^/?, number of terms 
the sum required — \n{n 1 1 by formula it)* 

Ex. 2, Find the sum of the first n odd natural numbers, i.e. 
I, 3, 5, 7, ...to n terms. 
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Here first term = r, common difference = 2 , number of terms — 

ft 

/. the oULii required =“{2 +(/^— 1)2} by formula (//) 
n 

— . 271 — 

2 

K\. 3. Sum to 1 5 terms the series 3 + 7 + 11 + 151- 

Here — 3, -^> — 4, //=I5. 

the sum required = ^^[2tr + (// - i)b) 

- !6 + ( 1 5 ~ I )4} - .62 - 465 . 

Ex. 4. The ^-^th term of an A.P. is a and the yth term i- 
"how that the sum of the first 7^ + y terms is 

Let - 4 - first term, />- common difference. 


Then we have +(/^ — i)/> (i) 

b=^A + (V “ i)/> (2) 


From (i) and (2) by subtraction, a — b-~{/> - (/)/>, 


F'rom (i) and (2) by addition, ^« + Z' — 2/-1 +(/^ +y -- 2 )//, 
or ^^ + // + /> ----- 2A + {/? + (/ - i)/i (4 s 

\ ow the required sum A + (/ + //- i ) />} 

+ /^+ />’j from (4) 

F.\. 5. The sum of p terms of an A.P. is q and the sum of 
omms is/>, find the sum of (/+y) terms. 

Let (I - first term and /^ — common difference. 

h 

•'Then we have y - j2.r + (/- 


.(I) 




j-lXKRClh’' C'XW’Ill. 

1 . Sum 

'II 2 -f 4 -r 6 4“ I - If ‘I'm s 

(2) 54-2 — 1— ...lo 20 icniih. 

' 3 ^ 4 " -f S i ...to r 5 Kmms. 

(4) J, I- /- 4 - I -' + ...to 10 tc'rms. 

' 5 * 17^. 4 - 14* -I- 10;, -f ...to 24 tornis. ( R. !\ 18^3 

, . I 2 4 

«6) 4- 4-‘ 4- ...to 20 terms. 

(t a ti 

(7) (.r 4 ".vR 4 "Si'' 4 - ;''') 4 -Ci' .dM- . .. to ;/ terror. 

4-3 J24-4 v^«-f-“-to 50 terms. 

2 . The sum of // terms of aii A.P is 71 time.s the rmddle toi ni, 
31 , n times the average of the t\v(j middle terms, acs ^rding a'. // is 
odd or even. 

3 . Sum to 1 1 terms the A.lh whose 6th tei ni ss 45 - 

4 . Sum to 16 terms the .X.Ih uliose 8th and 9th terms are 

:6 and 24 respectively. 

5. Sum to 50 terms the A.P. of whic.h the 13th term is - 5 and 
the 25th term is 7. 

6. If the />th term of an A.P. is i,.</ and the ;th term i /% 

shew that the sum of /y terms ~ 4 - 1). 

7. Determine the A.P. of which the sum to 10 terms is 160 
and the sum to 16 terms is 352. 
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6* Illaeirative Examples. We shall sometimes indicate 
the rth term and the sum to r terms of a series by 4 and 5, 
respectively. 

Ex. I. Sum to n terms the series of which the rth term is 
5 ^~ 3 - 

Here ty— ^r~ 3 Hence making r~ 1,2,3, 

we have + A + ...4-/« = 2 + 7+ 12 + to n terms, 

= + - \)s^=^{n(sn- i). 

Ex. 2. Determine the ;^th term of the series of which the sum 
to r terms is 

Here 2(r- i)’* - (r- i). 

Hence the ;^th term = 4/2 -3. and the series is the A.P. 

I 4* 5 + 9"h 

Ex. 3. Prove that is the sum of 71 terms of an Arithmetic 
series of integers. 

Let 7P = .^4-(^^+^) + (^^4-2c^)^-...;^ terms. 

Then — 2 a-\-{n—\)b 

or 27 t — 2 a-\-{n- i)tf. 

Since this is true for all values of 77, make 7 t~ i and also make 

77 = 2. 

Then we get 2 = 2t7 and i^~2ci-\rb. Hence a—i, b~2. 

Thus the series is i +3+5 + . .. + (277- i), the n odd integers 
beginning with i. 

Ex. 4. How many terms of the series 21 + 18+ 15 + ...amount 
to 66 ? 

Let 77 = number of ter;ns. 

Then (>6 = -"-[ 42 + (n - i) ( - 3) . 

simplifying, 7/- — 1571 + 44 = 0 whence 77 = 4 or ii. 

Hence the sum of 4 terms and also of ii terms is 66. It thus 
appears that the sum of the terms from the 5th to the nth both 
inclusive is zero, as may be verified by writing down these terms. 

Ex. 5. How many terms of the series 19 + 15 + 11. ..amount 
to 52? 

Let « = number of terms. 

Then 5= = ”{3S + («-J)(-4)}-. 
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simplifying^ 2i«-f 52— o. 
n — ^ or 6* . 

The fractional value 6* indicates that 52 lies between the sum 
to 6 terms ( which is 54) and the sum to 7 terms (which is 49). 

Ex. 6. How many terms of the series 6 4-8+ 10 + .. .amount to 
50? 

Let ;/ = number of terms. 

Then 50“^^-|r2 + (/7- i)2|- . 

simplifying, + 571 - 50-0. 

S'or— 10. 

The negative value - 10 is no solution to the question proposed 
but we may give a meaning to it thus : - If from the last term of 
the series given by the positive solution, i.c , from the 5th term we 
count backwards 10 terms, the sum of these 10 terms is also 50. 

For the 5th term is 14 an ’ ^loternis reckon^ul backwards give 
the series 

14+12 + 10 + 8 + 5 + 4 + 2 + 0- 2-4, of which the sum is 50. 

The result is true in the general case for which see authors* 
Intermediate Al^ebra^pp, 31 - 32- 


EXERCISE CXXIX. 

1 . Sum to 10 terms the series whose rtu term is 7/7 + 9. 

2 . Sum to n terms the series whose rth term is 3r - 7. , 

3 . Determine the series of which the sum of n terms is 5;/" + 3/*. 

4. Find the rth term of the series of which the sum tow terms 
is +^w^ 

5 . What is the first term of the A.P. of which the common 
difference is -3 and the sum of 15 terms is 83 ? 

6. What is the common difference of the A.P. of which the 
first term is 1 1 and the sum to 12 terms is 50 ? 

7. How many terms of the series -60- 54 - 48 - ...amount to 
-' 324 ? 

8. Of how many terms of the series 56+64 +72 + . ..the sum is 
360 ? Explain the double answer. 

9 . Find how many terms of the series 8 + 12+ 16+ ...amount 
to 140. Explain the double answer. 

10. The sum of n terms of an A.P. is 2n* ; find the first term 
and the common difference. (C. F. 1878). 


P.— II.— 16 
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7. Arithmetic means. When three quantities are in A I 
the middle one is called the Arithmetic mean (a.m.) of the 
other two. 


Let A p, be in A.P, ; then h is the Arithmetic Mean betwee: 
a and p. Now from definition b — a = c — b^ whence b—'^^ (a + c)^ o- 
t/:e Arithmetic mean of two quantities is half their sum. 

If any number of quantities are in A.P. all the intermediate 
({uantities are called the Arithmetic means of the two ext 7 'emcs. 

S To insert n Arithmetic means between two ^iven quantiii.. 
a and c. 

Let A",, a:.., A% ..r, be the required means. 

Then .r„,, .r,, .rn^ c are + 2 quantities in A.T 

Let /;=- common difference of the A.P. 

Then i =(;z4'2)th term \ )b. 

/?+ I 


e - a na + ( 
x,~a-hb-^a.-{ — 

// + I 4- I 


~a 'll' -- 4" ■ 


;? 4 ' I 


a) a{n - 1 ) -f le 

nfi 


etc. 


I -A? + 7 ib 


a 4 - 


nie — a) 
71+ I 


ne -P a 
n + i ' 


Kn. I. Insert 4 A.M.’s between 5 and 20. 

Let A,, Aq, A4, be the means. 

Then 5, .r„ -v., a.,, 20 are in A.P. 

Suppose /'--common difference of this A.P. 

Then 20- 5 4 - (6 ~ i)^~ 5 4 - 5/^. b='^. 

the means are t?, ii» 14, 17. 

E\. 2. Find the number of A.M.’s between i and 25 when the 
3rd mean is to the 5th mean as 5 to 8, 

Let number of means and /' = common difference of the 
corresponding A.P. 

Then 25— i 4 - 1 ./? 4 - (4 ) 

Also (2) 

i+Sb ^ ^ , 

Solving (i)and (2) ^*=3, /i = 7. 
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EXERCISE CXXX. 

1 . Insert (i) 9 A. M.’s between - 5 ana 21. 

(2) 20 A. M.’s between 7 1 - and i 

2 . Find the number of A. M’s between 2 and 35 such that the 
ratio of the 4th mean to the 8th mean is as 7 to 13. 

8 . Find the number of A. M’s between 5 and 23 such that the 
greatest is 3 times the least. 

4 . Find the number of A.M hetuecu 4 and 31 so that theis 
sum is to the gr alest of ihem a^ 5 to i, 

5 . There are n uicans between 2 and 22 and the 
3rd mean ; (bj-4)th mean -2 I 3 ; find /r. 

1^. We shall conclude the subject Arithmetical Progte.Sbiou 
with a few dlnso-ative examples. 

Ex. T. Find the sum of all numbers of 5 digits which aie 
divisible by 7. 

Here the first term 10003. i,« St term —09995, respeclivfely the 
least and the greatest number of 5 digits divisible by 7 and cummr^n 
difference— 7. 

Let -nuniber of terms ; then we have 
79995 = 10003 i)7 whence 12857. 

. • , 128^7. , , 

.. the sum re(}aired -- <100034-9999^) 

-- 707122143 - 

Ex. 2. Find the sum of the series in the ;/th group ot 
I •F( 2 - 4 - 3 ) + (4'f 5 -e 6 ) 4 T 7 FBF 94 - 10} 4 - 

Number of terms in the first ;/ groups™ i 4 * 2 + 3 + ... -f /z — ^ ^ 

— ^ N(suppose), (for the 15/ group contains r term, the 2m/ 
contains 2,, ..the ;7th ;?], foi a similar reason number of terms in the 
first (w-i) groups— ^ =» — — N (suppose). 

Sum of the terms in the «th group = sum of the first A' terms 

of the series ( I 4 - 2+ 34-44- )- sum of the first A" terms of the 

same series 

= ^ti) - ' ) = ■ ( - A"') + 1 {N-N’) 

-\[N- A^)(A^+ iV' + 1 ) = ^7 - - ~L”) 

^ 4. 4. ==: 
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E^x. 3. Sum to n terms the series i - 7 + 13 - 19 + 25 ~ 

(i) Let 7 i be even. Then the series 

= (i- 7 ) + {i 3 - • 9 )+( 25 - 3 i) + terms. 

™ ~6~6-6- ...to - terms, 

2 

/I ^ 

= - 6 X ^ - 3«. 

(ii) Let n be odd, so that « — 1 is even. Then the series 
= i-{ 7 -i 3 +' 9-25 + 3i-37 + ..-to («-i) terms} 

= i--|(7-i3)+(t9-25) + {3‘-37) + .--to^-- terms. |- 

= I - — 6-6 — 6 - ...to — - terms. 

• ^ n—\ , . 

— 1+6. — = I + 3(« - I ) = 3;/ - 2. 

To put both the results in one form we express them as the sum 
and difference of two quantities thus : 

- 2 >n^ - r + (i - 37/), 3«- 2= - I - (i - 3;/). 

Hence in one expression the sum is - i + ( - i)' (i - 3;/), whethei 
n is even or odd. 

Ex. 4. The sum of the latter half of 2n terms of an A.P. i > 
equal to one-third of the sum of yi terms of the same series. 

Let the series of 3« terms be 

(/. + /, + /3 + +/.) + (/„+c + /;,j,+ ...+/..)+(/.;r:t+/.,M. + ...+A..) 

Let the constant sum of any two terms equidistant from the 
beginning and the end respectively be k. 

Then + 6<4*'“1"*** "h t — (i)* 

Also A + /3 -f ... + /3., — ^ + — (2). 

Hence from (i) and {2) by division 
+ + 5(4+44-.,.+/‘3«), which ts to be proved. 

Ex. 5. If s„ denote the sum of n terms of an A.P., prove 
that + — common difference. 

Let 4 denote the «th term of the series. 

Then ■” — (44-7 i) ■” (4+1 ) 

~ 4+2 "*• 4+1 « common difference. 
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Ex. 6. If c- be in A.P., then ' , - , a. in A,P 

b + r f-f-ii 

Since a-, b'\ are in A. P., 

cf + he + ca 4- ab^ b‘ + be 4- ^ + al\ e^ 4'- be 4- ea 4- nb are i n A . P. 
+ + (r 4 '‘^)('c 4 -/>) are in A. P. 

Hence dividing each term by (c4-cHV4-«'«)Ui + /A, 

t I i 


Ex. 


we have 

I 


I I 


rt 4 -c 


in A. P. 


If y , , , be in A. P. sh.>w that 

be ea ab 


<'^(/.'4*r4 b{e-\-ii) eiti-^h) 


S' 


nee 


ta 
! I 


ah 


ere in A. P. 


I 


b ' ea ' al 
be 4 - 1 be 4 ? 4 - ab 

be ’ (u 


are in A. P. 

4 ea-\-{i^ 


ab 


ale-ht ) , b{, ^(r) 

or 1 4 “ I + , 14 - , 

be ea ab 


are m A. P. 
are h\ A. P. 


_ ala-i-ei bU' -}-<!) e(u-{-b) . . .. 

Hence - - , — - , > ■ are in A. P. 

be ea ab 


Ex. 8. Find 3 numbers in yF /*. se sum is 27, and 
product 693. 

Let .e-y^ .r and x r j be the numbers. 

I'h en (x - j') P X -4 (a' 4 -j') ---- 2 7 ( i ) 

and - r) 693 (2) 

F ro m ( I ) 3,r —2J or x -■ 9. 

/. from (2) 9(81 693 : 9*^ — 4 or ±2. 

Hence the numbers ar 7, 9, 1 1. 

Ex. 9. Find 4 numbers in A. I\ such that the product of the 
extremes is 10 and the product of the means, 28. 

Let .r- 393 x-y, x+y, x-\-sr be the numbers. 

Then x'" - 9/= = i o, x- -y'^ — 28. 

Solving these .v = ± 1 1/2,9'=- d^S/-* 

• Hence the numbers are i, 4, 7, 10 ; or — i, —4, -7, - 10. 

Note- The student will note the .advantage of writing the terms of 
an A. P. as in examples 4 and 5. If the number of terras be odd, we put 
jr for the middle term and supposing 9/ to he the common diflcrence, the 
terms on either side of .r can be written down. If the number of term.s 
be even, we put x—y^ x-k-y as two middle terms and the common differcocc 
being thus 2 /, the other terms are known. 
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EXERCISE CXXXI. 

1 . r ind the sum of all the even integers of 3 digits. 

2 « Find the sum of all numbers of 4 digits which are divisible 

by 6. 

3 . Find the sum of (i) all even numbers (ii) all odd numbers 
of 5 digits which are divisible by 9. 

4 . Find the sum of the consecutive integers from (i) 60 to 150 
(ii) m to n, 

5 . Find the sum of all odd numbers from 2w + i to 2//-M. 

6. Find the sum of the series in the ;/th group of 

(1) 3 + (5 + 7 ) + ( 9 +ii + i 3 )f 1 i 5 + 17-1-19 + 21) + 

(2) I +(2 + 3 + 4) + (5 +6 + 7 +8 + 9) + 

7 . Find the sum to 20 terms of 

3 + 4 + S + 9 +I 3 +*^ 4 +* 8 +i 9 + (C. F. 1881). 

8. Find the //th term and the sum to n terms of 

(i) 1 - 5 + 9-13 + (2) 3-8 + 13-18 + 

9 . The 15th term of an A. P. is 31 and the sum to 20 terms 
IS 440, find the sum of 100 terms of the series. 

10 . The ratio of the sums to n terms of two A. P.’s is 

2/1 + 1 I 4w~5, find the ratio of their i6th terms. 

11 . The sums of ?i terms of two Arithmetic series are as 
3 « + 3 i 5^-3 5 shew that their 9th terms are the same. 

12 . The sides of a rt. angled triangle are in A. P., prove that 
they are proportional to 3, 4, 5. 

13 . If 5,, and ^3 are the sums of //, 2/1^ and 3« terms respec 

lively of an A. P., shew that s^). 

14 . If the ;iUh term of an A. P. be n and the ;ith term m ; of 

how many terms is the sum *(;// + 4 1), and what is the 

last term ? 

15 . The sum of the first n terms and the last ;/ terms of an A. 

IS equal to twice the sum of the intermediate « terms. 

10 . If the sum of an A. P. is the same for w terms as for // 
terms, shew that the sum of m + /i terms is zero. 

17. The sum of /> + </ terms of an A. P. is 2/, and o(p-g terms 

is 2<7, find the sum of p terms and also of q terms, ^ 

18 . If .'T,; denote the sum of n terms of an A. P. ; prove that 

(») M =^o. 

(ii) t4 ~ 4 +* ^ • 1' ~ 1 1 + i‘« = 0. 

19 . The sum of three numbers in A. P. is 24 and the sum of 
their squares is 210, find the numbers. 
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20 . The sum of three numbers in A. i\ is iS and i) ' sum of 
their cubes 1224 ; find the numbers. 

21 . The sum of 5 numbers in A. P. is 25 and the sum of dicir 
squares 165 ; find the numbers. 

22 . A person is employed to count Rs. 12,000. He counts at 

the rate of Rs. 150 per minute foi an hour, at the end of which 
time he begins to count at the rate of Ks. 2 less every inin^.te than 
he did the previous minute. Fnni when i.j wdl finish the task and 
explain the fac* that tvvc solutions otrur. (M. F. 1886). 

23 . A debt can be discharged in a vear by paying Rs. 5 in the 
first week, Rs. 10 in the second week, I\s. 15 in the tlind week and 
'.o on. Find the amount of the debt, 

II. Geometrical Progression. 

10 A ser.es is said to be a Geometrical Progression (or 
-shoitly G.P.) when the rati^ of any term to thr prcu'ifim; term is 
f onstant. This constant quantify is called the ratio of the 

series which is therefore equal to any term of the series divided 
by the precedinji^ term. 

Thus the series 3, 6, 12, 24, ... 5, 

c.re (geometrical Progressions. 

In the first series the common ratio is 2 and in the second it is 
F The first seiies in which the common ra^'o is giealer than i is 
an increasing (k P. and the second in wfu^. i the common ratio is 
less than i is a decreasing (k P. 

Note. It easily follows that if each term of a (k P. be muhqaied or 
‘.ivided by the .same quantity, the resulting scrie.s an(>ther (k P. with 
he same common ratio. Also if all the terms of a fk P. are raised to the 
n^me power, the resulting series is a G. P. with a new common ratio- 

It i.s evident that a number of quantities in G. P. are in 
proportion. 

11 . The (k P. of w' ich the first term is a and the common 
ratio r is a)\ ar^, 

Here we observe that in any term the index of the power of /' is 
less, by i, than the number giving the position of the term in the 
series ; hence we can write down any term of the series ; 

for example, the loth term^rf/' 

the 16th term ar-^~ ' 
and generally, the wth term — err 

Ex. Find the 12th and nth terms of the series 3, 2, 

Here ^^3, r= ^ ; 

.k 1 2th term ~ 3.(3)” = . 
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Also = 

12 fn a G. P. the product of any two terms equidistant 
from the beginning and the end is the same. 

Let the series be ar^ there being ;/ terms in all. 

Now the ;^th term of the series from the beginning ar^~\ and 
the ^th term fronr. the end — (??-/+ i)th term from the beginning 

= . 

the product of the pth terms of the series equidistant frotr 
the beginning and the end~a?^^~\ 

-~a. 

= first term x last term. 

Hence the product is the same for all values of It thu^ 
follows that if the number of terms of a G P. be odd, this constant 
product is the square of the middle term ; and if the number be 
even, it is the product of the two middle terms. 

13- 2 iny two terms of a G. P. are given, the series is 
completely known. 

E.v. I. Find the loth term of the C. F. of which the qth term 
■7- and the 8 th term 

Let ^1 = first term altid common ratio. 

Th en ar --\V , 

by division - 'il = (2)h ^'=7 

H ence a - 7 - P" ~ -]- x A = 4 • 

the loth term = /'zr" — 4, (7'''“ "rSJL 

Ex, 2. If the/th term of a (LP. be in and the ^th term find 
the (7F(/)th term. 

Let fj- — first term, r= common ratio. 

Then (i), 

Dividing (1) by (2), ^ 3 ) 

Now the (/l' + </)th term 

~ar'~\r^~m (0 (3^- 

Ex. 3, Find the condition that P, O, /?, may be respectively 
the/th, the yth and the rth terms of the same G. P. 

Let a — first term, = common ratio. 


Then P = a/P~^ •*•(!)• 

(2). 

(3)- 
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The required condition is obtained by cliiiiinatin>; ('? and I' fron 
1 1 ), (2) and (3\ 

Raise U ’-i (2 ', to the powers q -r, r~p^ rc'^pectiv el\ 

and multiply the results together. 

Then P‘-\ n ;p-'f 

a''''" /('"*■' ' . ^ k . 

~a°. 

EXERCISE CXXXIR 

1. Find 

(:) I2t]i term of the seiies 4, 12 36..,. 

{?} 7ih term of the .series %- i, !, 

f3) ?.’th term of the se-es ^'3, * , , 

V j 3 \ 3 

2 . Is -Vr ^ ser.es % ib ? 

3 . In a C. p, if the {p-\-</)ih. term-~.v/ and the (/> -y}lh term 
find the/th and the .ylh terms, (1> R. iHlifi) 

4 . Determine the (i. P. of whiih 

D) tlie loth term"'! and the 14th term ' . 

(2) the I5tli term — i and the 9th < ---I. 

5. ih'ove that the/dh term of aC. l\ a mean pn’porl'e'nas 
between the (/ + r tth and the t/'-odh term- 

6. Show that the 2//th teirn nf a geometra, d series i.^ a me;i!' 
proportional between the ;/th and 3//(h terms. 

14. 7 'c? find the sun: fi a ?iumbcr nj tenn^ in P. 

Let a be the first term and ?■ the common ral;n ut the fl.P. Lei 
ti he the number of terms and 5 the required sma. 

Then s~a + nr L nr ‘ ~ . 

\ rs=^ nr-Vnr -i- + 0 -f reF . 

lienee by subtraction, 

s{ i —r)~a — ar"' -- r — r 


I - r 

a[r'’ — I'i 
r-~ I 


or 
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The formul«c (i) and (2) should be committed to memory 
by the student. He ’s advised to use (i) always except when 
y is positive and greater than unity. 

If /denote the last term, so that we get from (21 

>= — ^ a form not so useful as (i) or (2). 

r~~i ' \ j . j 

Note. It appears from the above that a Geometrical Series can hr 
summed by simply multiplying it by i—r. 

Ex. I. Sum to 6 terms the series ^ + 1 + | 4 - 

Here r==-l^ ?i = 6 » 

r-i i 

_.3v *5 5'''* 

5 ^ *A 4 ;" ' 3 d 

Ex. 2. Sum to n terms the G, P. whose V'd term== 4 -< 
:enn=:,r-$,. 

Let <'r — first term, r== common ratio. 

Then j ‘i 2’ s • /. Solving, r=|, ^ = 3. 

Hence the sum-- ^ 

EXERCISE CXXXIII. 


Sum (I'l 

54-304 180-4. ..to 10 <^erms. 

(2) 

^ -h I + " 4 -...to 7 terms. 

( 3 ) 

^ ^ + y - ...to 6 terms. 

( 4 ) 

*^4-r+ -V 4 -...to 18 terms 
V 3 V 3 

( 5 ) 

4- 1 — ...to n terms. 

(6) 

2 4 - .^2 4- 1 4 - ...to /I terms. 


(7) ( J2+ i) + I +(^,/2- i) 4 -...to n terms. 

/f-*' <i b it — b 

(8) — , + H 7 4- ...to /; terms. 

a~b a-^b 

2 . Sum to // terms the series whose «th term = 2.3". 

3 . Sum to 15 terms the (i.P. of which the 5th term = 7i\ and 
the 7th lerm-yY^. 

4. If the j?^th term of a G.P. be P and the yth term find the 
sum of ;/ terms of the series. 

5 . The sum of the first 6 terms of a (L P. is 9 times the sum 
«jt the first 3 terms ; find the common ratio. 

6 . The sum of the first 8 terms of a (LP. is 510 and the sum 
o{ the first 4 terms is 30 ; find the series. 
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15- Geometrical means. When tl rce quantiticF are in 
( P. the middle one is called the Geometric mean (or shortly 
( i.M.) of the other two. 


Let a, df r be in G. P., then ^ is the C/eometric mean between 
/ and G Now' from def > whence /'-—ar or that iS, 

i he geometric mean of tzoo quant ’ ;V (hr' square root oj their 
product, 

\Yhen any number of quantities are in (Lib, all the intermediate 
qiiantittes arc called the Geometric meens of the two extremes. 


16 To insert n gemmemc means between two given quantities 
and i 

Let .< .r,., ay, x„ be the (i. M.’s. 

Then .r , .r , \ , c are (n + z) quantities in G 1'. 

Let r- common ra^ ■ of this 'LP. 


Then i =(;/ + 2)th term ' , 




Ex. Inseit 3 G. M.’s between 4 and 324 >C, F. 189O). 

Let .r,, .1' , -iq, be the means 


ITen 4, 324 are m G.P. Let common ratio. 

Then 324 — 4;-*, /. r*-~8i or r«»3. 

Hence x, - 12, .r.- 36, .1 - 108. 


EXERCISE CXXXIV. 

1. Insert—(i) 4 G.iM.’s between - and ';l ; 

()i) 3 G.M/s betw'cen ‘ and ; 

(iii) 6 G.M.’s between 5 and ; 

(iv) 2 G.M.’s between x and jc 

2. What must he added to a, (\ e to bring them into G.P, 

3. The geometric mean between a and h is to their Arithmetic 

mean as m is to n. Shew' that a vGP - ud) 1 n ~ ;;P) 

4* If a, G c be in GifeiL and x\ y be the Arithmetic means 
between a, b and h^ c respectively prove that — 

L' + ' and 2= '*+- . (P. I. 1892). 

b X y x y ' 
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5 . If one A, M., A, and two G. M.’s, Gi, Gs are inserted bet- 
ween two quantities, then 

6 . If one G. M., G and two A. M.’s Aj, A. are inserted between 
two quantities, then G'' = (2At- A2X2A2~ Ai). 


17 - Infinite Geometrical Progression. — If x denote the 
sum of n terms of the G. P. a+ar+ar^ + we have — 


aU-r"') a 
i~r i ~r 



If we suppose r to be less than i, then evidently each term 

of r\ r\ r\ is less than the preceding, in other words, r 

goes on diminishing as n increases ; and by making 7 t larger 
and larger we can make r” smaller, and smaller, and ultimately 
less than any small ciuantity which can be named. Hence in this 


case P' and /, also r'*’ can be made to differ from zero by as 
i~r . 

small a quantity as we please. Hence from (i) the sum of a 

sufficiently large number of terms of the G. P. differs from 

^ by a quantity viz ^ \ ultimately vanishes. Thus 

as we take more and more terms of the series, the sum continually 


approaches the limit - - but never exceeds it. This is shortly 

I ?' 

stated thus : “the limiting value of the sum of an infinite number of 


terms of the Ci. P. where r<i) is or the limit 

of the sum to infinity of a decreasing G. P. 

_ first term „ 

~’1'~ common ratio 


Not© 1. If increases with n and can be made 

I » 

larger than any large quantity, when n is taken very large. Hence the 
sum of an m&mte number of terms of an increasing G. P. is infinitely large. 

Note 2. This is perhaps the first ocaltsion on which the student is 
confronted in his studies with the paradoxical statement that the sum of an 
infinite number of terms of a series may be a finite quantity. The notion 
of limit introduced here is very important and the student will have more 
of it m higher Mathematics. 
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Ex. I. Sum to infinity *4--'+-^ 4- 
■■ “ 2* 2"^ 


oum of /2 terms = 




Now by increasing ;; more and more J, can be made as ..early 
equal to zero as we please. Hence the sum to infinity is i. 

This may be illustrated geometrically .-—Take a str. line of 
unit length. 

Bisect A/>^ at A /JB at A 
at A J'Z> at (7, and so or. 

Then AD-hJ? E 4- E:F+ FG l- . . . a " 


L) 


E F r. 


:.J4. Aq. 1+ ' 4.. 
2* 2^ 2^ 


But the former sum approaches the limit AB or i ; hence aisc* 
= I in the limit. 


“ 2 “ 23 


Ex. 2. Sum to infinity ; 


C3 3 Vi 


(C. F. 1886.) 


Required 


sum -= 


first ter 7)1 _ .^3 

1 — co))imo7t ratio i - ’ 




18 > Recurring Decimals. Recurring decimals furnish good 
illustrations of infinite Geometrical Progressions. 


Thus -237= *237373737 


+ •037 
+00037 
+ •0000037 
+ 


. 2 L j- 37 , 37 , 

‘ 103 105 ^ lO^ 


= -/o + 


37 



.3 7 . _ 3 5 

QQO VVO* 
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To find in the general case the value of a recurring decimal^ 
regardin}? it as an infinite Geometrical Progression. 

Let 'PQAyt the recurring decimal and let the number of digits 
in the non-recurring part P be and that in the recurring pan 
<2 be q. Let S denote the value of the recurring decimal. 

Then s===^PQQOO 

= +_G -+ + 

lO''’ 


o 

10^^ I ~~ 10^ 

10" 

(P.io^^ + 0)-P_ PQ-P 

10^(10'^- l)* 

Now since to-' - i consists of <7 nines, we have the Arithmetical 
rule of reducing a recurring decimal to a vulgar fraction. 

19 In a decreasing infinite G. P. each term bears a 
constant ratio to the sum of all the terms which follow 
it. 


Let the G. P. be (r^ a7\ ar‘ 

Now the ?/th term and the sum of all terms after c 

^ a? ’• 

+ ^Y-r' 

Hence ;/th term : sum of all the terms following it 
— ar‘*^ : ^ , which is independent of 

Thus the ratio is constant whatever ;/ may be. 

Ex. In an infinite G. P. the ratio of any term to the sum of all 
the terms which follow is 5 ; find the common ratio of the series. 

Let the G.P. be a, nr, 

Then the «th term : sum of all terms which follow it. 



* * r ■’' 


wEence h 



XXX.] 


GEOME'yiRICAL PROGRESSION. 


EXERCISE CXXXV. 

r. Sum to infinity 

(r) '+3 + !+ (-> s + ; + 

( 3 ^ (2+ vi)+i+(2- ^/ 3 '+-- ( 4 'i 3 -■> + ;-:+ 

2 . Find from the princ;,)les of (r. P. the \ alue of 

(i) -2. (2) 2 - 345 . (3) 5-72145. 

3 . In an infinite G. P. if the ratio of any .erm to the sum of all 

the teims which fi-how it is 2 , find the common ratio. <- 

4 . The first term of a (ieometric: series continued to infinity i ^ 

f, and any term is equal to the sum of al! the succeedin.q terni^ , 
find the series. (M. F. iS8it, 


ZQ ^Ve sbal’ conrliale the subject of Geometrical Pro^re.s 
siori with a few illustrative examples. 

E\. r. Fmcl the sum of ;/ go ups of 

(.r 4-^') + (.v'-' + Aj + y) F F .r F F .t;r ' f v F ..... . 

The required sum 


-- q, - 4 .. 

'■'T 


.to n term-' 

i-v .1 -J' 

~ ^ ^ - J' ' > + {-G ~v* F to V terms jj- 

- j ^ ■|ci'=^F.GF.r’F...to n ternjs) - ( 4 "F;' Fj-'F-.-to n terms)|- 

i-x i-r i 

Ex. 2. F*ind the sum of the series in the ;7th group ct 

I F12F2'*')F(23F2^F2TF(2'^F2'F2 F 2 '} F 

The number of terms in the first ;/ j^roups - i F2F3-f -i-r/ 

^ //GiF (suppose). 


t 


The number of terms in the first ( ;/ - i ) groups - i F 2 F 3 F 
(//-]) = (suppose). 

Hence the required sum 

— sum of fV terms of the series (i F2F2’F2’ ) 

- sum of terms of the same series 



2~ I 2-1 


_ * )/3 _ 2<''~ * >«/’= 2'^*'' ‘ '*(2” 


-I). 
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Ex. 2. Find the sum to lo terms of 4 + 44 +444 + 44444.. 

The required sum =^ 4 444 + 444 + to to terms 

: “ 4(1 -M I + 1 1 1 + to 10 terms) 

“J(9 + 99 + 999 + to 10 terms) 

- J{(io - i) + (io^- i) + (io3- i) + ...to 10 terms) 
J(io+ io'' + ...to 10 terms - 10 ) 


■n--} 


-__4o 1 0_ 4QQ lo^-l 

9 9 ’ 9 

:==:40P ^ V.9„99909a9^493g27i6oO. 

N ote, *4 + '44 + ‘444 + to « terms 

=■^(‘9 + ’99 + ‘999 + to « terms) 

«|{(l- i)+ti---oi) + Ci~'*ooi) to n terms} 

— {'I +(‘i)®+(*i)* to n terms}]e»elc. 

Ex. 3. Find 3 numbers in G. P. of which the sum is 26 .uui 
product 216. 

Let , A-, be the numbers. Then ~ +a: + ^7= 26... (i) 


..r..i:y = 2i6 ' 2 ), 

.V 

From (2) ;ir3~2i6, or, jr=6. 
Hence from (i) 6/7 + 6 + 67 — 26. 
/. 7-3, or, 1/3. 

Hence the numbers are 2, 6, 18. 


or 3y“- 107 + 3 = 0. 


Ex. 4. There are four numbers in and if they are respei 
lively increased by i, 2, 5, 12 they are in G,P. Find the numbers. 

Let x-x^t x-y^ .v+7, .r + 37 be the numbers. 

Then .r - 37 + i, a' -7 + 2, .r +7 + 5, ;ir + 37 + 1 2 are in G,P, 

• „ ,37 + J _ £._Z. il? = . £ J" -y (suppose) . 

a'-~7 + 2 a '+7 + 5 .r + 37+i2 

Hence . 

G:--7 + 2)+(.r + 47+l2)-2(x+7 + 5) * 


. .r-37+I 

*■ .r-7 + 2 “""‘^r+j + s 

Solving these A' =5/2,7 = i. Thus the numbers are t, 2, 3, 4 


X-.y + 2_, 
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EXERCISE CXXXVl. 


1 . 

Sum to « groups 






( I -f ar) 4 - ( i + X 4 - .r' 

0 + (l +.r+.v“ + .r 3 ) + 




2 . 

Sum to n terms 












3 . 

Sum to n terms 






(i) 7 + 77 + 777 + 

...(ii) •3 + -33 + '333 + 




4 . 

Sum to 8 terms 

^+J.+ 




5 , 

Sum to 12 terms 

■.+ 5 + / . ' . 5 

" 2 ^ 2 ^ 2 '^ 2 ^ 




6 . 

Find the sain of the sq. • in the /;tb grinip 

of 





I I I \ 

0 ^ 3 2 / 




7 . 

I f a, <'/ be i n ( 

i. P. then 





(i) (fi 4 - 4 ‘ c + r/p = 

=^in+^P + (V + fP)" + 2 (/' fc) 

' I 

i ( ' L" 

j 900. ) 


(ill In — f? ~£* 

Y-\-{c ~ aY -^id - b'v 

/ 

K. .. r . 

8. 

If .V, denote the sum of it terms of , ven 

sei 

’cs in 

G. P., 

find the value of s^-hs^ + s 

^ + ... + .^\ . 




9 . 

If the^tli, <7th arr 

d rth terms of an A. P. 

are 

in ( 

7 P. (,f 

which 

the common ratio is /, then q (i 4-/) = r+/’/. 




10. 

If 5,, i., are the 

‘jums of 11 terms, 2// term: 

5 and to i 

nfinity 

jf a G 

. P., show that 

- JTj) = 43(5, 


iC. F. 

1877). 

11. 

If t’ be the /th, ^th and rth terms both 

of an 

A. P. 

and a 

C;. P., then a*- /-'- 

“ I. 




12. 

If 5 be the sum, 

P the product, and.'/v' the 

sum 

of the 


reciprocals of the » terms of the series a, ar, ur‘, &c., 
then (C- 

13 . There are four nun.bers in A. P. which being respectively 
diminished by 3, 4, 4 are in G. P. ; find the numbers. 

14 . There four numbers in G. P. ; which being diminished 
hy Tj I, 3, 9 are in A. P. ; find the numbers. 

15 . The two numbers between which A is the A.M. and G is 
the G. M. are given hy s/(A + 0 ){A - 6). 


P.— fi— 17 
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III. Harmonical Progression. 

41 . A series is said to be a Harmonic^ Progression (or 
shortly H. P.) when any of its three consecutive terms Xy z are 
such that ;ir : z^x-y :y-z. 

Thus, Uy by Cy ^,...form an //. P, \i a \ c~a-b \ h-^Cy 

b \ d=^b~c \ c-d. 

It follows from the definition that if all the terms of an H. P. are 
multiplied or divided by the same quantity, the resulting series is an H. P. 

If a number of quantitiesTorm an H. P., their recipro- 
cals form an A. P. 

* Let ay by Cy dy ^...be in H, P. 

Then from def. a \ c—a~bj, b-c, c{a~b)~a{b-c). 

Hence dividing both sides by abc. . 

^ b a c b 

Similarly, - - ~ ^ ^ 

c b d c 

I I I i , 

- - = and so on. 
deed 

^'h a c b d c e 

Hence the series * , I y - , - is an A. P. which was 

a' IP c d € 

to be proved. 

It follows conversely from the above that if y “ , ^ 

form an A. P. then a, by e, form an H. P. Hence a Harmon’eal 

progression is some times defined thus : — 

Reciprocals of the terms of an A. P. are said to form 
a Harmonical Progression. 

Thus is the general form of an H. P., the nth 

term being — • 

Ex. I. Find the loth term of the series 2, ?, f, 

Let ,r~ iOth term of the given series which is an H. P. 

Then loth term of the corresponding A. P. mz , 

iy h 

* whence ;r=f. 
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I 

Ex. 2. Find the i ith term of the H. P. of which the 4th term 
~ and the 7th term = 

Let 4r— I ith term of the Hr F. 


Then ^=iith term of the A. P., of which the 4lh term— and 
the 7th term = 8. 

Let <2 = first term, common diff. of this A. P. 

Thei>-V=« + 30 whence <«- s. 

8-« + 6AJ wlience.j- 


. I , , , I 

X 10 

Ex. 3. In a Harmonical Proj^'^ression if the /th term is f/r and 
the //th term /r, prove that the rth term is />q. (A. L 1892). 

Let x=nh term of the H. P, ; and supposes -first term and 
common difference of the corresponding A. P. 


Then --=a + (/>~l)6 (r) ~ = a + (^-'i)/>-{2} 

qr pr • 

Subtracting (2) from » 

,\^ -^=bip-q\ whence d- J- ‘ (3) 

Pqr pqr 

~ = rt + (r- \ )b~ii-^{p- \ )b-{p-r)b 


- {p -7')^ ■ from (i) and (3) 
qr pqr 


Pqr pq' 

Ex. 4. Find the condition that }\ Q, R may be respectively 
be the/thj ^th and rth terms of the same H. P. 

Let a -first term, ^ = common difference of the corresponding 


Then ^=a + (j#- ^=<, + (4^- 

r=a + (r-l)*...(3). 

The required condition is obtained by eliminating rr, c from 

(t), ( 2 ), (3). 
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» 


Multiply (l), '2), {3) respectively by q-r,r-p,p-q, and add 
then the r ght hand side vanishes, and we get 


9-r r^p p-q 

P n R 


-o. 


or QR{q RP{> - p) -{-PQ(p — q) — o. 


( 4 ) 


EXERCISE CXXXVII. 

1 . Find the (1) nth term of 2, 3, 6, ; 

(ii) ;2th term of 4, 45, 4/3, (C. F. 1886). 

2 . Continue the H. P. ?, -} to 2 terms each way. 

3 . The first two terms of an H.P. are ^ ; continue the seriC' 
to 3 more terms. 

4 . Find the H.P. of which the loth term = and the 15th tern 

“ fi 's • 

6. If the ?//th term of an H.P. is n and the ;/th term w, then tht- 
nh term will be m-nir (Ail. Inter. 1900), and the ?;z;nh term, i. 

6- If the ;!^th term of an H.P. is q and the yth term /», pro\ e 
that the (/»4 y)th term \s pqKp-k-q). 


Z3- Harmoni'^ means. When three quantities are in H P, 
the middle one is called the Harmonic mean (H M ) of the 
other two. 

Let (jt, A L', be in H.P., then is the Hormonic mean, betweei 
and t. Now from def. a : c~a~b : b-c, a{b~c)~c{a~b). 


b{a + r) = 2ai' or b - ----- . 

-f r 

It thus follows that the Harmonic mean between two 
quantities is twice their product divided by their sum. 

If any number of quantities are in H. P., all the intermediate 
(juanlities are called the Harmonic means of the two extremes. 

To insert » Harmonic Means between two given 
quantities a and o 

Let .r,, .r., be the w H.M.’s. 

Then a, .r„ n are «F2 quantities in H.P, 

. t I III ■ . , 

’ * a* X * X (' quanuties in A.P. 

Let common diff. of this A.P. 
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I 

Then (;/ + 2)th term of the A. P. — *+(/;+iV\ 

l' a 


(;;+ i) /; = 


ti~c 

ii ac ** 


,, I I , a-c 

Hence - =■ - H — 7-“~r“T = 
X, a acin-^i) 


' =i+ 

a ad n ~f i ) 


a + nr 
l\n+ iV 
a + (n- iV* 
af{ « + i ) ’ 
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I _ I - c) _ fia -I- 6~ 

X,, a adn 4 - 1 ) a. \/2+ 1 ) ‘ 

Therefore the required means are 

adn -f I ) ^irht *f r ) ao // 4- n 

ti-\-nr ’ 2 rz 4 -(;/— I ’ * * ‘ fta-^-r 

zs The Arithmetic, Geomf>,tnc and Harmorn'e Means of 
:wo unequal positive quantities rorm a decreasing Geometrical 
Progression. 

Let A be ihe AAl., (}. the (LM., and H. the H.M., between 
[ and A Then we have 


A----- , (i--= H 

2 ’ 4- 


A.H.= 


r-h/' 


2a b 
a -^-h 


■ ab- ( P 


Hence ~ ( ieornetrical I’rogression 
Agai n, A - G — J ab)-~ 4-^-2 Jat>) 

Now and Jb are uoth unequal and real, for a and b are 
both unequal and positive ; hence {Ja- Jb)^ \s positive. 

Ax;. 

Also ~ ~ 7 r> follows that 
G // 

Hence A>G>H. 

, Aj G, // a.rt in descending order of magnitude. 

Ex. I. Insert 5 H. M.'s between | and v\. 

Let jt'„ .r„., x^, ^4, be the H. M.’s. 

I I I I r 


Then A 


Xi X . Xj xb' X. 


-V are in A.P. 
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Let ^=conimori diff. of this A.P. 
= whence d—-. 

Tt ^ 3 . I 14 J 3 . 2 IQ 

Hence ~ + 

-r. 5 3 15 ^ S 3 15 


-l = 3 + 3^§ 
■^3 5 3 5’ 


-’=3^.4^29 i=3.5^34 

■>^4 5 3 is’ 5 3 15' 

Thus the means are i§, 

Ex. 2. If a, {T be three quantities such that a is the A. M 
between ^ and r, and r is the H. M. between a and shew that /; i?, 
the G, M. between a and c, and that c=a or 4^?. (A. I. 1899'. 

*.* a is the A.M. between b and 

2a~b-\‘C^ or, b=^ 2 a — c (i) 

Also /. c is the H.M. between a and b^ 

. 2 ab . ' , ac / . 

. cz= whence b— *••(2) 

a-f-b 2(1- c ^ 

Hence multiplying (i) and (2) or is the G.M. between 

a and c. 

Also we have from (i) and (2) 2 a , 

2a -c 


or {la - cY~ac or — ^ac-\-c'^~o. 
6’ = a or ^a. 

c^a^b or c—^a— — 2 b. 


EXERCISE CXXXVIII. 

1 . Find the Harmonic Mean between 

(i) 5, 9. (ii) 2}, (iii) a^-Vb% a^-b^. 

2. Insert: (1) 5 H.M.’s between | and 

(2) 6 H.M.’s between and -f. 

3. What must be added to each of three given quantities 
/i, r to bring them into H.P. ? 

4. If A be the A.M. and the H the H.M. between a and C 

1 .1. . A A 

shew that - y,x ~~~ = 

a - H b — H H . 

^ 5. Compare a and b (i) if their A.M. ,* their H. M. I n. 

(2) if their G.M. ; their H. M. = 7« : n. 
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i ELEMENTARY SERIES. 
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To find the sum of the squares of the first n natural 

numbers* 

Let s denote the required sum. 

We have ~ (.r — i )3 = - 3.r-4 - 1 identically. 

In this identity ma';e .v=i, 2, 3...W in succession ; 
then o3=:s3.i^_3,r 

23 - 33— 0 2= _ 3 , 2 + I 


33-23--. 


3 ^- > 3 + I 


«3 I y =.= 3./;* - 3.// -i- I 

Hence by addition we have 

//3-3(i 24. 2= 4.3= 3f I +2 + 3+ ... + «) + « 


35 = •// + 


3;/>,/7 3*i) 


_ l)( 27 l 4 * l) 


3/;fw+ 0 


s~ ^n(H-r l)( 27 /+ i). 

Z7 To find the sum of the cubes of the first natural 


numbers. 


Let s denote the required suoi. 

We have H-(X“ i — 4 -r 3 - 6 x“ 4* 4.r - i identically. 
In this identity make a' — 1, 2, 3 /7 ; 


then - O'* 

2-t - j 4 

34 - 2 ^ 


^4.13-6.1-4*4 
==4.23 -6.2" + 4. 
-4.3' -6.3= + 4 


I - T 

2“ r 


n* - {n~ i)^~4.n3-6.«'-’4-4.77 ~ i 
Hence adding column by column we have 
774=: 4(134 23 4 334-... 4. ;23) - 6(1=4 2= 4 3’ -4-... +77=) 

+ 4(1 4-2 4*3 + ... + 7i) - n. 


~ 4 s -~ 6 . 


77(77+ I )f 277 - 


1 ) 77f7f-t l) 

' 44 . - 


45 - (77^ + 77) + 77(77 + I )(277 + I ') " 271(77 + I ) 
~ 77(77 + f )(«■ - 77 + 1 ) + 77(77 + I )( 27 Z - I ) 
— 77(77 + J )i 77 = + 77) = 77=(77 + I )*. 

f7?(77+l)l = 
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I 

Thus the sum of the cubes of the first n natural num- 
bers is equal to the square of the sum of these numbers. 

Note. I. In the same way we can find the sum of the fourth and 
higher powers of the first n natural numbers. In the case of the fourth 
power we should begin with the identity .r® — (jc - i -p lox* 
— + and the sum will be found to be i)(2w+i)(3 «^ i}. 

Note. 2. We shall make use of the following notations : — 

S(«) to denote 1 4-2 + 3 + ... + 

to denote i'* + 2* + 3“+... + ?r, 

S(«^) to denote 134-23 + 33+ ... 4-/^3 

28 . We can find the sum of n terms of a series of which the 
«th term An^ + -h Cn JJ ; C, 1 ) being constant 

quantities not involving n. 

For, /.==^.i3 + i?.i" + Ci+A 
4 = ^. 23 +i^. 2 ^ + C.2 + A 
/^=^.33 + j^,3'' + C.3 + A etc. etc. 

Hence if s denote the sum of tt terms of the series we have by 
addition 

s — A'^in^)-irB%{ 7 t")-\-C'Z{n)-^nJ)^ whence putting in the values 
of Sln 3 ), Si?/'"*), S(w), .Y becomes known. 

Ex. I. Find the sum of ;/ terms of the series s'* + 5^ + ?'' + •. • 

The ;ith term of the series is the square of the ?iih term ot 
the A.P. 3, 5, 7,...; hence 4 = (2//+ ip — 4/2^ + 4//+ 1. 

A = 4 r + 4 .i + q 

4=4.2'' + 4.2 + 1, 

^3='4.3" + 4.3 + *» etc. 
required sum -4 S(22'')+4 S(«) + « 

/r(;2+ 1) (2/1+ I) , / 7 t/?+r) , 

=-4. ^ ' + 4. - -+^^ 

= ^^|2(/2+ i) (22/+ i) + 6 !>+ l) + 3j- 

«( 4«*+ 1 1) 

“ r ' 

Ex. 2. Find the sum of ;/ terms of the series r. 2. 3 + 2. 3.4 + 3. 4.5 + ... 

Here any term of the series is formed by multiplying the cor- 
responding terms of three A. P.’s, viz.y 
I, 2, 

2 * 3 » 4»—(«+0 
3, 4, 5.--(« + 2). 
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elementary series. 

Hence if 4,. denote the wth term of the given series, 
we have t,, — n{n + i )(Ai -f 2 ) = + yf + 2 n. 

.*. 4= i3 + 3.i= + 2.i, 

4 — 234-3.2^ + 2.2, 

<3 = 3^ + 3-3' + 2.3, etc. 


required sum = S'/2^)-f 3S(«'')-f 2S(«) 
Y //fw+ r) (?w+ i) 


\ 


+ 3 


4 2. 


1)4-2(27/+ l)+ : j- 
__ ;/f //. + I ) {«’ + 5?/ + 6) 

4 


n{n + 1) 
2 


?d^^+ H (;/ + 2) (;/ + 3) 

'4 ' 


265 


E.\. 3. Find the sum of Uie series in the ;/th ^roup of 

I- +(2= + 3") + (4^+ 5" + 6’) + (7^ + 8" + 9 '-'+ 10^) +-... 

^ The number of terms in the first /i groups— i + 2 + 3 + ... + /^ 

//(;/+!) //-’ + // 

— ~ — ~yV (suppose). 

The number of terms in the first ?t ~~ i groups*-" 1- + 2 + 3 + 

Y{n-~i) — ^ -- =iV (suppose). 

required sum — Sum of the first A" terms of i’+ 2'' + 3* + ... 

— Sum of the first A^' terms of the same series 
> A'(/V+ i) (2yV+ i)- N' (A^ + 1 ) (2iV' + i) 

^ y, i 2/V3 + 3. V* 4- N) ~ I + 3 + .'V' ! 

( }V-^~/VO) + ‘(/V-'- A/^) + ^,(.'V-iV0 

“ d- 1) + 2). 

29 We shall now consider a class of series ofwhicli the 
differences of successive teruis are in A.P. or C. P. 

Ex I. Sum to w terras 4+ 1 1 +22 + 37 + ... 

[ Here the successive differences 7, ii, 15, ...are in A.P,] 

Let 4 . be the ;/th term and s the sum of the series. 

Then jr — 4 + 1 1 + 22 + 37 + ... + 4 ; 

Also 5 — 0+ 4+ II +22 + ... + 4 ,-id -4 

by subtraction, 0 = 4 + 7 + 1 1 + 15 + ...to terms -/„ 

.44. “4 + (7 + 1 1 + J5 + --to /I -I terms) 
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^ I 

= 4 + ^^ri4+(«-2)4}=4 + («-i)(3» + 3) 

— + I. 

Hence + i 4-1, 

4 = 2 . 2 ^ 4-2 4 - 1 , 

4 = 2 . 3 * 4-3 + 4 etc. 

. . J==2S(/^*)4-S(«)4-«=2.~ 


= ^(4?2^4*9?^4* n), on simplification. 

Ex’ 2. Sum to /z terms 1 4-34-74- 15 + 31 4- 

[ Here the successive differences 2, 4, 8, 16.. .are in C. P.] 
Let be nih. term and ^ the sum. 

Then 1 + 3 + 7+ 15 + 31 + ••• + 4 

Also ^= 0+1 + 3 + 7 + 15 + '- +4-i + 4> 

by subtraction, o— (i + 2 + 4+8 + 16 + -do fz terms)- A 
4 = I + 2 + 4 + * -to » terms — 2"- i. 

4-2' - r, / = 2 ’- I, 4 = 2 ^- I, etc. 
j-2’ + 2'’ + 2^ + ‘*« + 2''“;z=2(2"- i)~;z. 


EXERCISE CXXXIX. 

1 . Sum the series 2='+6*+ io=+ i4'' + *-to n terms. 

2 . Sum the series 3.7 + 5. ii +7. 15 + 9. 19+ •••to n terms. 

3 . Sum the series 13 + 3^ + 53 + 73.. .to n terms. 

4 . Sum the series 2. i''+3. 2'' + 4. 3'* 4 — to 71 terms (C. F. 1887? 

5 . Sum the series i. 5. 9 + 2. 6. 10 + 3.7. 11 + - to w terms, 

0 , Find the sum of the squares of 11 terms of an A. 14 

7 . Find the sum of the cubes of 7 t terms of an A.P. and pr<A'e 
that it is exactly divisible by the sum of the terms. 

8. Find the sum of the series in the «th group of 
(i) ,'-‘ + ( 3 « + 5 ’) 4 -( 7 ^ + 9 ='+n^)+— •• 

(li) I3+(23 + 33) + (43+53+63)+ 

9 - Sum the following series to n terms 

(1) 2 + S + 10+17 + (ii) 2 + 7 + 14 + 23 + 34 

O. Sum the following series to n terms 
i) 1 + 4 + 13+40+121 + *- (ii) I+-| + I- + -V‘” 
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el|:mkntary series. 

I 

30- Arithmetico-geometrical series. A seilts which 
formed by multiplying together the corresponding terms of an A.?, 
and a G.P. is sometimes called an Arif/imeiico 

Thus, iiy + is an Arithmetico 

geometrical series ; the terms of the series being formed by multi 
plying together the corresponding terms of 

the A.P. fi, + {a-\~2b)“'a-^{n- i)by 

and the G. P. i, r, 

31 To find the sum of n terms of an Arithmetico-geo- 
metrical series. 


Let the ??th term of the series be {a-tifi- i)b]r'‘'’\ and let the 
sum be denoted by s. 

Then s = a+ia-^b)r-\-(a -f 2b)r^-i (/? — i)b]r'‘~ ‘ 

/. rs ~ ^rr-i- (a -f- b)r^ -r • • • d- {<'M (// - 2 )/^}r''" ' 

+ {a + (// - i}b}r' . 

( I “ 4- br\-br^ -f ■ \ hr - {^r + (/? - , b\r'\ 

I — 

= a + or — — ■ ^ “ I )b]r". 


■ S = " “ + In - ‘ ' 

* ’ ' 1 - r {I -ry ' 

Ex. I. Sum to //terms : l + y + Ad — i' • i88o). 

Putting y = the series becomes ••• + (2;/ - 

Denoting the sum by s, we have 

^ = r-i-3/-*-h5/'3+ ••• +(2//- ijr’' 

/■^ + 3r3 4-...-f (2//~ 3)/"' + (2//-~ 

(l - r}s = r-{- 2 r^ ■i- 2 r^~k' ••• + 2r" - (2//- I p " ‘ ‘ 

= r-}- 2 /''(i +r-f r’-t hr"-'0 ~{ 2 n- 1 )/'" , 


I 

= ^ 2 r^ 


yK- 

-r 


— ( 2 //-* 1 )/^'^ 



2 // - I 2 2 // 4 - 2 

y.-.. - 3 ““3.7. • 


Hence 5~ i - (//4- 1)/3'7 

If the sum to infinity is w^anted we should proceed as in the next 
example. 


Ex. 2. Sum to infinity 5 4- -/, 4- /f; 4- ,Vo + ••• (B. P. 1883). 

Let s denote the sum. 

Then .y = f 4- -f , Vo + •- to infinity. 

4-rL4- to infinity. 

+1^3 4-Tfg4- to infinity. 
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matriculation algebra 

# 

I 

=f+A(,+i+i+ 


[Chap. 


to infinity). 




s~ I ; 


encff tJo con'^aL^utTvftermf be expressed as the differ- 
diately find the sZ anotberser.es, we can imme- 

i-x, I. Sum to terms ~ +-i- 4 -— L 4 . 

2.3 3.4 

Let be mh term and j the sum. 

Then /, = .* = 1 _ » 

12 2 » 

"2-3 * 3 ’ 


3'4 


4=r-~ 


/I n+i 

by adding s--=-i 


I 

/^+ r 


(0 


//-f I 


Note. If »; IS very large is very small ; hence from ( i) the 
infinity ■■ i. 

Lx. 2. Sum to n terms 

+ ' +-i_. , I 

■• 3-5 3.57 57.9 •••■^(2«-iX2«-:i-7K5^T37- 

We have — - — ='^2 ' \_trr,, ,, 

*• 3-5 T13 

Sinnlarly 

c. 7 . 9 =n(l-J)-(J-J)) 


a«+ .)(.„+3) 5 {(3;_ , ^ } 
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i 

Hence by addition the required sum 

__i j 2/2 '191 • 

( 2 «+T“ 3 ( 2 «+ 3 )( 

_ n{n-^2) 

“3(2//-f-r)(2/2 + 3) ’ 

EXERCISE CXL. 


1 . Sum to n terms the series 



( .) i + c+ i-Ps -p 

(ii) 

234 




(iiij 1-2P3-4E 

(iv) 

I 4 - 3 .v + 5 .r" 4 - 7 .r’ 4 ... 

2 

Sum to infinity the folio .’v 

in^ series 


(i) I +4-'‘'' + 7-’'M- iOA'~ 4 




(ii) ^-+ 5 +^+::+ 

j 3 

. (iii) 

1 -^+u 

Sum to // terms : — 



3 . 

* 4 - --' 4 - ^ 4 - 

^•3 3-5 57 

4 . 

r I t 

4 " 4 * 4 .... . 

1.4 .17 ;.io 

5 . 

r I I 

-p 4 - -P ..... . 

i *3 2.4 3.5 

6 . 

1 I 1 

— - 4 4 - -j 

1.2.3 2.34 3.4.5 


MISCELLANEOUS EXERCISE PAPERS (V). 


Paper 1. 


1 . Solve . — (i) 

1 2;ir + 3 12^-3 ^ 

(i i ) x'^ -f 2(a - li)x 4- zab 

2 , Sinaplify : — (i)' {a-^-byia-by K{ar + b’y 




(M. M. 1 890 


5 132 14 t f 

3. Multiply < 2 ^ -^za^b^ ^^a^b^ +^ab-\- iGa^b'^ 2i'^b'’ h\(i~ - 2 /’ 

4 . (i) Which term of the series 1.2, 24, 4.6. ..is 3.2*^ ? 

(ii) Is 1088 a term of the series 128, 192, 256... ? 
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t 

5 . i ) Firid the 24th and nih terms of the series i, -J, 

(ii) The 6th lerm of a series in G. P. is 64 and the9lh term 
- 512, hud the mh term. 

0 . If {l^ + c)x~{c'^a]y~{a-\-d)2^ shew that 

U' (j/ - 5r)/(32 - c^) = { 2 - x)lic^ - a*). 

7. Draw the j^raph of x^+y^ — 6x — 4j/~s 
Solve graphically .r'‘+j^ = 8 i and jir+_y = 2 . 

8. Find three numbers in A.P. whose sum is 21 and product 380, 

Paper II. 


1 . Solve (i) 


(ii) 3.r~2 = 


L L_.==7 L_ 

x^-i 1~X 8 ,r-M ;t' + i 

2 . Extract the square root of i6j'^(y - 2) - 8/(1 - 37) 4- 1. 

- * * - * 

3. Multiply X/(t^ ^ $a ‘^ — 2 Ja by 2 d^ - - a” ‘ . 

4. 


5 . If-- 


, prove that 


- 2x _ -S'* - xjy 
“ ■ 3 ■ “ 

— be _ 3 * ~ ca _ — ab 

6. (i) Sum 132 4 - 1 i^4-8f + ...to 34 terms, 

(ii) Sum 6 + 66 + 666 + . ..to 10 terms. 


C + f 'y - 

7 . Evaluate - — to three decimal places. 

S’" v2 

8. Draw the graph of /=3.r*- 5jr + 2 ; hence solve the equa* 
lion 3^:“ — 5,r + 2 o. 

Paper III. 


1. Solve: (i) A'* + i=;r^a+ij ; 

(\\\ 4£ti4-3„^+Jo_7£+_i5 

^ ^ ;i*+i .r + 3 Ar + 2 * 

2 . Find the value of 

3 ^ ^ H.P. 

3 . Sum the series to n terms : — 

I +2.r+3x* + 4v3 4.... ; under what condition is the sum to 
infinity possible and what is the sum ? 
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- i I 


4. Simplify (l) 


Js'+2j3 2 ^/ 3-^/5 


(2) 


5. Solve = 

6. Draw the graphs in one diagram : — 

(i) 4ar’’+9_y“=i44 


(ii) 4t‘-9J'"=‘44- 

+ + — ^~+2-V 

y + c J--h.v .r+y’ 


(iii) 4-f’'-9/'^o. 
then-''"'- +9v.,3a; + 4.>' + 5.~ 

5 -r + 2 >' + 5 i 3 .,-+ 2 ^ + 3 - 


8. If the roots of the equation (^- c),r‘*f (r- -/') --o 
ire equal, prove that a, b, c are in A.P, 


Pa-pkr IV. 

1 . Soh'e (i) Lr— i)^ + (.r - 4V =81. 

(ii) 6 a--^=J(^'' 5 + 7 .y 3 ) 

2 . If 'J— = , show that h is the A.M., G.M. or H.M. between 

b — c X 

I and f according as x~a or h or c. (M. F. 1895). 

3 . Find the sum of all the numbers between 100 and 500 
vhich are divisible by 3, 

4 . Simplify. 

(c. E. 1895.) 

6. Sum the series 

(1) i 3 + 2^ + 3^+ . .......to terms. 

(2) 1. 1 +2.3 + 3.54- to terms. 

(3) 5 + 55 + 555 to « terms. 

6. Extract the square root of 64+14.^15. 

7 . Eliminate x from the equations 

^r.r* + /^.r + c=o, cx^-\‘bx'^ Ara — o. (M. F. 1909). 

8. Plot the graphs : — 

(1) y—x- and x^y - y and thus solve the equations ; 

(2) ,r= + 2j'® + 4Ar- I2j= 14 ; find the limiting values of 
X and y. 


J _ 4 „ _3 

1(1 + 0’^ (i+T) 
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Paper V. 


1 . Simplify 






2. Solve (i) (a - /))x^ - (a^-had-{-/f)x-had{2ai-lf)—o. 


(ii) + 

X a b 




(B. F, 1904., 


3 . Find the sum of a given number of terms in G.P. and when 
possible sum to infinity. 

If ^r, , cf , are m (b F show that 


a'-af a; — a* ar—iv 


are also in ( j.F, 


4 . Find the sum of the squares of the first u natur.i 
numbers. 


Sum to n terms the series whose rth term is 
5 . Find the stjuarc root of 

.,3 


{B. M. 18931 


.1^ y -r 4 ^ 

0 . U i bj(b -f i)(^' i" 

-• ( rn + // + 4 - <(){hcd -h aid 4- dab 4 * abc)^ prove that ttc - bd 

(B. M. 1884.) 

7 » If = , show that 

b d J 

I I I 1 I I t 1 

{a-\- C -k cY^^h -\r d —a^ 4 - c^d^ 4 - 

8. Trace the changes in the values of 18 as r changes 

111 \alue from .t — — 00 to .r =» 4- 00. Find values of a" for which it is 
{a) positive {h') zero {c) negative {d) a minimum, and find the 
minimum value. Draw the graph of the function. (M. F. 1906). 

Paper VT. 


1 . Solve (i) (6a' - i)(3,r - ip(2-v - i) « 336. 
2.r~i 2 jr+i 
(.r-if’ (x'-Ci 


2 . Simplify 


RIkt 


(B. M. iSSiK 



XXX.] 


MISCELLANEOUS EXERCISE V. 
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^ ry ,, , 6JS + 2j2^ 

3. Prove that =5-02. 

4. If + 2V, /’== -4-.r- 2V, t^,r+v~ 2:r, find 

■h2dc in terms of.r, r. 

5 . How many terms of the series ~8, -6, --4, etc. amount to 
32 ? Explain the double answers, 

6 . If a, />, 0 , be :n (bP.. prove that {'i; (.i- 4 - r ^ -f t 

(f?// + /v -h o/)*’ (ii) ( / - 1 )" -f (r -ar -hu/- />)^. 

7. Sum to 12 teims the series \vb»)se ;/tli term <2/^~ i}- 

8. Tra.:e the graydis of and hetue solve tlv* 

-r + 2 

equation i*-- 


I'.M hk vn 


1. Simplifv 




b 1 

(>s! 

H 

:■ ;)' 


tl'. M. 


(ii) ” . 




(C. E i 87 <S‘j 


2 Find the square root of 4 a:- - +25 “ 24 ^'” * -f i 6 .r~ b 

n 01 /•• / — / /•■ \/x + 2 4- \/.T ■' 3 

3‘ Solve (i) N 4 .r+l“ V 2 .r— 1 . (n) ~ 5 

va'4- 2 - V.T - 3 

4. Solv^ 

(i) 6 a'^ 4- 1 Lr== 10 

(ii) 

5. Find the value of 2-5 by regarding it an infinite geometrical 
progre^ion. 

0. Find the sum of (i) 5 " 4 - 7 ’ + 9 '’ +...to/i terms 

(ii) I 34 - 2.4 + 3.5 4- ...to terms 

7. If (/'>4C)-r = (c- + a)j=:(ur + %, 

show that = 

C ” r c~a a-& 

P.— IL— 18 
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8. Draw the graphs of y~2x^*iind hence solve the 

equation 2;r^ + 4;r - 3 == o. 


Paper VIII. 


1 . Find th6 square root of 

2 * Simplify 


(B. M. 1886). 


(M. M. 1894). 


3 . Prove that the expressions 6Ar*-2Jtr3 4-9A:* + 9.r~4 and 9^'^ + 
8oj:®-~9both vanish for one common value*t)f x and find that 
value. 


Solve (i) = . 


(ii) (A: + 2 ) 3 -f-(Ar-P 3)3 = 8 ;r 3 +i 25 , 

5 . Find the sum of all the even numbers of three digits. 

6. The sums of Jt terms of two Arithmetic series are as 

3// + 31 : - 3 ; show that their 9th terms are the same. 

(A. I. 1898). 

7 . Sum to « terms (i) 2 + 5 + 10+174- 


(ii) 


I 1 I 

4 — 4 h . 

2.3 3-4 4.5 


8. Draw the graphs of 

{') (■i^-2)’ + (j'-3)'' = 25 

(ii) 

92 



Calcutta University Papers. 


1910. 


Compulsory. 


1 . (i) Find the continued product of 

(I r + ~ c. 

+■ 2 /^^- + 2<’V’’ - a* - /^* ~ (.'* 

If .1- find the value of terms of/. [/’ + 3/ 


(2) Resolve into factors .v^+ r and or’-f-.r- 20. 

[(.r+i)(.r=-.r 4 i) ; (x 5)(.i - 4) 
2 . (i) f'ind the G. C. M. of ;r^~9, (^^ + 3)', .r' + .r-fi ; or, 

Find the L. C. M. of x~ - -r* - .r - 2, x- 4-.f - 2, 

i(.r-j ,.r*'-4) (.r+iif.v- n 


(2) If , prove that F/j)*., 


3. (i) Solve 


Or, 


,r x~bya 
(2^ Draw the graph of j=x + r. 


9,r-5/^i7 
\^ y - 2 X -=^20 


) f ; , 5 . :: 


Additional 


1. 

(>) 

Solve = 2:5 ^ 

x+i X 12 1 



( 2 ) 

Draw the graph of y~j^x\ 


2. 

(>) 

Find the square root of 4,t^F20x’--3 

_7o 49 

jr' .r* ■ 




[ 2 ^+ 5 -J, 


( 2 ) 

Prove that rt'" x a’^ = a'" ^ ”, for positive 

integral values 


«f m and n. 
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3 . (i) Find without the assumption of any formula the siu:' 

of the first n natural numueAS. 


(2) If a\ b\ c be in A. P., prove that tt”» — — 1 ^ - 
' ^ b-\-c c-^a a -h/ 

are also in A. P. 

Or, (i) f^ind, without the assumption of any formula, the siuh 

of terms of the series i -f ^ + 1 + 5 +&c- [<-i) 

t 2 ) If a, c be in A. P. and b, d ho in G. P., show th u 
a - d— c are in G. P. 

4 . If x^b-fc- y~c-\-a — b, z=^a + b- Cj 


find the value of- 


x^ - 3XV2 


+ /P 4 - ^-3 _ 


1911. 


Compulsory. 


1 . (ff) Find the continued product of 

1 + X + x'% 1 - X and i - x'^ + x\ [ i + x"^ + x" 

Or, I f X + j + r. = 1 3, and xy + ya + cx 50, 
find the value of + [69 

(/;) Resolve into factors 

i • + 2.r - 143 and -|- 2ad> - 2(ib^ — 0 , 

[(.r+13) (.r-ii) ; + 

2 . hO Find the G. C. M. of 3.r^+ - 62,r+ 14 and 

yx-^ -h 5 2.1'* - 46-r + 8 . [x- + 8.1- - 2 
( h\ Find the L. C. IMi of a'^ - 9/7% a- - ab - bb-, + ab — 1 2/' 

[ “ 'hb){a + 3/^)(^« + 2/')( rz + 4^’^) 

X y z 

' ’ b — r~' l)y c — a c-\-a~b* 

X + y 4- r 

show that .each of these fi actions — -- 


3 


Ch\ 


ui) Solve 


21-^ 3.1- ~ 5 q.r 4- 3 7 x 4* c _ ^ 

■ 4 ' 5 ^ 6 'io 


Solve .r4->'4*r- 

2,1 4- 3^' 4- 4 I [ — 3» 3^ t 

4.r4-9.v + «”i6j 


r;o 


X y 

{bi Draw the graph of 

2 3 
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“/ / 


Additional. 


1 . Solve : (i) 


I7.f=+ 1S48 

-^'+3 


■"+-V6';-o. 

X ~ ^ 


9 lr 

[4, 


ro-, Draw the gr.iphs of(i) and (2'? 3-r-f4v - "5. 

Trove that the second graph*‘tunchc‘s first and fiiul the c* - 
id mates of the point of (.ontact, [3, 4 

2 . (i ) Find the square root of 

-V* , V\ . r V 
r a- j' X 

{2} Prove that id for 

' and ;i. 




P'ositive 'ntcpal values of 


3 . (i) Find wiinout assuming any formula, the sum of ?i 

0 rms of the scries 1+34-54-7 + ...; [ ;/ 

(2) 1-fow many tcrm< of the scries 3+ 5 + 74- ...must be taken 
‘0 order that the sum may be ecjual t(» 399 ? [19 

( hind, without assuming any formula, the sum of ;/ terms of 
■ I'.e series /-,+ Ff, + ^ J’. :,,-+, ,,0-,^, + •■• 
llenc'e deduce the value of '\ 0 . 


-i. . If a' — /> + ( , j ™ £ 4- ,1^ - -- u + find tlie value of 
-D + D + .s ■ - 3rr: . 

+ /^ + ^ 


1912 . 

Compulsory. 

1 - T j M ulliply 4.1-' + 99'- + : * -r 39". - 2:,x 4- f xy 1 jy 2.r 3+ + . 

[ d i*-’ — 274'’^ +.:’ + ! 8.1 

(2) Divide— 

6 r' - I yx^ + 42 a '3 - 66,r= + 72 X - 7- by 2.v= - 3.r + 6. 

F/' f 3 .r 3 -~ +r" + 6a' - i2 

I; h ind the coefficient of a'-^ in the product 

I ~ 2 -r + 4 A' ‘ - Sa - + 1 by i r 2.r + 4.r" + 8 a + 1 6 ,r^ [ t f 

2 - Find the L.C.M. of 2A'='-Ar- i, 2A''' + 3.r+ i, -r= - i. 

[a=~ i)(2a' + 1 ) 
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2. (l) li a \ b : : b \ r, qhow {a + b-\-c)(a~b-\-c) — a^^b--{-r. 


(2) Solve 


5 .r-i or-g 9^-7 

7 5 -- 

Or 


[3. 


(1) Draw the graph of '^ +'^==1. 

4 5 ^ 

(2) Solve x-\-sy= 2 >(>\ 

£4-J_5 h [16,4. 

A--/ 3 J 

3 . A man performed a journey of 7 miles in i hour 15 miniilei 
He walked part of the way at 4 miles an hour and rode the re^’ 
of the way at 10 miles an hour. How far did he walk ? [3^ mile^ 

Additional 

1. (r) Extract the square root of 

2S.r~“ - 1 2 x 4 - + 4.1"^ ~ 24,r*'^ [2:r- - 3.r“' + 4.r”^ 

(2) Show that ' ' — a^’‘ — - a^’ • 

Or 

(I) Solve [8, -8 

■1-4 ■i' + 4 ■’ 


(2) Simplify 


i- 


be ca ab 

{b - a){c' - a) (V - b)\a — b) {a ~ c){b ~ c) ' 

2 . (i) Find, without assuming any formula the sum to ;/ tenr ' 

3 3- 3’ 3-' L2\ 3"/ 

(2) Sum to terms 1.2 4-2.34-3.44-4.5 4- &C. i)(// + 2 


3 . Draw the graphs of a’-fj*- 25 and x+j' = 7 ; and measure 
the co-ordinates of their points of intersection. [4, 3 ; 3 ; 4 

4 A horse was sold at a loss for Rs. 840 ; but if it had beer; 
>oid for Rs. 1050 the gain would have been three-fouiths of tht 
tormer loss. Find its real value. [Rs. 9C0 

1913 . 


Compulsory. 

1. (1) If x—b -c',j'~f ~ a, find the value of 

.v'4-j^~.c’'"4-2.vy. [- 

(2) Find the G.C.IM. of 2,v^4-.r- - 5.r - 3 and S.v^-f-b.r -21.1- 18 

[2 1-4-3 


(>r, (i) Simplify : — 



'FrZV/'-J i_\r2(a-4-r'’* 

-*"+// ’ L J’ 

y X y X 


( 2 ) Divide 6 .t 4 - 2.r^ - 2 3.r- - 5.r 4- 20 by 2;r^ - 5 . [ 3.r^ - x ■ ■ 4 
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. 2 Solve the equations 

. , 2 .r+i 3.r-2 . 

(d 


( 2 ) 


■.r=^- 7 . 


Or, A man pays 200 Rs. more than one-third of his debt and still 
owes 210 Rs. more than what he has paid. What was his original 
^^ebt ? [Ks. 1830 

3 . (i) Draw the graph of r~.r - 2. 

(2) If 3(^+7), lind the ratio of a' to/. (4 ; 1 


Additional. 

1. (a) Solve 42 - 4ia- - 20 = 0. 


7^-2 

(/)) Fir:d the square root of a** -a*'- ' 4 .r+ i. [.r=- ’.r i 

4 

Or, (a) Divide 50 into tw o parts such that the sum of their ren 
procals may be [20, 30 


Simplify — 




i 


(a~d {a - 0 " ('')0 - a) -t {c-‘a){c—0 * 

2 . {in The first two terms of an Arithmetical Progression are 

^ anti I, Write down the tenth term and the sum of the first ten 
serms. [~I5» 

{/>} The first two terms of a Geometneal Progression are 3 
and I. Write down the tenth term and the sum of the fiist ten terms 

sr. i> ''.Vs 1“* 

3 . Draw the graphs of ar=*4-/’— 16 and .r4-/=2, and measure 
the length of the chord of intersection. 


1914 . 


Compulsory. 

1 . Find the value of + + n ~ /n' - 01 ~ ai^ when 

a^x+j', d^x-y, t =.r4-2/. [7/ 

Or, D i vide a'' — 6ar -p 5 by x' — 2.r F i ; \x* + + 3a ” + 4.r f 3 

2 . Factorize : 

(I) x{x- i) U~2)-3,rF3 ; [ i)Vr + -3) 

I2) - c) + — a) — [ — {d — c){c - a)ia - 0 


Or, Simplify 


a~b 


— (p~ cf^b^ ~ {c—af^c^ — {a - bf 


[c 
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3 . Solve : 

x~a x-b x-yi—'Kb r 

0 a a -\‘0 

(^\ + 3-^-7/ + 4 __ 8)/~2r + 2 r ^ 

^ ^ 5 6 7 ‘ ^ 

Or, Draw the graphs of 3x + 4r=25 and4x-3/=-o, and measure 
the co-ordinates of their point of intersection. [3, 4 


Additional. 


1. Solve : 


(1) 6-r—9i;r + 323-0; (2) ,r + [-^,-^^25,-/, 

^ Or, Draw the graphs of and 24/-a:-f 4, between ^.-= - 4 

and .r- +4, and measure the length of the chord of intersection. 

2 . (i) Extract the square root Q - “I ’ 

(2) Express (a - a) {x - b) as the diftierence of two squares. 

[See ex. 3 (//) p. 376 

3 . Find seven arithmetical means between i and 41. 

[6, 1 1, 16, 21, 26, 31, 36 
Find three geometrical means between I and 9. i, 3 


Compulsory. 

1 . (1) Find the product of {b-\-r-(i), (c + <?-<')), {-a F/>-f c). 

( i ) ) Divide .D + a*-{- 2(t\v'^ by ~y‘ + a". f-r*' +3/" -f <( 

( b', iO ^hnd the H. C. F. of.v‘ — 2.r — 3 and .v^ — 2 x^ — 2 x — 3. [-v - 3. 

(ii) Find the L. C. M. ofa--/r3 and a^-bK 

[(a^ — + nbA-b') 

2 . Solve the equations : 


51 4-6_^3.r-4_ 
12 '"5 ■ 


2(.J- - O'!. (>'0 3-^’ + V = 27 , S-'- - 33' = ' ■ 
[i« ; 5. 3- 


3- simpl.fy. 


a/u ~7/) * 


Or, Draw the graph of 
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Additional. 

1 . (i) Solve, without issuming the formula, 63.V" - 6: r - :2i. 

f ’ . 

(ii l What number must be adJed to -6.1 ’ + ij.r 1 : ? p j 
t'j make a perfect Square ? " [3, 

Or^ (1) Divide unity into two pcO'i; riuen that the sum •»! then 
i ube.^ is j 

lii) Simplify : V3)_ - ^'3) [" ^^f> 

^ ' 03(V3+!; 0.3(03-0 1. 3 

2 . (i) Find the sum of the squares, ot the first ;; natural ninr.hers. 
(11) In a ;3eoinetn^ al progi e^sH)n, hhow that the prcxlurt uf aro 

iwf) terms eqmdislani frenn a ^i\en teim is C(jual to the sfjuare ol 
I he oi^'en term. 

3 . Trace tlie ,ij;raphs of , .mm i,r-- vr'' aiu detfunnne the 

iioints where they intersect. | 1, 3 ; ■ ' 


Compulsory, 

4. Ui) Simplify 2f^ “ 2,' 2rf I 2((i - /'j J. [2f/ - 6<'>. 

{/O Divided -fa-" - i q.r f 6.1' ■ by 2 -f .i', [ 3 - i r .r 1 d 1 *' 

Or 

d?) Find the H.C.F. of 3.1'-- n.r-4 and d.ri- 25.1-' -f 3. 


fVd Simplify 4- — 1- . [j 

x-y x+y ) -.1" 

^ 2 \ X ' 2 ) 

5. Solve the eciuations : ff) ' + , ' 5 * h- 

^ - .r - 1 a -f 2 

{/>) I la'-f I 24 '~ 58 ; i 2 aM i qr 57 - 

Add I to the numerator and denominator of a opj tain 
ii action and it reduces to ; : oubiiact 5 from each and it reduces 
fo ' ; required the fraction. [I- 

d. Draw the graph of 3v — ?.r“4, and jilot the points on the 
graph for wltich .r~ - 2, q and 3 respectively. 

Additional. 

3. i» Solve 4.r‘- 65.1' -f 126^0. [i 4 >T 

1 2 4 

iO) Find the square loot of - 6-r -f 5 f -f 
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Or 


(a) Simplify (jr,)” ' x (S)”"' (5)’" ’ (' 

(/>) Find two consecutive numbers, the sum of whose square^ 
is 145. [8, V 

4. (<^) Find, without the assumption of the formula, the sum ot 

30 terms of the series i, 3, 5, 7, [900 

(2) Insert two numbers between 5 and 135 so that the four ma\ 
form a geometrical progression. [15, 45 


5. Trace the graphs o{j'=Xt 
where they intersect. 


Bnd determine the poini> 
[Origin and (4, 4 


1917. 


Compulsory. 

4. {a) Multiply + i by + I. 

Or, 

Divide -6(1-4 by “ 2. 

( 7 ^ F ind the H.C-F. of - y.r-f 6 and’.v^ — 3.r® + 4. 

Or, 

Find the L.C.M. of a'^ + ;r-6, ;r* + 2.r->3 and 3,r4*2. 

[(x + 3) (.V-2) {x-ll 

5. O) Draw the graph of 2a' + 3j— i. 

(/^) If , shew that - — , . 

b( c h~ 4- C' 

6. (a) Solve ^ . 1 

4 5^7 

Solve .r 4-2/ — 3==4.r— j'. [i, 5 

{b) The half of a certain integer exceeds the third of the 
next greater integer by two. Find the integer. [i . 

Additional 

3. (a) Solve, without assuming formula, .r"* - x= 1806. [43, - 4 - 

[b) Find the square root of i + 2t7 4- 2 ci^ 4 4 - j i 4- ^ 

4 L ' 

4. (rr) Shew how to find the sum of terms of an A. P., beirv- 
given the first term and the common difference. 
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I 

Or, 

Shew how to find the sum of n terms of a (L V., beiny givet\ U'*.- 
first term and the comn;on ratio. 

(//) Sum to /I terms 1x24-2x34-3x4 4- 4 x 94- 

4- 1 )(;♦ +- 2 
L. 3 

Cb-, 

Sum to // terms i 4~ 2.v4-3a'‘4'4^r^4- 

5. Trace the graph cf a - - x, from .r — ~ i to x - 2 and thes e 
from obtain an approximate solution of the e<juation i - a . 

ft'6; 


1918. 


Compulsory. 


4, (a) Either, Multiply i -(^4-2^f -3^;^ by -5 4-2^r. 

Ch\ 

r)i\ ide (C 4- a - 4- u' by a'' 4 (ft 4- i . 

(/') Either. Find the H. C. F. of a -f 4^“' - 5 ' " 3^'+ ’ 

Or, 

Find the L. C. M. of .r'-br-cj.v-iic and i ■ - (rtd-O + t' . 


5. Either, Solve 


, . .r4- 1 .r4-2 a' 4- 3 

(a) .r + ^ + 

2 a 5 
(^) y + jy = 6 , z' + x 4, m -f j ^ 



Or, 

A motorist does a journ' / of 80 miles in 6 hours. During lio- 
first part of the journey he travels at 10 miles an hour, and dunn-, 
the latter part at 18 miles an hour. How far does he travel at e.a ; 
rate ? 

6, Draw the graphs of x-i-y=-2, and x—y = o, and find tlu 
CO ordinates of their point of intersection. 


Additional. 


3. (tf) Solve (.V“ 7) (at- 19) =^64. i3>“i 

(/); Find the square root of 49,1" 4- 369^^ 4- 109x9'' - 

- 6oxj'^. 

4. (a) Either, Show directly that the sum of n terms of an /\.i 
equal to n times half the sum of the first term and the last terrr 
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Or, 

Find directly the sum of n terms of the G. P., 


1 I 

[+ -f . + . 




Either^ It a be the first term of a G.P , I the term, and 


l■‘ the product of the first 71 terms, show that P~{(ilY. 

Or, 

Find the sum of 7 t terms of the series i 3 + 23 + 3-* + 

5. Trace the graph of 4-1' + 5 from -r=o to ,r = 4, and 

find the least value of y. 



ANSWERS. 

PART 11. 

EXP.RCISE LXXXIll. (pp. 11-15). 

1. 72, 02,66. 2 . ioo, 158. 3 . Rs. 75, R^. 60, Rs. 30. 4 . £2 15^ 

5 . 5 days. 0 . Rs. 2. 7 . 40, 60. 8. 60. 9 . 30 pence 

10 . 300, 700. 11 . 57lt)S gold, So lbs. silver. 12 . Rs. looooo. 

13 . :20i’. 14 . <^>4 gallons. 15 . Length 102 yds, breadth 51 yd- 

16 . 10 min. 17 . 26. 18 . days. 19 . 5/', minutes past 7, 27, , 
minutes past 7 and 49,*, minutes past 7. 20 . 20 frcni A and 

8 from IL 21. 6 miles. 

22 12 min. past 3. 23 . 12*5 pu. 24 . 9 beggars, 171 d. 

25 . 2}, i ;!., 1 2 miles per hour. 28 . 800. 27 . 30 years. 

28 . Hare 1200, (ireyhound 960. 29 . 160 min. 30 . 445^ nuK 

31 Rs. 2000. 32 . ib6-’, 33'. 33 . 14, ii. 34 . 10, 20. 

35 . Rs. 600. Rs. 480. 36 . 144 hr^. ^ 1 * they go in the saiir.- 

direction : 13-1’, hrs. if in the opposite dirci on. 

37 , 26 miles. 38 . 1800. 39 . 72 years and 60 years. 

40. + 4/d rooms. 41 . I' mds. 42 . 420 r?:. copper ; 255 * n 

43. 9 gallons and 6 gallons. 44 . 2600. 45 . 137', /c. 138 Icap^- 
40 . 1600 men. 47 . 10,25,50,75. 48 10 days. 

49 . 50 . 6 sec., \ sec. 51 . <S miles per hoiir. 

52 . id} (i) 37~,v min. past 2, (2) 43/, min. past 2, (31 at 2 and 21 
minutes past 2. (/^ (i) 32;, min. past 9 and at 9 (2) 16 A mm 
past 1. (3) 38 A min. past 9 and at 10. 53 . *A* doo 

55 . 12. 50 . Rs. yS-2ds. 57 . Ks. 46-81*?. 58 . 900 men 
59 . 4800. 00 . 367A, minutes past 3. 

In the answers to the following exercises (LXXXI 1 1 to L.XXXIX 
the roots are given in the order a, 93 r, //, v. 

EXERCISE LXXXIV. (p. i8j. 

1. 2,3. 2 . i,-r. 3 . 5,6. 4 . 5,3. 

6. -3,4. 7. + 8. r*, /;. 


5 . 6,2. 



MATRICULATION ALGEBRA. 


EXERCISE LXXXV. (p. 19). 

2. 7,5. 3. 3,1- 4. -4,2- 5. - 

„ inn '-I n^-\-hn , \i { 

-f n + n 


EXERCISE LXXXVI.(pp. 20-21.) 

1.8,1. 2.4,3. 3. HI?, «/,<>-. 4.2,6. 5. H.-SV- 

6. f:;‘„ V,,V-. 7- 40, 16. 8. 36, 25. 9. a, b. 

\0. •-ih-.ac. {a‘ + b^)j 2 ab,{b^-a'‘ + 2ab)l2ab. 12 . c, c. 


EXERCISE LXXXVn (pp, 25-27). 

1.1,2. 2. -W- 3 . 4 , 5 . 4. H 6. -VS -f. 6.12,6, 

7. 12, 6. 8. 3, 2. 9. 8, -15. 10. I, I. 11. 3, 2. 12. -fll, -liS 

13.2,1. 14.2,3.15 10,5. 16. iil{a+b),bl{a+b). IT.a + r. 

, s 10 IQ ' 2 a?,w 

{b-a,. 18. ' ,i + b ' a + b 


crh alP 


20. 21. 


22. |, |. 23. ', 


24. !„ 25. 4.10. 26. ^,--;,.27.|,|.28.£--^ 


am — bn ’ an — bin 


29 . 2, 3. 30 . 


mb-^an nib + an 


^ nc-Vbd 

34. Y, C 35. 


32. ;^,o. 33. 


EXERCISE LXXXVni (pp. 31 32)- 

1.2,1. 2. -3,2. 3. 8, -6. 4.5,4. 5.2,11. 0. 6, 5. 7. 7, 5 
8. 3, 4- 9. 8, 7- 10. 2, 3. 11. I. 3, 5. 12. 3, 4, S- 13. 2, 3, 4 
14. 2, 5, 3. 15. 4, 3, 2. 16. be, ca, ab. 17- b-c, c-a,a-b. 

~ (b->\c-a)'~{tn-b%b-c)'~(a-b){c--a)' 

. - b. 20. M‘' - b), oi(a - .'), ab{b - a). 21. a{b - c), b{c- a), ((a - / ’ 

22. 23.a-i-/.-2f,i+c-2a,. +«-2.' 

24. -2;, 'VV -SV-. 25. 20. 
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EXERCISE LyXXIX. (pp. 35-36). 


1. 

7, 

5, 4 

2. 3.-f 

, 0 . 3 . 2 , 

3» 5* 


4. 2 , 

3i 4 . 

5. 0, 2, 3 

0. 

4. 

3,5* 

7- 7, SY 

1 , 8. - 

lb I : 

2 3 > '2 

3 1 

9 . 2 , 

5-4. 

10. I, 5, 2 

11. 

3, 

2. 1. 

12. 3 . 4 , 

I. 13. ii, 

by 1 y 

14. 

■V',--'; 

1 7 

. 15. 1,*,* 

10. 

40 4 0 

4 6 » 5 I » i 

17. 

3t 4i 6. 

18 

> 3j 4i 

. 5 , 6. 

19. 

R 2 , 3 , 4 , 5* 

20. 

ll 

L 7. i 
i> rY 4 

3. 2f- 

19 I I 1 1 r 
* "■ 2 7 .0 41 4' 5‘ 

22. 

2 1 7 _ I 

2 i> 1 i> 

23. 2 , 3,4 

0(1. 


2b f 

2 ca 

2ab 






Ztc. 


b 4: c 

’ €■' a 

’ “aO' 









EXERCISE 

XC. 

(pp- 

41 - 42 )- 



1. 

h 

11,5- 

2 5 , 

3 

b^c- 

a 

-a 

1 

+ a ~ b 

b 

Y-f/'-- r 

> 

L 

4. 

3 r 

5 ; 3 

3> 5* 

5. a. b 

,<■. 0. 

X 4 . H 

r ’ '5'' 

48 . 

7 * ’ 

• • 312 

} * * 

3» 3* 


9 . 6 *, 5 i, 6 . 10 . 11 . - + -f <?/)),. ^ + „ i. 12 . <'v,a. 

13 . c, 14 , I, J, o. 15. a,bji\ 16 . 17 . a, by c, 

18 X ~y ~ ■{• b'^ be -ca-ab, 19 .—, ] y , 

20. ^ y \y ^ , 21. 3 , 4 , 5 . 22. 4 , 5 , 6 . 23. Yes. 24. ^'es. 

U a c 

25 . X"o. 26 . k = a. 

EXERCISE XCI. (pp. 48 * 52 ). 

1 . 50, 60. 2 . 32, 23. 3 . Rs. 200, Ks. 100. 4 . Rs. 4c, Rs. 5. 

0. 18,35. 6* yY ' 7 . 8. I2as., 2as. 9 . 75. 10 54. 

11 646, 12 . 963. 13 , 210, 30. 14 . 5 minutes, 5* minutes. 

15 . 2min., 2min. and lo sec 16 . 4s miles. 17 . 16 fit, 1561. 
18 . -Y*. -Vy 19 - M- 20 . A 36 days, B 60 days, C 15 days. 

21. 60, 30, 12. 22. 3. 

23 Rs. 22, Rs. 24. 24 . Rs, 10, Rs. 16, Rs. 20. 25 . 8J. 20 . 

Yr> days. 27 . 55.4^ per lb. 28 . 15., 3*i., -^^ 5 . 

29 . 3 miles, 5 miles. 30 . 200 miles, 33* miles per hour. 

31 . 2 miles per hour. 32 . Rs. 340 in 3 p.c., Rs. 2400 in 4 p.c 
33 . 45 miles per hour. 35 miles per hoar. 34 . A ri miles, B 10 miles. 
35 . 2I miles per hour. 36 - 63. 37 . 53 or 35. 38 . 253, 

39 . 30, 7 1 and 6. 40 . .^4680, £4720. 
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EXERCISE XCn. (pp. 54-55). 

1 . (i) 20. (ii) 17. (iii) loi: (iv) 61. 

2. (i) 13. (ii) 37. (iii) 25. (iv) 65. 

5. (i) 10, 10, 8.9; area 40 sq. units, (ii) i2’8, 10, 16 ; 64 sq. units 
(iii) 6, 8*5, 6 ; 18 sq. units. (iv) 12, 21, 23*7 ; 126 sq. units. 
8. (i) 22. (ii) 78. 9 . 62 J. 

EXERCISE XCIII. (pp. 65-66). 

29 . The St. line x — T, 30 . The st. line^= - 10. 

31 . The graph oi x~y. 32 . The graph of.r = 3j^ 

42 . 3'3 nearly. 43 . -4; 5*7 nearly. 44 . 475. 65 . 144 


EXERCISE XCIV. (pp. 68-69). 


1. 5v-6.r. 2 . 7= - 5.r-f 19. 3 . 2j==3^tr. 4 . 13^= — i2.r-h2o. 



8. 7 a'“ I r/“ ^23 = 0. 
11 . A- + 07 -48 = 0. 

15 . 4r t 24 = 0. 


9 . 6.i"-j'-f 38 — o. 10 . 7.r*f3V“9 = o 
14 . (i) - 7 ^ (ii) i (iii) -) (iv) .^V 


EXERCISE XCV. (pp. 78-80). 

1. 2,3. 2 . 76, -3-6 nearly. 3 . 2,1. 4 . -2,3. 5 . 74 . 'Si- 

9 . (9,2), (5,7), (3,4) ; lengths of the sides are 6-4, 6 3, 3’^' . 

lengths of the medians are 6'i, 4*1, 4. 10. 21 oranges. 

14 . 2’2o in, 8 64 cm. 15 . 4 53 miles ; 4-35. 17 . 7i hours. 

22. 2182 minutes past 4 ; 873 minutes past 4 and also 

34*91 minutes past 4 

MISCELLANEOUS PAPERS III (pp. 81-87). 

Paper I. 

♦ 

1 . (.r-3)(.v-0. 8. (i);V«. (ii) is- (iii) -I'- 

6. — 2. 7. 17 rupees, 34 eight-anna pieces. 68 four-ann.t 

pieces 8. 8 square units. 



ANSWERS. 


Paper II. 

1, (i) {a-x){a+xy ; (ii) Cr+6)(;r + 2)Cr* + 8.r + lo). 2. (i) i. (ii) 2 , 
5. 0. 3 ,^ 4 4. 4 , 1 . 3 _ 5,^ + 2. 7. 933. a - I ; 5, 

Paper HI. 

1. (il (.r +'2'+ i)» (‘0 2iax-{-dy-\-C2;)iay2 + d$,r-hcxj'), 

2. (i) -Xo, (ii) -le, (iii) {a- dy, 

4. 3(2-^ + 3); Cr + 2)(2.r-T)(3.r+i). 5. (i) , (iii) . 

6* 4 ^= -4£1 + i. 7. £ 10 . S. ii) 4 x~ 3 ^y-lr 24 ^o. ( 2 ) sx-hi}'- 7 -~^o. 

Paper IV- 

(ii) ^+t'— a + />-- r. 

3. a{x'¥y) + i^(x -j/). 4 . (i) (x - 4z)(.r® -f .ra 4- (ii) (rz - + 

5 . /= 6 , .«= -37. 6- 7- 3 o|| hrs. 8. 4, «• 

Paper V. 


1 . (i) A'-=i 2 ,>' = 3 . (ii) 4,2, -3* 2 . 

3 /-s 0:^ 

^ (fZ ~ .l~)(/; — A'){l' — a ) ( 1 - ^Z,l')( I - ^.l*)( I 

4 . I ij= 2o.r - 32. 6. */. coeff. of .r" 


; (ii) 

= i). 8 


576. 


Paper VI. 


2. .z'^-3.r+i; (2jr^-jC't'3)(3;t:<- io.t'*p8;tr=- 7,tf4-2). 

3 . (j) (x~-2y)(x + 3j)ix-j-6y). (n) (a- iid+ i){2a + /^ - $), 

(i i i) (x -ys-bii ~y){x -a- a- y)is -a-x -y)(s -a-i-x + j). 

4 . x'‘‘~x(y-h^)-r^. 5 . (i) i, 2, 3. (ii) 3,-2. 6. area = 92‘5 sq. units 


7 . 24. 


8. (i) 


zz 4 - — 2 <r 
+ — 2ab * 


(ii) 3 , 7 , 5 - 


Paper VII. 

2 - (i) 2, f, (ii) 5, - 7 , 3- (>") “I • 3 . x^+xj'-iy. 5 . 2'9,--o2. 

7 . 20 annas nearly. 8. 26, 10. 

p. — II. — 19 
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Papkr \'in. 

1 . (i) 2x’~xy-4y\ (ii) {a~d)(6-c) + {b~c){c-a)-i-(c-a){a- 
2 - /= --I. ?= 3. (i) I, I : (ii) o, o, c. 4. d^-al, 

a* — be, 6. I '6. 7 . 16*36 and 49*09 minutes past 6. 

8. 45 miles per hour, 22 § miles per hour. 

Paper IX. 

1. 6 ^+ 3 - 2. J. 3.1. 4. (i) {\\)a+d,a-l. 

6. 6. + 

Paper X. 

1. 2x ^ - - 3 • 2. (x'‘ + x ~ 3)’ {x^ -x + 3){x^ - x - 3) 

3. I. 4. {x^+pXy-j^){x^ -pxy-y% 5 . ax + by-^ca. 

6 . (i) -c, (ii) a-^-b-^e. 7 . i, 4 ; 2,-3 ; -I, - 2 . 

EXERCISE XCVI. (pp. 90-91.) 

1. (i) 3 : 2. (2) 19 : 6. (3) be’ -b*c : cci -c\i, 

2, (1)13:12, (2) 17 : 3 > ( 3 ) 0 - (4) --V-. 3. - i;. 

4. (i) I : 22 : 17. ( 2 ) bc{b-c) : ea[c-a) : ab{a -b), 

5 . (i) The former greater. (2) The former greater. 

6. Second army. 7 . (x) 4 : 9, (2) {x-y) : {a-b), 

8. 5 : 12. 9. 4i. 10. 7. 11. 9- 12. 5. 13. 255, 153, 14. 8 , i 

15. 12, 18. 16. 12, 21 ; 24, 42 ; 36, 63 ; 48, 84. 

17. A, 72 years • B, 63 years. 18 . 8 : 57. 

EXERCISE XCVn (p. 95). 

1 . ( 1 ) 6 . ( 2 )(a-^)^ 2.2. 3.2. 4.1. 8 . 

EXERCISE XCIX (pp. 101 - 102 ). 

1 . (l) l 6 . ( 2 ) 1 . {2) (a-/>y;(a + 6). 2 . (l) 6 . ( 1 ) 33^3 

( 3 )(a-l-/;)(«’-«^-Pn=. 3. 3 45. 4.1. 7. 

EXERCISE C. (pp. 105 - 107 ). 

11 . o. 12 . ( 1 ) o. ( 2 ) o. ( 3 ) o. 
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vii 


EXERCISE CL (p. 109 ). 

1 . 3 . 2. 8 . 3. ^ 

EXERCISE cm. (pp. 116 . 117 ). 

1. 2. -4. 3- -M}. 4. 


5. 


ai ( c-h ( i ) - aMa + d ) 


ad - cd 

'3- 8- -2^ 9. 2; 
10. -5’- 11. -7- 12. -8t. 13. - 2'. 14. -2. 15. -2',. 


16. 17. -2^ 18. -ij. 19. 20. 

^ - I a + I 

ai. -.^>7 22 .- 1 . 23. 24. 

4*; ^ 2 d Cl ~ d 

25. X— \{d-\rc~tz)d^ /“K^'4-'^ ■b)d^ a-'Ja-^-d - 1 )d, 

d{ ca + ab -j^c' _ d{ad + be - ca) ^ _ dibc -Vea- ad) 

~ 2 abc ’ ^ 2 a be ’ 2abc 

27. x~b-\-c -a^ y=^c\a~ b^ z—a-\-d-c, 

28. la-b-c^ y=lb-c-a, z~y-a-d. 


EXERCISE CIV. (p. 121). 

1. 1 16 . 2, - 4 . 3. ir. 4. 6 . 6 . 2 . 7. 12 . 8 i 6 . 

9. 4 . 10. I. 

1 3. .r'* + x^y + 4- xy ^^ + y ^ ; x^ + xy + xy ^ 4 x ^ y ^ 4 xy ^ 4 ; 

,r7 + x^y + xy 4 y"^ 4 xy* 4 xy^ 4 xy^ 4 yL 

14. x^ ~ ry -\-xy^ — xy^ 4y^ ; — xy 4 xy^ - xy^ 4 x'^y* — .r ^5 , 

,Y® - 4 x ^ y ~ - -• xy ^ 4^. 

15. JT^ — xy 4 xy^ — .ry 4.^t^ —y^ ; -'’f'’ 4xV 4 .ry 4 

4.r/4y4 ; x^+x'yxxy^-^ 4.ry4y 4 . 

^ x-y x-y 

16. .r*-.r5y4 ,-xy^-{-/^- i X' - xy X -i-x/' ~~y^ 

xxy x'-f-y 

x ‘‘+ x { y + + xj ^+ j ^+ . 

17. (.r-2)(.i;+3)(;r+4). 18. (-r + 3 )(.tr-h 2 )(j:- i). 

19. (x-4)(r--3)(x-2). 20. (-r + sXx+iXx+s). 

21. (.r- 3 )(.^ + 5 ){;r + l)(4: + 2 ). 22, (j:- i)(.r+ 0(^+3)(^ + 2)- 



viii 

matriculation algebra, 
exercise CV. (p. ,23). 

1 - u-b)(2a-b-c). 

-i. ~{‘‘+f'-2c)(b+c-2a)[c+a-2i-) I iv v 

8 -A*;'’"-/’- 

12. {a - b){b ~ c){c ~ a)(a^b ^ + 

16 . (^-m-c)(,-a)(ab+b. + ,a). + 

a). 20 . 

exercise CVI. (pp. 

14.A-3^,+3-. 'f. <•+«.+.)(.+,), 13 .^,, 

10. pq--y, 

EXERCSE CV„, („. J 

8 . (i. f (.^i) - M 3 . 

KERCSE-Cvm. ,pp. ,3 s_„3 , ' 

1. 35-^ + 2_ 2 i>^+Z-3 .r-v-„ 

■^■*^-►'-2 ix-y+^- 4. 2(r +_,.+.) 


7 _ (£=.± 2 )(Lt£l) 


8 . 


S' f(«+/^+^+f/), 0 . 

n/-\ 

"+‘^+‘'+3. "^l. 4. 22.-, 23 ,/ 

30. x». -('»+<^+'-). 2a I. 29, 

33. (wi + jji „ ' *' 32. bm. 

■ ~*' ' 36. afc 39. 



ANSWERS. 


3^. (a+d+cy. 38.0. 3&. o. 40. -i. 41. o 

42 a + i + e I 

’ (d-h i')(s -f a){a + <^) * ' (,r - a){x - i)(x - c) ' 

^ ^ 

(x~ a){x - /?)(x - g ' * (x ~ a){x - 0)^x - c) ' 

-r^ -H .r + r „ x%a-^d-^c)~-x{di '\^ca-^ad)’^al>c * 

' (x - ay(x - b){x -c)‘ ' ( i- — '• V - /•^v -r) 


48. 


49. 


4 • i-l2x f 9 

... .78_ Qg 


2 or 

ICX) ' 


EXERCISE CIX. (pp. 146-47). 

1. ( I ) ad— be. (2) a'^b^ 4- b^d ^ — ^abc. (3) (^v. ' - day. 

— {be — b'c){ab' - a by. 

2 . {i) - b^ — 2c'*. {2) a^ + 2e^—sabK {2) {a^ - b^y. — 2{b* -c*) 

(4) (<^>1;:' — b'ey + {ca* - c*ay—d\ab^ — a by 

3. ( I ) <:-^ + ^ab^ — a}. (2) + 2d = ^ab' + t>d^. 

(3) cj" + 3 ^^ — . (4 ) b^d 4 - -I- a^b^ — 5 a^b'^c^. 

4 . abc 4" ifgh - aj^ ~ bg~ — efr- — o. 

5 . (I) sd^-‘ 2 d(a + b + e)+bc-^ea-i-ab — o. abe-^{i^{a-^b c) — 

(3) liP-^d^ia^bi-cj^abc. (4) d{a + b-{-c) -j-bc+ca^ab^o. 

6. 27ay — 4{x-2ay. 7 . (i) a^b'^d — dK {2) a^^b^ •\- 2 ale—i 

{;^) a-^b + e^ ^d—o. (4) a^-\-b^ ^ e‘ — abc-^4* 

8 +y^* = £:'*+'. 9 Add and subtract the equations, 

whence (rt4-^)^ — 0« — = 4 . 10. {a^rb)"^ — (a — b)'^ —{^c)-'. 

EXERCISE CX. (pp. i 49'5 o)- 


1 . 2 i;r*~ 43 ;r 5 4 - 36 jt^~ 23 .r 5 4 - 2 o;r^- I 4 - 1 ^ 4 - 3 • 

2. 2jr7 4- 3;r^ - 9.^'^ + 32jr*- 35.r34“4i-^*- i8.r4"8. 

3. JxS - Id 4* 4 . + ?^ix - *A. 

\ 3 x - 2 X-. if 

S ■ ( 53 J^-' 64 \ 

6 . (yd 4- 2 ijr^ 4- 3 4- 34 Jt'^ 4- 34 .tr 5 4 . j - 33 ;r 3 - $ox^ ~ sox - 7 . 

7 . -118. a - V-. 



X 


matriculation algerra. 


MISCELLANEOUS EXERCISE ^PAPERS (IV.) (pp. 157-6^). 

Paper I. 

1. (\) x~a{a^by^y~a{a-dy. (ii) + 

3 . A=i, B=: -2, C = 4. 4 . a *- 2a ^- 2a ^- 1 , 

7, a -\- d + c ^2 a /’ c , 8 . 


Paper II. 

2. o. 4:, a^-\d^-^c^-adc~ 4 . 34; ~7- 7. c){c-a){a- 

Paper III. 

1 * D(- 3 , 6 - 5 ), E (- i, 3 ‘ 5 )» F' PD, Ar- 2 jK+i 6 = o ; 

QE, 7 ;tr + 2 j/=o ; RF, ,r + 2 =o. 4. a^=:^:4-i. 

5. 7;rj/4- 7. (i) {a d)(a - dy ; (ii) 27 a^^ 8. - 24 adc\ 

Paper IV. 

3. 2a^ - 3^"* 4* I . 

4 . a/fc + 2/^/1 - a/^ ~ - 071^ = o. 

Paper V. 


o c 


1 . (0 

5. {a^4‘b'^4-c^)- labc—'i 


(ii) *+'+-. 
a b c 


ta + % '* + '^ + ^+ 3 '^- 

Paper VI. 


2 . ( tf 4- b ^-\- c ^){ ab 4- bc 4- ca ). 


Paper VII. 

4 . + 6. x ^'\-2 x ^4':^ x *4-4 x 4‘ S ' 8- 12, 18, 30. 

Paper VII I. 

( Y — I )» 

4. ' - -TT . 8 . < 134 . ^3 .^^3 — 

Paper IX. 

2. (i) ~ ~ (ii) a. 4, .r% 

8 . (I 4 a)(i +^)(i +0 = (l -a)(i -^)(i -t:). 



ANSWERS, 


PKPER X. 


.1 + 

a 7 . 


.r* 

2a 


0 . m~2pn, where p is any positive integer. 


8. 4^-3. 


EXERCISE CXIIL (pp. 173*74). 


1 . (i) 9- ( 2 ) 

,’. ( 3 ) 

Xi- (4) 

2. ( n . 

a 

( 2 )'- 

7 

. (3) 

a 


(5) »o. (6) " (7) -5- (8) s"’ 

(4i X . (5)'X.' /r'. 


(6) x’^' -7®. (7) 4 (8) I. 

3. (i) x-y. (2) (3) A'- y. (4) 42^*" - iSa-^y-' ~9.r »> 

* = * 7 i J-? 

- i4.i*^y + (y - 4xy^ 4- 49-^'^ (5) 4 x 

.^3 .1 _3 I •; ? 7 .Lf*' 

4- A* ‘ '-jy + xy 4- .t j - X \y^ -h x ‘ '-^'y^ —y ^ - x ^ ^y' '. 

I I I X } X 1 r 

4 . ( I ) X 4 -y + 2xy~\ (2) X +y 4‘^’h2x 4- 2x~ + 2 y =* r . 

(3) + 2a'^r^-h2b 'x' +2a''c^ (4) 2ay 2(a^ -x“)^ 

_1 _.T! 

( 5 ) 14- 9 A'~ * 4- 4.^' */“ 4- 6a “ y 4- 4'^ " y”' +i 2x ~ ^ , 

4 I 3 .3 X A .1 ^ ^ 

5. ( 1 ) .v-^~ 4- 5a -^r 4- 6 a^x‘' 4- <2 < 2) a* - -f x a^ ~ a. 

(3) a'"*-<2^a-3 4-a'\ (4) x'-yxy '4-12/ X 

( 5 ) x^ +xy* +y^. 

3 . (i ) (a* ^ - x-y^ -i-y^j(x ^ 4- y-^)(x ' 4- /^). 

(2) (a'~ * 4- a)(x ~ - ax~ * 4- a^x' ‘ ~ ^/) 

X (.r~'^ 4*a%r“" 4-a“)(a’‘^ 4-^2*). 

1 ^ t ■2-2 I I I I 

(3) {x^ 4- /3 4. 1)(^:^ 4-/3 4. 1 _ ,v 3 -/ i - X ‘/ 3 y 

(4) (a^ + +b). 

1 . (i) .v^4-2 ; (2) a:*'^4 3. 

3 . (i) ( 3 '^'^~i)i 2 x'^~y){ 2 x* 4 - 9 ) ; (2) (a3 4- _/,3) 



Xii 


MATRICULATION ALGEBRA. 


»;-i «-2 «-2 |i j[_ 1 

10. x'^ x'^ .11. (a-^+ 4- 

16 . (1) I. (2)-U. (3) 2. (4) 2. (s) • 

16. {i)-f, f. (2) n, 6i. 

EXERCISE CXIV. (pp. 178-79). 

1. (i) ( 2 ) 2. (i) J20. ( 2 ) VI- ( 3 ) 

U) a (,) yjK?. W y«^- 

4. (1) Vj ww. (») 

5. (i) (2) .y,6, >^27, ■ Vi6. (3) 'Vs*. 

• 'VA 'VA (4) 'V2*. 'V8^ ’V7'. 

6. (i) .yn smaller, (2) %/^ tjreater, (3) in ascending order. 

7. (0 * V3. (2) 7 V2, (3) V3. (4) -¥->/2, (5) >o Vs. (6) 39 V3- 

9. (i) 84^/30, (2) V392. (3) 'V15125, (4) loij. (5) 5^ • 

(6) ‘V-,Vi- 

10. (i) -7-3V3. (2) V2- V3 -1.(3) 6«- 6.5-5 Va^, (4)2.721-10. 
(5) 20, (6) (i-t-^-3-2 Va-l-.5. 

EXERCISE CXV. (pp. 180-81) 

1 . ( 1 ) ( 2 ) 3 S 2 ' 3 y’. 2 . ( 1 ) 5 ^/^- 5 , ( 2 ) 15-8 V 3 . 

f 75 + 1 1^15 , .s _£-,Vf!rf “ . 

^ 127 ’ « 

3. (i) -894 ( 2 ) 1-633 (3) 1605 ( 4 ) -289 ( 5 ) 9-899 ( 6 ) - 205 . 

6 . (I) I. ( 2 ) o. ( 3 ) . ( 4 ) 


EXERCISE CXVl. (p. 183). 

4. ( 1 ) 3-t- Vs- ( 2 ) V6-I. ( 3 ) 3V3-I. (4)V3-V2. 

(5) VS-l-i Vi2“5. (6) Vi^-Vio. 

EXERCISE CXVl I. (p. 187). 



f. 8. -3. 

14 . 5 - 



ANSWERS. 


15 2. 16. 5- 17. n- 18- 36- *19- 7. 20. 21. 22. “ 

23. 24. 30. 26. - U - 26. 2. 27. |. 28. 29. 

M + r' 

EXERCISE CXVIll. (p. 189}. 

1. ±2. 2. ±2. 3. ±v'^- 4.o,±y,/l- 5- t - 

6. ±V5. 7. ±1. 8. ± 7 - 9 . tJH- 

10 . 11. 

Sj d-zc y a + 4 


a-hA 

EXERCISE CXIX, (p. 194)- 


12. ± JS ,±' J - S - 


3. 


4.1,?. 5. 


1.3.4. 2. 7,-5. 

10. 11. -r,-4i. 12.47,- 3. 13. I**- ■> 

16. 5,- ^ 17. -2, -V. 18. 

(4) (,r-2)(.4A:- 1). 

20 . (i) Real, unequal, rational. (2) Real, equal, rational. 

(3) Real,«iunequal, irrational. (4) Imagmary. 

EXERCISE CXX. (p. 19B). 

1 3. 2. 5. 3. 3. 4. I. 5- 4iS. 0- 3r7*' 

u, ±-^“^-2. 12.0,±(/,-»’. 13 , ±5. 

14.-1,-=. 16. «,-5«. 10■^ ' 18. 3 .- J. 

EXERCISE CXXl. (pp. 200-1). 

II c c, ab ab 3 l>.-<)(a~b)±{a + b)>J~ii\ 

\bc — 2 Ca 


f. ab ab q »/. 

b' d ^ a-^b' ii-b 

_(, 24 .A.^c)+ N/i7+i’ + 7=-2a5-2, 

4. o, — 1 — — — - — = 


6. 4 .- 1 - 



MATRICULATION ALGEBRA. 


6 . 7 . 3 . 3 . 8 , 2 , 4 rV 10 . 24 i. 

n. ±I,±-WI. 12. 

, _ (ab ■\r be ca)± >J + bV + c'a'‘ - abdfl + ^ + c) 




■ I ± ~ 3 a± 


14. I, l\, 15. \{a^b-^c). 10. 

17. (l) 2 ,- *„ ( 2 ) 17 , J. 18 . (l) 2 , 3 ; ( 2 ) A, - A 


EXERCISE CXXII. (pp. 304-6). 


1 +14-' 9 ?? 3 -= 4 -!-25 5 ^2 m2 

*• ~ Ij 3.2* "• 4)100* 2) 5* 9)4.0* *“'• J ) Vdy • 

6. V^?, 7. ~ 3a^± J(8a^ + M). 

8. 9. 2,-5, 10. -I ±4^2,4, -6. 

y 


•I 7 ±n /769 - 7 ±V 739 


. 12. 2± J(3± v'J'/-). 


13. 14. 7, - 2, -~ . 15. «, -9«., ( -4± s/- I5)<». 


16. 3,- '..'. 


‘-';;359, i7.o,,/-±-V^3. 18. .,-2 -2+^-6. 


19. 3 .- 1 . i±^- 28 . 20. -1,-4. -^“ 2 “ -'^^- 21. -I, 

22. 23. (1) - I. (2) 

(3) 1,-1,--'^-^. 24. 2,-M.-J. 25. 9.3 ±n/- 8. 

26. .«,M-(<»-6)± V(-3 «= + i 2«-8)}. 27. - I,- I, -5. 28.2,3. 
29. 1,2. 30. )[-i± V(3-2>/s)), 1 !-'±n/( 3+2 s/ 5)}. 

31. ±2 ,±V~ 2. 32. -a,-b. 33. 

34. 'Xbc-\-ca+ab± J bV+^a^+a^t^ -abe{a-‘rb-\-e)\. 

36. o,- ‘(a + <?'). 30. o,(a+^). 37. 6,-2, 3±V2i. 

38. + 1 VI + ^^, + x/{ “ abc{a -f ^ + ^)}. 39 . m, |(rt + ^). 

40. ±i.±v/-T-^. 



ANSWERS. 


XV 



EXERCISE CXXni. 

(pp. 2o7-Sj. 

1. 

9, 10, 11, 12, 

2. 20 days. 

3 . 7 miles per hour. 

4. 

6 miles per hour. 

5. 264. 

0. 60. 7. 9, 27, 81. 

8. 

229 yds., 165 yds. 

9. 10, 4. 

10. 1, 3 » 4 - 

11. 

Sugar 4 as., tea 8 

as. per seer. 

12. 3) 4» 5* 


EXERCISE CXXIV. 

:p, 217). 


8. (i) Transfer the origin to the point (^, J}) and the equation 

becomes ^ = 3.r== : (ii) Transfer the origin to the point ( , - -V ,* ) 

and the equation becomes - ~ 5 v. 

9 . (i) Always positive ; minimum value 7*9. (2) Negative except 
when .r lier between - ‘67 and i, maximum value 2*08. 

10, (0 -50, -67, (?() *80,- r6: 

EXERCISE CXXV. (p. 223). 

2 . (i) a-’ + (^-4)"-25. (2) (x-3y-h(j> 

(3) - 15^'+/+ 14 = 0. (4) Gr4-2)"-f ( 36 ; or, 

(.r- 4)^ + O' - 1 2)^ = 36. 

3 . (i) a*-3,6; j'-i, -2. (2) ar- 4 » " (3) The 

curves do not intersect. 

EXERCISE CXXVI. (pp. 233-34). 

2 , Transfer the origin, (i) to tire point (|, 2) when the equation 
becomes y = , (ii) to the point (- 5, 4) 'vhen the equation 

2X 

becomes y~ ~ 

4 . (i) x = S-6,-7-6 'I ( 2 ) x- 4,-4,-4.4 ) (3) •f = 4, 5.-4, -3] 

i'=r 3 .-S -3 J >'= 5 ,- 5 . 5,-5 i >'=3, 4 , -3.-4J 

(4) >^= 2 . 

,5. (i) Two straight lines (2) Circle (3) Parabola (4) Ellipse 
(5) Hyperbola (6) Ellipse (7) Origin (8) Origin (9; Rect. 
Hyperbola (10) Two straight lines (ii) Parabola (12) Circle 
{13) Ellipse (14) Rect. Hyperbola (15) Hyperbola. 
(16) Hyperbola. 



XVI 


MATRICULATION ALG1BRA. 


EXERCISE CXXVIl, (p. 236). 


1. (I) 137. (2) i(29-2«). (3) • 

2. (i) No, (ii) Yes, 17th term (iii) No. 

3. (i) First term~37f, common diff.= -3|. (ii) first term = 2r^ 

common diflf.** - 1. 

4. 13 ^ ; 3 (io«- 69 ). 5. p-i-q-m. 6 . — - — , m . 

EXERCISE CXXVIl I. (p. 239). 

1 . (1) 156 ; (2) -470 ; (3) 62*- ; (4) 17 ; (5) -500 ; (6) 2Io/.^ ; 
(?) n{x^-^y)-n{n-3)xy ; (8) 1325^/2. 3. 495- 4. 320 

5. 375* 7. 74-94-II + ... 

EXERCISE CXXIX. (p. 241). 


1. 475. 2 . -(3;/- 11). 3 . 8+18 + 28 + ... 4 . p~q-\- 2 qr. 

5 . 26-i\. 6. -i jj. 7 . 9 or 12. 8. 5. 9 . 7. 10 . 2, 4 

EXERCISE CXXX. (p. 243). 

1 . (I) - 2 =,i, 2 j etc. (2) 7 ;A:L 6 f etc. 2 . 10. 3 . 8. 4 . 8. 6. 9 


EXERCISE CXXXL (pp. 246-47). 


1 , 247050. 

4. (i) 9555- 00 


2, 8248500. 3. 274995000 ; 275040000. 

7 /(;z+i) 7 n{m — i) 


5 . (w+i)^-w”. 


6. (i) «(«"' + 2). (2) { 2 n - 7. 520. 

8. (1) '‘{~i+(-i)"(i - 4 w)}. (2) (-i)'*'*(5w~2) ; 

- I +(- i)“(i + io«)}. 9 . 10200. 10 . Pi , 

14 . «; + «, or, 

P -r P -<1 


19 . 5,8,11. 20 . 2,6,10. 2 V I, 3, 5, 7, 9. 22 . I hr. 24 mm 

23 . Ks. 6890. 


EXERCISE CXXXII. (p. 249). 

1 . (1) 708588 (2) >iii (3) 2 . No; 

3. \[mn ; m{njm) ^ 4. ( i ) 2 56 + 1 28 + 64 + . . .(2)-p-* g + + . • - 



ANSWERS. 


EXERCISE CXXXIII (p. 550). 

1. (I) 60466175. (4) ^¥-(3 +n/ 3). 

(5) i(v/ 6 - 2 )-ji-(-i)-(ir^“ j-. 


(6) 2'3-'.V. (^2 + i)(2’"=-i.). (7) J(4 + 3n/2) 




( 8 ) 


.("ti)! 

2l?{b~a) 


mt)--} 


2 . 3"^’ -3. 3. -Hi- (!}■'}• 4 . 


a{?^^ - i) 
r— I ’ 


where 

5. 2. 6. 2 + 2’ 4-23+... 

EXERCISE CXXXIV (pp. 251-52), 


(0 r. h -V-. (ii) ih yA‘ (iii) 4, ’o etc., (iv) j/\r j/ 

~ ar 


2 . 


a + r — 


EXERCISE CXXXV (p. 255). 

(0 Iy ; (2) 3s ; (3) -a(3v/3 4-5) ; (4) 2^-. 2. (r) (2) 2 

(3) 3. 4. 14^+1+... 

EXERCISE CXXXVI (p. 257). 


1. 

71 X^(l—X’') 


3. 

(ij ')•- ; 


5 . 

6- 5 (3-'’ 

-3 '^1 where /*“ -- 

8. 

r-i 1 r-i j 

^ where a \s the first term and t' 


common n'ltio. 


13. 

2, 4, 6, 8. 

14. 2, 4, 8, 16. 



MATRICULATION ALGEBRA 

EX'ERCKSE CXXXVII. (p. 260). 


1- (i) (ii) 2. I, 


ab 


ab 


2 a -‘ b' — ' 2 .b ’ 


ab 

- 3/? ' 


4. ?+ /’.; + ••• 


EXERCISE CXXXVIII (p. 262). 


1. (i) -V- (ii) Vo (i'i) "'-jr • 2. (i) Ti. 

Vi. V. 5.' J. -3- a + v-2^. ■ 

4. (i) a : J{m-n) : .,yw- 

(ii) 1 vi— — 


EXERCISE CXXXIX (p. 266). 

1. "^^( 4 ;/^“!). 2. VK 8 w" 4 - 27 ;/ + 28 ). 3. n'^{ 2 n--\), 

4. i)(w + 2)(37/-f i ). 6. i)(/^ + 8)(w + 9). 

0, (vn-^-abn^n- \)^rr,b^n{n - \){ 27 t- \\ a being the first terr. 

and b the common difference. 

7. If (<-* + />'), {a-\‘ 2 b) be the A. P. then \,,~{a-\-bnY 

+ ; hence etc. 8. (i) )?t ^ n- ~ i 

(ii) 0('^“ + 3 )- 9 - fO A«(-'P + 3 ^? + 7 ) ; (ii) ln{ 2 ?i^ + gu + \ 

10. (i) 1(3"^' --2//- 3) ; (ii) 2 (//-i) + -„ 4 t- 


EXERCISE CXL. (p. 269). 


1 . (i) 6 -—-^ . (ii) ^ • ("0 The series = i 4- 2.r + 3^^ + . 

4 - nx'‘ \ where x— - i , the sum = } ~ ~ i )« , (iv) ^ 

4 . 


(2«-l)x'' ^ ... I-f2.V .... , 

-“-.-.r • 2- (') (■') 5-1 l.n) i. 


2« + I 


«(3//+5) 


3«+ I 


6. 


n(n-h3) 


4 (« 4 - I)t/f 4 * 2 ) * * 4 («+ i)(/i + 2 ) * 



ANSWERS. 


MISCELLANEOUS EXERtlSE PAPEl^S (\M (pp. 36974) 

Paper I. 

I 

1. (i) ±1. (ii) b,b- 2 a. 2 . (i) {a^-b*-) ; (ii) .r“' . 3 . (^^-64/^) 
4 . (i) I2th ; (ii) yes, 16th. 5 . (i) (--I)'’*', (li) 

8 . 4, 7, 10. 

Paper II. 

1. 3>-5; 2. 4 r~ 4 j'+i- 

3. -la a ‘-yi 4 . . 

a 

6. (i) “850, (ii) 7407407400. 7. 4-045. 

Paper III. 

1, (1 ) , (ii) - 3 ± s/ - r. 2 . c'. 3 , - ’’I . 

4 . (li -V-, (2) J„. . 5 .1=3, 7 =3. 

Paper IV. 

1 . (i) 1,4; (ii) ^-39900. 4 A . 
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